
� ; U $
2016, 37A(4):367–376

DOI: 10.16205/j.cnki.cama.2016.0031

Cn / � � � � µ-Bloch � � � � � � 
 *� ? ;1 < > =1�% p µ } [0, 1) n8f`f��X#? Cn p0�_ B n µ-Bloch +� βµ pf�8{r)n�hK?$A��}:�8� (1) f ∈ βµ; (2) f ∈ H(B) \f� µ(|z|)(1 − |z|2)γ−1Rα,γf(z) \ BnP�	 (3) f ∈ H(B) \f� µ(|z|)(1 − |z|2)M1−1 ∂M1f
∂zm (z) \ B nP��Zp |m| = M1; (4)

f ∈ H(B) \f� µ(|z|)(1 − |z|2)M2−1R(M2)f(z) \ B nP���
� µ-Bloch +��:�)n�0�_
MR (2000) 1��� 32A360���� O174.56� }-� A�*|	 1000-8314(2016)04-0367-010

1 ) � $o dv(z) �{ Cn o/�^ B m7_H Lebesgue �A�Ez v(B) = 1; o α > −1,?F B mAV�A dvα(z) = cα(1 − |z|2)α dv(z), 
6�� cα Ez vα(B) = 1; M H(B)�{ B mb'e�7b��[��o� z = (z1, · · · , zn) h w = (w1, · · · , wn) � Cn o7=�~ 〈z, w〉 =
n
∑

j=1

zjwj .

H(B) oe� f 7
Ah�,3�L�?F�
∇f(z) =

( ∂f

∂z1
(z), · · · ,

∂f

∂zn

(z)
)

, Rf(z) =

n
∑

j=1

zj

∂f

∂zj

(z) = 〈∇f(z), z〉.o m = (m1, · · · , mn) �Csk� (Yo m1, · · · , mn �KOd�), ~ |m| = m1 +

· · · + mn, m! = m1! · · ·mn!, zm = zm1

1 · · · zmn
n .BQed� k > 2, f ∈ H(B), ~ R(k)f = R[R(k−1)]f Dx ∂kf �{

∂kf

∂zm
(z) =

∂kf

∂zm1

1 · · ·∂zmn
n

(z), z ∈ B,Yo |m| = k.o α h γ |fE<Vw���Ez n + α h n + α + γ �|Od���L�x Rα,γhuL�x Rα,γ L�?Fi#�
Rα,γf(z) =

∑

|m|>0

Γ(n + 1 + α) Γ(n + 1 + |m| + α + γ)

Γ(n + 1 + α + γ) Γ(n + 1 + |m| + α)
Amzm,

Rα,γf(z) =
∑

|m|>0

Γ(n + 1 + α + γ) Γ(n + 1 + |m| + α)

Γ(n + 1 + α) Γ(n + 1 + |m| + α + γ)
Amzm,
� 2015 U 5 X 26 h�5� 2015 U 12 X 14 h�56QU�

1kRtI-;�;S}�t&;;W��l 410006.
E-mail: xuejunttt@263.net; 1493351705@qq.com

∗
��5b�yd&;s� (No. 11571104), kRsyd&;s� (No. 2015JJ2095), kRst>;&
p+OikRtI-;�;S}�t&;;WS5S}�S	t0!&4s�[
�T�t>x=~8wv�



368 � ; U $ 37 � A wYo f ∈ H(B) [ f(z) =
∑

|m|>0
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[0, 1) me;8e� µ ��e_e�|k�+[�� 0 < a 6 b h 0 6 r0 < 1, y6
(1)

µ(r)

(1 − r2)a
[ [r0, 1) m<�� (2)

µ(r)

(1 − r2)b
[ [r0, 1) m<_�i µ(r) = (1 − r2)α

(

log 2
1−r2

)−1
, µ(r) =

{

∞
∑
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k r2k−2

log(k+1)

}−1
, µ(r) = (1 − r2)α, µ(r) =

(1 − r2)α log log 3(1 − r2)−1 (α > 0) �|
qe_e�78x��Q[Dgo�$>F
4�FO�n47�I��uA�4���oo r0 = 0.o µ | [0, 1) m7e_e�� B mb'e� f �Q µ-Bloch *� βµ |k
‖f‖βµ

= |f(0)| + sup
z∈B

µ(|z|)|∇f(z)| < ∞.
>?F7 βµ 
YH�\�AV Banach *��2 µ(r) = (1 − r2)α (α > 0) v�|��7 Bloch 1*� βα; 2 µ(r) = 1 − r2 v�| Bloch *� β.o p > 0 h α > −1, B mb'e� f �Q�a Bergman *� Ap
α |k

‖f‖A
p
α

=
{

∫

B

|f(z)|p dvα(z)
}

1

p

< ∞.2 p > 1 v� Ap
α BH� ‖ · ‖A

p
α
\�AV Banach *��2 0 < p < 1 v� Ap

α 
�2 ‖ · ‖p

A
p
α
\�AV Fréchet *���v�2 p > 0 v� (Ap

α, ‖ · ‖A
p
α
) p|AV�W,=*��

B m Lebesgue '�e� f �Q*� L∞ |k
‖f‖∞ = ess sup

z∈B

|f(z)| < ∞.b'e�*�oe�79�(mN.C��
6u?|�De�*�74n (i%Ce�*�mNj�x7O�4r�4��� Gleason �Æ7'�4�BV*�hVxL�9) v��7?BP*�7e�MY�2z�3(m�[ 2005T�� [1]!�Kj>
µ-Bloch e�79�?F� 2009 T��oq9[� [2] oW">i#(m��� A o µ | [0, 1) m7e_e�� f ∈ H(B), ^#� 3 V��9��

(1) f ∈ βµ; (2) sup
z∈B

µ(|z|)|Rf(z)| < ∞; (3) sup
z∈B

Q
µ
f (z) < ∞.�[{��� [3] W">i#Æ
��� B o µ | [0, 1) m7e_e�� t > max{b− 1, 0}, ^ f ∈ βµ 7�?����+[ g ∈ L∞, y6

f(z) =

∫

B

g(w)

µ(|w|) (1 − 〈z, w〉)n+t
dvt(w), z ∈ B.(��[� [4] o� Zhu � Bloch *� β W">i#Æ
��� C o N �ed�� γ > 0, f ∈ H(B), w�� α Ez n + α h n + α + γ ��|Od��^#�zV��9��

(1) f ∈ β;
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(2) e� (1 − |z|2)γRα,γf(z) [ B mO��
(3) e� (1 − |z|2)N ∂N f

∂zm (z) [ B mO��Yo |m| = N .O℄ Bloch 1*�7Y�<�p'�Y� [5–9] 9���o��G�a 1 − |z|2 �^4A�e_a µ(|z|), u?�De_a Bloch 1*� βµ m0�m�?3 C 79�(m��vpW">
zqM|'D(l,m7�NQa| -7�mp?%CM,m�DgJzh%3JzRVO Bloch *�7O
,�I���o�G�M~g c, c′, c′′, c′′′ �{�B/ z, w he�7e7���1'DhN.��O℄���7;J'D.���7�� “E ≈ F” �{Æ
r�9��y+[e7�� A1 h A2, y6 A1E 6 F 6 A2E.��o7 a h b ke_e� µ ?Fo7P<V���
2 ' " ) ��>gJu?Æ
��%�GW"A.K3�(� 2.1[3] o µ | [0, 1) m7e_e�� t > max{b − 1, 0}, ^ f ∈ βµ 7�?����+[ g ∈ L∞, y6

f(z) =

∫

B

g(w)

µ(|w|) (1 − 〈z, w〉)n+t
dvt(w), z ∈ B.�A�O ‖g‖∞ ≈ ‖f‖βµ

, [,m��R f h g  ℄�+ 
|� [3] o7?3 3.1.(� 2.2[10] o µ | [0, 1) m7AVe_e��^BfE z, w ∈ B, O
µ(|z|)

µ(|w|)
6

( 1 − |z|2

1 − |w|2

)a

+
( 1 − |z|2

1 − |w|2

)b

.+ 
|� [10] o7K3 2.2(2).(� 2.3[11] o t > −1 , σ �w��~
I(z, σ, t) =

∫

B

(1 − |w|2)t

|1 − 〈z, w〉|n+1+t+σ
dv(w), z ∈ B,^

(1) 2 σ < 0 v� I(z, σ, t) ≈ 1;

(2) 2 σ = 0 v� I(z, σ, t) ≈ log 2
1−|z|2 ;

(3) 2 σ > 0 v� I(z, σ, t) ≈ 1
(1−|z|2)σ .+ 
|� [11] o7LÆ 1.4.10.(� 2.4[4] o α > −1, k f ∈ A1

α, ^
f(z) =

∫

B

f(w)

(1 − 〈z, w〉)n+1+α
dvα(w), z ∈ B.+ 
|� [4] o7?3 2.2.(� 2.5 ow� n + α ��Od�� f(x) = (1 − x)−λ (|x| < 1, x �N�=), ^
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(1) 2 λ < 1 v� |Rα,1f(x)| 6 c;

(2) 2 λ = 1 v� |Rα,1f(x)| 6 c log 2(1 − |x|)−1;

(3) 2 λ > 1 [�d�v�
Rα,1f(x) =

C1
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+ · · · +
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+ h(x), Yo |h(x)| 6 c log

2
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∞
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∞
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∞
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∞
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.
>9y64 (1)–(2).2 λ > 1 �d�v�
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+
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∞
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+ · · · +
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+ Cλ

∞
∑
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xk
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,Yo
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∣

∣

∣
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∞
∑
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xk
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∣

∣

∣
6
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1

1 − |x|
6 c′ log

2

1 − |x|
.2 λ > 1 ��d�v�
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C1

(1 − x)λ−1
+ · · · +
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∞
∑

k=0
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xk,YoY� Stirling Zz�'6

|h(x)| =
∣

∣

∣
C[λ]+1

∞
∑

k=0

Γ(λ − [λ] + k)

(n + 1 + α + k) k!
xk

∣

∣

∣

6
|C[λ]+1| Γ(λ − [λ])
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+ |C[λ]+1|

∞
∑

k=1

Γ(λ − [λ] + k)

|n + 1 + α + k| k!
≈

∞
∑

k=1

1
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∫

B

|zm|2 dvα(z) =
m! Γ(n + α + 1)

Γ(n + |m| + α + 1)
.+ 
|� [4] o7 (1.23).

3 2 & Æ � � � , �[�De�*�74n (i�x7O�4Dx�4��9) v�7?A.=j�7(l,m℄"�#H?3��W">zq9�℄"�D[pW">(l,m℄"��� 3.1 o µ | [0, 1) m7e_e�� M1 h M2 �ed�� γ > max{1 − a, 0},w�� α Ez n + α h n + α + γ ��|Od��^#�z�9��
(1) f ∈ βµ;

(2) f ∈ H(B) [ T = sup
z∈B

µ(|z|)(1 − |z|2)γ−1|Rα,γf(z)| < ∞;

(3) f ∈ H(B) [ I = sup
z∈B

µ(|z|)(1 − |z|2)M1−1
∣

∣

∂M1f
∂zm (z)

∣

∣ < ∞, Yo |m| = M1;

(4) f ∈ H(B) [ J = sup
z∈B

µ(|z|)(1 − |z|2)M2−1|R(M2)f(z)| < ∞.�A��+[R f  ℄7,m���y6
‖f‖βµ

≈ T ≈

M1−1
∑

|m|=0

∣

∣

∣

∂|m|f

∂zm
(0)

∣

∣

∣
+ I ≈ |f(0)| + J,Yo ∂0f = f .+ (1) ⇒ (2).k f ∈ βµ, 9℄�� t > max{b − 1, 0}, Y�K3 2.1 'i�+[ g ∈ L∞, y6

f(z) =

∫

B

g(w)

µ(|w|)(1 − 〈z, w〉)n+t
dvt(w), z ∈ B. (3.1)k9℄ t pEz t = α + N + 1 (N �NVed�), 7M� [4] o7K3 2.18 i�+[ N )AUC*z P , y6

Rα,γf(z) =

∫

B

g(w)P (〈z, w〉)

µ(|w|)(1 − 〈z, w〉)n+t+γ
dvt(w), z ∈ B.NK3 2.2–2.3 '6�2 γ + b − 1 > γ + a − 1 > 0 v�O

µ(|z|)(1 − |z|2)γ−1|Rα,γf(z)| 6 c‖g‖∞

∫

B

(1 − |z|2)γ−1µ(|z|)(1 − |w|2)t

µ(|w|)|1 − 〈z, w〉|n+t+γ
dv(w)

6 c‖g‖∞

∫

B

(1 − |z|2)γ+a−1(1 − |w|2)t−a

|1 − 〈z, w〉|n+t+γ
dv(w)

+ c‖g‖∞

∫

B

(1 − |z|2)γ+b−1(1 − |w|2)t−b

|1 − 〈z, w〉|n+t+γ
dv(w)

6 c′‖g‖∞.ZY�K3 2.1, O T 6 c′‖g‖∞ 6 c′′‖f‖βµ
.

(2) ⇒ (1).
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z∈B

µ(|z|)(1−|z|2)γ−1|Rα,γf(z)| < ∞. 7M µ(|z|) > µ(0)(1−|z|2)b'6�2 q > γ + b − 2 v Rα,γf ∈ A1
q, ZNK3 2.4, O

Rα,γf(z) =

∫

B

Rα,γf(w)

(1 − 〈z, w〉)n+1+q
dvq(w). (3.2)`e�

ϕ(z) =
cα+N+γ

cα+N+1
µ(|z|)(1 − |z|2)γ−1Rα+N,γf(z),Yo N |Ez α + N + 1 > max{b − 1, 0} 7NVed��2 N = 1 v�Y�� [4] oLÆ 1.14 �|��O

Rα,γ
{ 1

(1 − 〈z, w〉)n+2+α

}

=
n + 1 + α + γ

n + 1 + α

1

(1 − 〈z, w〉)n+2+α+γ
−

γ

n + 1 + α

1

(1 − 〈z, w〉)n+1+α+γ

=
n + 1 + α + γ

n + 1 + α
Rα+1,γ

{ 1

(1 − 〈z, w〉)n+2+α

}

−
γ

n + 1 + α
Rα,1R

α,γ
{ 1

(1 − 〈z, w〉)n+2+α

}

.
>�O�x℄"
Rα+1,γ =

n + 1 + α

n + 1 + α + γ
Rα,γ +

γ

n + 1 + α + γ
Rα,1R

α,γ . (3.3)Y� (3.2)–(3.3) '6
Rα+1,γf(z) −

n + 1 + α

n + 1 + α + γ
Rα,γf(z)

=
γ

n + 1 + α + γ

∫

B

Rα,γf(w)Rα,1

{ 1

(1 − 〈z, w〉)n+1+q

}

dvq(w). (3.4)J n + 1 + q > n + b − a > 1, 9℄��d�7 q, 7MK3 2.5 o℄- (4), O
∣

∣

∣
Rα,1

{ 1

(1 − 〈z, w〉)n+1+q

}∣

∣

∣
6

c

|1 − 〈z, w〉|n+q
. (3.5)Y� (3.4)–(3.5) DxK3 2.2–2.3 L℄-�D�'6

|ϕ(z)| 6 cT + c′µ(|z|)(1 − |z|2)γ−1

∫

B

|Rα,γf(w)|
{ 1

|1 − 〈z, w〉|n+q

}

dvq(w)

6 cT + c′T

∫

B

µ(|z|)(1 − |z|2)γ−1

µ(|w|)(1 − |w|2)γ−1

{ 1

|1 − 〈z, w〉|n+q

}

dvq(w)

6 c′′T. (3.6)2 N > 1 vGN7M (3.3) o��7 α <�'6" (3.6) g�9�B��~ t = α + N + 1 x f(z) =
∑

|m|>0

Amzm, N� [4] o7 (1.21) hK3 2.6, O
∫

B

ϕ(w)

µ(|w|)(1 − 〈z, w〉)n+t
dvt(w)

=

∫

B

Rα+N,γf(w)

(1 − 〈z, w〉)n+α+N+1
dvα+N+γ(w)
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=
∑

|m|>0

Γ(n + 1 + α + N)Γ(n + 1 + α + N + |m| + γ)

Γ(n + 1 + α + N + γ)Γ(n + 1 + α + N + |m|)
Amzm

×
Γ(n + α + N + 1 + |m|)

m! Γ(n + α + N + 1)

∫

B

|wm|2 dvα+N+γ(w)

=
∑

|m|>0

Γ(n + 1 + α + N)Γ(n + 1 + α + N + |m| + γ)

Γ(n + 1 + α + N + γ)Γ(n + 1 + α + N + |m|)
Amzm

×
Γ(n + α + N + 1 + |m|)

m! Γ(n + α + N + 1)

m! Γ(n + 1 + α + N + γ)

Γ(n + |m| + 1 + α + N + γ)

=
∑

|m|>0

Amzm = f(z).ZY�K3 2.1 Dx (3.6) 'i f ∈ βµ [ ‖f‖βµ
6 c‖ϕ‖∞ 6 c′T.

(1) ⇒ (3).k f ∈ βµ, Y� (3.1), '6
∂M1f

∂zm
(z) =

∫

B

(n + t) · · · (n + t + M1 − 1) wm g(w)

µ(|w|)(1 − 〈z, w〉)n+t+M1

dvt(w).Y�K3 2.2–2.3 '6
µ(|z|)(1 − |z|2)M1−1

∣

∣

∣

∂M1f

∂zm
(z)

∣

∣

∣

6 c‖g‖∞

∫

B

µ(|z|)(1 − |z|2)M1−1

µ(|w|)|1 − 〈z, w〉|n+t+M1

dvt(w) 6 c′‖g‖∞,
�J I 6 c′‖g‖∞.(��Y� (3.1), O
|f(0)| =

∣

∣

∣

∫

B

g(w)

µ(|w|)
dvt(w)

∣

∣

∣
6

ct ‖g‖∞
µ(0)

∫

B

(1 − |w|2)t−b dv(w) 6 c‖g‖∞.k M1 > 1, B |m| = 1, · · · , M1 − 1, O
∣

∣

∣

∂|m|f

∂zm
(0)

∣

∣

∣
=

∣

∣

∣

∫

B

(n + t) · · · (n + t + |m| − 1) wm g(w)

µ(|w|)
dvt(w)

∣

∣

∣

6
ct(n + t) · · · (n + t + |m| − 1) ‖g‖∞

µ(0)

∫

B

(1 − |w|2)t−b dv(w)

6 c‖g‖∞.ÆjK3 2.1, ^O
M1−1
∑

|m|=0

∣

∣

∣

∂|m|f

∂zm
(0)

∣

∣

∣
+ I 6 c‖g‖∞ 6 c′‖f‖βµ

.

(3) ⇒ (1).k f ∈ H(B) [
I = sup

z∈B

µ(|z|)(1 − |z|2)M1−1
∣

∣

∣

∂M1f

∂zm
(z)

∣

∣

∣
< ∞. (3.7)2 M1 = 2 v�k t > b, ^O ∂2f ∈ A1

t , B k, j ∈ {1, 2, · · · , n}, Y�K3 2.4, O
∂2f

∂zk∂zj

(z) =

∫

B

∂2f

∂wk∂wj

(w)
1

(1 − 〈z, w〉)n+1+t
dvt(w), z ∈ B.
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lim
x→0

1

(n + t)x

{ 1

(1 − x)n+t
− 1

}

= 1.Æj Fubini ?3Dx (3.7), '6
∣

∣

∣

∂f

∂zk

(z) −
∂f

∂zk

(0)
∣

∣

∣
=

∣

∣

∣

n
∑

j=1

∫ 1

0

zj

∂2f

∂zk∂zj

(ρz) dρ
∣

∣

∣

=
∣

∣

∣

∫

B

∂2f

∂wk∂wj

(w)
{

n
∑

j=1

zj

∫ 1

0

1

(1 − ρ〈z, w〉)n+t+1
dρ

}

dvt(w)
∣

∣

∣

=
∣

∣

∣

∫

B

∂2f

∂wk∂wj

(w)
{

n
∑

j=1

zj

(n + t)〈z, w〉

[ 1

(1 − 〈z, w〉)n+t
− 1

]}

dvt(w)
∣

∣

∣

6 c

∫

B

∣

∣

∣

∂2f

∂wk∂wj

(w)
∣

∣

∣

1

|1 − 〈z, w〉|n+t
dvt(w)

6 cI

∫

B

1

µ(|w|)(1 − |w|2)|1 − 〈z, w〉|n+t
dvt(w).NQ t > b > b − 1 > a − 1, mzÆjK3 2.2–2.3, ^O

µ(|z|)
∣

∣

∣

∂f

∂zk

(z) −
∂f

∂zk

(0)
∣

∣

∣
6 c′I(1 − |z|2)a

∫

B

(1 − |w|2)t−a−1

|1 − 〈z, w〉|n+t
dv(w)

+ c′I(1 − |z|2)b

∫

B

(1 − |w|2)t−b−1

|1 − 〈z, w〉|n+t
dv(w)

6 c′′I ⇒ µ(|z|)|∇f(z)| 6

n
∑

k=1

µ(|z|)
∣

∣

∣

∂f

∂zk

(z)
∣

∣

∣

6 c′′′I + µ(0)

n
∑

k=1

∣

∣

∣

∂f

∂zk

(0)
∣

∣

∣
.J( f ∈ βµ [

‖f‖βµ
6 c

{

|f(0)| +
n

∑

k=1

∣

∣

∣

∂f

∂zk

(0)
∣

∣

∣
+ I

}

.2 M1 > 2 v�B q ∈ {3, · · · , M1} Dx j1, · · · , jq ∈ {1, · · · , n}, 7Mi#9z
∂q−1f

∂zj1 · · · ∂zjq−1

(z) −
∂q−1f

∂zj1 · · · ∂zjq−1

(0) =

n
∑

jq=1

∫ 1

0

zjq

∂qf

∂zj1 · · ·∂zjq

(ρz) dρ,0� M1 = 2 7℄27MaQEy'�
(1) ⇒ (4).l?7M (3.1) h9z

R(M2)f(z) =

∫

B

g(w) PM2
(1 − 〈z, w〉)

µ(|w|)(1 − 〈z, w〉)n+t+M2

dvt(w),Yo PM2
�AU M2 )C*z�ÆjK3 2.2–2.3 h� [2] o?3 2 0� “(1) ⇒ (3)” 7gJy'64 J 6 c‖f‖βµ

, *D |f(0)| + J 6 c′‖f‖βµ
.

(4) ⇒ (1).
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J = sup

z∈B

µ(|z|)(1 − |z|2)M2−1|R(M2)f(z)| < ∞. (3.8)2 M2 = 2 v�l? t > b, Æj R(2)f(0) = 0, �>'6
R(2)f(z) =

∫

B

R(2)f(w)

(1 − 〈z, w〉)n+1+t
dvt(w)

=

∫

B

R(2)f(w)
{ 1

(1 − 〈z, w〉)n+1+t
− 1

}

dvt(w).mzÆj Rf(0) = 0, ^O
Rf(z) =

∫ 1

0

R(2)f(ρz)

ρ
dρ =

∫

B

R(2)f(w)L(z, w) dvt(w).Y�� [4] o?3 2.16 7gJd��'i
L(z, w) =

∫ 1

0

1

ρ

{ 1

(1 − ρ〈z, w〉)n+1+t
− 1

}

dρEz
|L(z, w)| 6

c

|1 − 〈z, w〉|n+t
.J(�Y� (3.8) DxK3 2.2–2.3, '6

µ(|z|)|Rf(z)| 6 cJ

∫

B

µ(|z|) dvt(w)

µ(|w|)(1 − |w|2)|1 − 〈z, w〉|n+t
6 c′J.Z7M� [2] o?3 2 '6� f ∈ βµ [ ‖f‖βµ

6 c{|f(0)| + J}.2 M2 > 2 v�B k ∈ {3, · · · , M2}, 7Mi#9z
R(k−1)f(z) =

∫ 1

0

R(k)f(ρz)

ρ
dρ,0� M2 = 2 ℄2MaQEy'�.# R/rTe7OG	H�~ � � � � � !
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Equivalent Characterizations of µ-Bloch Functions on

the Unit Ball in Cn
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Abstract Let µ be a normal function on [0, 1). In this paper, the authors give some

equivalent characterizations of µ-Bloch functions on the unit ball in Cn . They prove that

the following conditions are equivalent:

(1) f ∈ βµ;

(2) f ∈ H(B) and the function µ(|z|)(1 − |z|2)γ−1Rα,γf(z) is bounded in B;

(3) f ∈ H(B) and the function µ(|z|)(1 − |z|2)M1−1 ∂M1f
∂zm (z) is bounded in B, where

|m| = M1;

(4) f ∈ H(B) and the function µ(|z|)(1 − |z|2)M2−1R(M2)f(z) is bounded in B.
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