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1 ` � ℄5 [θ] �� θ *�I�>� Piatetski-shapiro[1] xx�t	 [nc] !*LI>�'�����% 1 < c < 12
11 9��

πc(x) =
∑

n6x

[nc] [MJ 1 ∼ x

c logx
.�Y� c *9XgY	^ [2–6] NAt�^ [7] !)'��#-U*oO (1 < c < 2817

2426 ).�V�^ [6] \��� 1 < c < 7
6 9�� πc(x) ≫ x

c log x
. �~oO	^ [8] At'

1 < c < 20
17 , ^ [9] �	28k c At' 1 < c < 13

11 .�Z�hT*L�(h�)'*I	�Zb�;�(I�^ [10] ���� Lebegue�1*��f�%;I c �+ 1 < c < 2 9�t	 [nc] !�b(4Gb�;�(I�^
[11] ���% 1 < c < 1.5 9��

∑

n6x

[nc] [�<�)J 1 =
6

π2
x+ o(x).^ [12] �	�IV;8k c At' 1 < c < 61

36 ./��ISI dk(n) Z;� x1x2 · · ·xk = n *��Iq*GI�2V> ∑

n6x

dk(n) *ivH>!*�i*Kd�. Dirichlet �I`R��EIÆ!*~G#�`R [13]. 1999�� Arkhipov, Sohba V Chubarikov[14] ℄)�V> ∑

n6x

dk([nc]) *~GivH>�O�����% 1 < c < 8
7 = 1.142 · · · 9�
A(x) :=

∑

n6x

dk([nc]) = xQk−1(log x) +O
( x

log x

)
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356 J w � | 32 z A `!! Qk−1(x) E k − 1  4i>� 2003 ���MCV-^M [15] � c *9XAt'
1 < c < 495

433 = 1.143 · · · .
^�	�IV;8��I2�Æt~�At�#^*oO�)'0f/��7G 1.1 5 B(x) =
∑

n6x

d([nc]), �% 1 < c < 391
335 = 1.167 · · · 9�� B(x) =

cx log x+ (2β − c)x+O( x
log x

), �� β �� Euler �I�7G 1.2 5 k > 3, �% 1 < c < 3849
3334 = 1.154 · · · 9�� A(x) = xQk−1(log x) +

O( x
log x

), !! Qk−1(x) E k − 1  4i>�
^! [t]�� t*�I�>�{t} = t− [t], e(t) = exp(2πit), ‖t‖ = min({t}, 1 − {t}),
ψ(t) = {t} − 1

2 .

2 a / 8 H_G 2.1 [13] 5 x > 1, �
∑

n6x

d(n) = x log x+ (2β − 1)x +O(
√
x),

∑

n6x

dk(n) = xPk−1(log x) + ∆k(x),�� β �� Euler �I� Pk−1(x) E k − 1  4i>� ∆k(x) ≪ x
k−1

k logk−2 x._G 2.2 [3] 5 ψ(t) = t− [t] − 1
2 , �

ψ(θ) = −
∑

0<|h|6H

e(θh)

2πih
+O(g(θ,H)),!!

g(θ,H) = min
(

1,
1

H‖θ‖
)

=

∞
∑

h=−∞

ahe(θh),

ah ≪ min
( log 2H

H
,

1

|h| ,
H

|h|2
)

._G 2.3 [3] % N < N1 6 2N 9��
∑

N<n6N1

e(λnγ) ≪ min
(

N,
N1−γ

|λ| + (|λ|Nγ)
1
2

)

._G 2.4 [3] 5 J E��I� I E (Y, 2Y ] *(*g� zn Z-��I��
∣

∣

∣

∑

n∈I

zn

∣

∣

∣

2

6

(

1 +
Y

J

)

∑

|j|6J

(

1 − |j|
J

)

∑

n,n+j∈I

znzn+j ._G 2.5 [3] 5 0 < a < b 6 2a, R E C 3*�R [a, b] *{Ua� f(z) � R 3qd� |f ′′(z)| 6 M (z ∈ R), % x ∈ R +;�9� f(x) E;*�$"��I k > 0, =)
f ′′(x) 6 −kM . � α = f ′(b), β = f ′(a). 2�G α < v < β, �;� f ′(xv) = v /� xv, �



3  ��n u
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∑

a<n6b

e(f(n)) = e
(

−1

8

)

∑

α<v6β

|f ′′(xv)|− 1
2 e(f(xv) − vxv)

+O(M− 1
2 + log(2 +M(b− a)))._G 2.6 [16] f5% N 6 x 6 cN 9�

0 < c1δ 6 |f ′(x)| 6 c2δ, |f (j)(x)| ∼ δN−j , j = 2, 3, 4, 5, 6,��2-�*�I2 (κ, λ), �
∑

N<n6cN

e(f(n)) ≪ δκNλ + δ−1._G 2.7 [17] 5 αi E;I��+ α1α2α3(α1 − 1)(α2 − 2) 6= 0 $ G > 0, Mj >

1, |ϕm1
| 6 1, |ψm2m3

| 6 1, L = log(2GM1M2M3), �
S(M1,M2,M3) =

∑

m1∼M1

∑

m2∼M2

∑

m3∼M3

ϕm1
ψm2m3

e
(

G
mα1

1 mα2

2 mα3

3

Mα1

1 Mα2

2 Mα3

3

)

≪ {(G4M15
1 M22

2 M22
3 )

1
26 + (GM2

1M
3
2M

3
3 )

1
4

+M
11
18

1 M2M3 +M1(M2M3)
3
4 +G− 1

2M1M2M3}L
7
4 ._G 2.8 [8] 5 α, α1, α2 E;I��+ (α − 1)αα1α2 6= 0, 1 6 M1,M2,M3 6

X, |bm1m2
| 6 1 $ y = |A|Mα

3 M
α1

1 Mα2

2 > M1M2, L = log(2M3M1M2), �
S =

∑

m∼M3

∣

∣

∣

∑

m1∼M1

∑

m2∼M2

bm1m2
e(Amαmα1

1 mα2

2 )
∣

∣

∣

≪ L((M1M2)
1
2M3 + (M1M2)

2+κ
2+2κ y

κ
2+2κM

1+κ+λ
2+2κ

3 ),!! (κ, λ) E�I2�
3 W R 6 j B
ma�k�	�KÆ Heath-Brown *;8 [3] �`R&[ZKd�IV*`R�5 1 < c < 2 E~G;�I�e γ = 1

c
. �Æ [nc] = m %$s% mγ 6 n < (m+ 1)γ ,��

A(x) =
∑

m6xc

dk(m)([−mγ ] − [−(m+ 1)γ ])

=
∑

m6xc

dk(m)(D(m, γ) − E(m, γ)) + O(xε), (3.1)!!
D(m, γ) = (m+ 1)γ −mγ , E(m, γ) = ψ(−mγ) − ψ(−(m+ 1)γ).�	�� 2.1 b>�)V�)

B(x) = cx log x+ (2β − c)x+
∑

m6xc

d(m)E(m, γ) +O(
√
x),

A(x) = xQk−1(log x) +
∑

m6xc

dk(m)E(m, γ) +O
( x

log x

)

.



358 J w � | 32 z A `}��/� 1.1 V/� 1.2,  s��% 1 6 M 6 xc 9��
∑

M<m62M

dk(m)E(m, γ) ≪ Mγ

log2M
. (3.2)�	�� 2.2, )

∑

M<m62M

dk(m)E(m, γ) = −S +O
(

∑

M<m62M

dk(m)(g(mγ , H) + g((m+ 1)γ , H))
)

,!!
S =

∑

0<|h|6H

1

2πih

∑

M<m62M

dk(m)(e(−hmγ) − e(−h(m+ 1)γ)).5 η E~G�>k*��I� 1
2 + 2η 6 γ < 1, + H = M1−γ+2η. Gg���

∑

M<m62M

(g(mγ , H) + g((m+ 1)γ , H)) ≪Mγ−η.��� 2.2 V�� 2.3, )
∑

M<m62M

g(mγ , H) ≪
∞
∑

h=−∞

|ah|
∣

∣

∣

∑

M<m62M

e(hmγ)
∣

∣

∣

≪ M |a0| +M1−γ
∑

h 6=0

|ahh
−1| +M

γ
2

∑

h 6=0

|ah||h|
1
2

≪ M log 2H

H
+M1−γ

∑

h 6=0

|h|−2
+M

γ
2

∑

0<|h|6H

|h|− 1
2 +M

γ
2

∑

|h|>H

H

|h| 32

≪ M log 2H

H
+M1−γ + (HMγ)

1
2

≪ Mγ−η.T�~)
∑

M<m62M

g((m+ 1)γ , H) ≪Mγ−η.f�a��Kd S. e φh(x) = 1 − e(h(xγ − (x+ 1)γ)), �% M < x 6 2M 9��
φh(x) ≪ hMγ−1,

∂φh(x)

∂x
≪ hMγ−2.�	>�)V�)'

S ≪
∑

0<h6H

h−1
∣

∣

∣

∑

M<m62M

dk(m)φh(m)e(−hmγ)
∣

∣

∣

≪
∑

0<h6H

h−1|φh(2M)|
∣

∣

∣

∑

M<m62M

dk(m)e(−hmγ)
∣

∣

∣

+

∫ 2M

M

∑

0<h6H

h−1
∣

∣

∣

∂φh(x)

∂x

∣

∣

∣

∣

∣

∣

∑

M<m62M

dk(m)e(−hmγ)
∣

∣

∣
dx

≪Mγ−1 max
M1

∑

0<h6H

∣

∣

∣

∑

M<m6M1

dk(m)e(hmγ)
∣

∣

∣
,�� M <M1 6 2M .
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∑

M<m62M

dk(m)E(m, γ) ≪Mγ−1 max
M1

∑

0<h6H

∣

∣

∣

∑

M<m6M1

dk(m)e(hmγ)
∣

∣

∣
+O(Mγ−η). (3.3)� (3.2) V (3.3) ��Z��/� 1.1 V/� 1.2,  s��

∑

0<h6H

∣

∣

∣

∑

M<m6M1

dk(m)e(hmγ)
∣

∣

∣
=

∑

0<h6H

εh

∑

M<m6M1

dk(m)e(hmγ) ≪M1−η, (3.4)!! |εh| = 1, 1 < M < M1 6 2M 6 xc.

4 e O A 6 < C_G 4.1 5 η Z~+Jk*��I� 227
272 + 6η 6 γ < 1, 1 < M < M1 6 2M ,

H = M1−γ+2η, |εh| 6 1, |ϕm| 6 1, �% Y > M
1
3 9��

K =
∑

0<h6H

εh

∑

X<m62X

ϕm

∑

Y <n6Y1

M<mn6M1

e(h(mn)γ) ≪M
471
238

−γ+3ηY − 3
14 +M1−3η. 0O Y > M

3
2
−γ+6η, ��� 2.3, )
K ≪

∑

0<h6H

∑

X<m62X

∣

∣

∣

∣

∣

∑

Y <n62Y
M<mn6M1

e(h(mn)γ)

∣

∣

∣

∣

∣

≪
∑

0<h6H

∑

X<m62X

(M−γY h−1 +M
γ
2 h

1
2 )

≪M3η(M1−γ +M
5
2
−γY −1) ≪M1−3η.0O M

1
3 6 Y 6 M

3
2
−γ+6η, 5 J = 1 + [M

5
119Y

3
7 ], /�z� J = o(Y ), �

K ≪
∑

0<h6H

Kh, (4.1)!!
Kh =

∑

X<m62X

∣

∣

∣

∣

∣

∑

Y <n6Y1

M<mn6M1

e(h(mn)γ)

∣

∣

∣

∣

∣

.� Cauchy �,>�)
K2

h 6 X
∑

X<m62X

∣

∣

∣

∣

∣

∑

Y <n6Y1

M<mn6M1

e(h(mn)γ)

∣

∣

∣

∣

∣

2

.23>�	�� 2.4, )
K2

h ≪ M

J

∑

|j|6J

|Ej |,!!
Ej =

∑

X<m62X

∑

Y <n,n+j6Y1

M<mn,m(n+j)6M1

e(hmγ((n+ j)γ − nγ)),
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K2

h ≪ M

J

(

XY +
∑

16j6J

|Ej |
)

, (4.2)$% j > 1 9��
Ej =

∑

Y <n6Y2

∑

X1<m6X2

e(λmγ),!!
Y2 = Y1 − j, λ = h((n+ j)γ − nγ), X1 = max

(

X,
M

n

)

, X2 = min
(

2X,
M1

n+ j

)

.��� 2.5, )
Ej =

∑

Y <n6Y2

∑

α<v6β

w(v)λ
1

2−2γ e(Bvλ
1

1−γ ) +O((hj)−
1
2X1−γ

2 Y
3
2
− γ

2 ) +O(Y logMJ),!!
Bv = (1 − γ)γ

γ
1−γ v−

γ
1−γ ,

α = α(n) = λγX
γ−1
2 , β = β(n) = λγX

γ−1
1 ,

w(v) = e
(

−1

8

)

(1 − γ)−
1
2 γ

1
2−2γ v

γ−2

2−2γ ≪ (hj)
γ−2

2−2γ M1− γ
2 .�~G v, n *+�*g (Y3, Y4] � Y < n 6 Y2, α(n) < v, β(n) > v /���6�>�)V�)

Ej ≪ (hj)
1
2M

γ
2 Y − 1

2

∣

∣

∣

∑

Y3<n6Y4

e(Bλ
1

1−γ )
∣

∣

∣
+ (hj)−

1
2M1−γ

2 Y
1
2 + Y log(MJ), (4.3)!! Y 6 Y3 < Y4 6 2Y $

Mγ(hj)−
γ

1−γ ≪ B = Bv ≪Mγ(hj)−
γ

1−γ .�	�� 2.6 Æ+�I2 (κ, λ) = BA4B(0, 1) = (13
31 ,

16
31 ), a�)'

∑

Y3<n6Y4

e(Bλ
1

1−γ ) ≪ (B(hj)
1

1−γ Y −2)
13
31 Y

16
31 + (B(hj)

1
1−γ Y −2)−1

≪M
13
31

γY − 10
31 (hj)

13
31 +M−γY 2(hj)−1.�3>$1 (4.3), )

Ej ≪M
57
62

γY − 51
62 (hj)

57
62 +M− γ

2 Y
3
2 (hj)−

1
2 +M1−γ

2 Y
1
2 (hj)−

1
2 + Y log(MJ).�Z Y ≪M , N� M−γ

2 Y
3
2 (hj)−

1
2 ≪M1− γ

2 Y
1
2 (hj)−

1
2 , ��

Ej ≪M
57
62

γY − 51
62 (hj)

57
62 +M1−γ

2 Y
1
2 (hj)−

1
2 + Y log(MJ).�3>$1 (4.2), ~)

K2
h ≪ M

J
(M +M

57
62

γY − 51
62H

57
62J

119
62 +M1−γ

2 Y
1
2h−

1
2J

1
2 + Y J log(MJ)). (4.4)� J ≪M

5
119 Y

3
7 � M

57
62

γY − 51
62H

57
62 J

119
62 ≪M1+2η, ��� (4.4) ~[Z

K2
h ≪M1+2ηJ−1(M +M1− γ

2 Y
1
2h−

1
2 J

1
2 + Y J).�3>b (4.1), )

K ≪M3η(M
471
238

−γY − 3
14 +M

207
119

−γY
1
7 +M

3
2
−γY

1
2 ) ≪M

471
238

−γ+3ηY − 3
14 +M1−3η.
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3849 + 8η 6 γ < 1, 1 < M < M1 6 2M ,

H = M1−γ+2η, |εh| 6 1, |ϕm| 6 1, |ψn| 6 1, �% M
515
1283 6 Y 6 M

768
1283 9��

L =
∑

0<h6H

εh

∑

X<m62X

ϕm

∑

Y <n6Y1

M<mn6M1

ψne(h(mn)γ) ≪M1−3η. 0O M
515
1283 < Y 6 M

1
2 , 5 F = HMγ , ��� 2.7 !+ (G,M1,M2,M3) =

(F,X,H, Y ), )
L≪ (logM)2((F 4X15H22Y 22)

1
26 + (FX2H3Y 3)

1
4 +X

11
18HY +X(HY )

3
4 + F− 1

2XHY )

≪ (logM)2(M
89
52

− 22
26

γ+2η +M
13
8
− 3

4
γ+2η+M

65
36

−γ+2η +M
7
4
− 3

4
γ+ 3

2
ηY − 1

4 +M
3
2
−γ+η)

≪M1−3η.0O M
1
2 < Y 6 M

768
1283 , ��� 2.7 !+ (G,M1,M2,M3) = (F, Y,H,X), �K*PÆ~) L≪M1−3η.�KÆ�� 4.2 *PÆ��_G 4.3 5 η Z~+Jk*��I� 335

391 + 5η 6 γ < 1, 1 < M < M1 6 2M ,

H = M1−γ+2η, |εh| 6 1, �% M
168
391 6 Y 6 M

223
391 9��

∑

0<h6H

εh

∑

X<m62X

∑

Y <n6Y1

M<mn6M1

e(h(mn)γ) ≪M1−2η._G 4.4 5 η Z~+Jk*��I� 3334
3849 + 8η 6 γ < 1, 1 < M < M1 6 2M ,

H = M1−γ+2η, |εh| 6 1, |ϕm| 6 1, |ψn| 6 1, �% M
515
3849 6 Y 6 M

1
3 ^ M

2
3 6 Y 6 M

3334
38499��

L =
∑

0<h6H

εh

∑

X<m62X

ϕm

∑

Y <n6Y1

M<mn6M1

ψne(h(mn)γ) ≪M1−3η. 0O M
515
3849 6 Y 6 M

1
3 , ��� 2.8 !+ (y,M1,M2,M3) = (HMγ , Y,H,X) b�I2 (κ, λ) = BA5BA2BA2B(0, 1) = ( 480

1043 ,
528
1043 ), )

L≪ (logM)((HY )
1
2X + (HMγ)

240
1523 (HY )

1283
1523X

2051
3046 )

≪ (logM)(M
3
2
− γ

2
+ηY − 1

2 +M
5097−2566γ+6092η

3046 Y
515
3046 )

≪ M1−3η.0O M
2
3 6 Y 6 M

3334
3849 , ��� 2.8 !+ (y,M1,M2,M3) = (HMγ , X,H, Y ), �K*PÆ~) L≪M1−3η.

5 8 H 1.1 6 d K% k = 2 9��	 d(n) =
∑

m1m2=n

1, ~�k (3.4) >�Z O(log2M) GV>
T =

∑

0<h6H

εh

∑

M1<m162M1

∑

M2<m262M2

M<m1m26M1

e(h(m1m2)
γ).Z��/� 1.1,  s�Sh

335

391
+ 5η 6 γ < 1, H = M1−γ+2η (5.1)



362 J w � | 32 z A `f�� T ≪M1−2η.L[ 1 0O M2 > M
223
391 , �Sh (5.1) f���� 4.1, )

T ≪M
471
238

− 335
391

− 3
14

× 223
391

−2η +M1−3η ≪M1−2η.L[ 2 0O M
168
391 6 M2 6 M

223
391 , �Sh (5.1) f���� 4.3, ) T ≪ M1−2η.L[ 3 0O M2 < M

168
391 , � M ≪ M1M2 ≪M � M1 > M

223
391 , �Sh (5.1) f���� 4.1 ) T ≪M1−2η.*X'p 1 ''p 3, )/� 1.1 *W����

6 8 H 1.2 6 d K5 k > 3, �	 dk(n) =
∑

m1m2···mk=n

1, ~�k (3.4) >�Z O(logk M) GV>
S =

∑

0<h6H

εh

∑

M<m1m2···mk6M1

Mj<mj62Mj

e(h(m1m2 · · ·mk)γ),��Mj > 1, j = 1, 2, · · · , k $M ≪
k−1
∏

j=1

Mj ≪ M . �=5Mi 6 Mi+1, i = 1, 2, · · · , k−1.a� s�Sh
3334

3849
+ 8η 6 γ < 1, H = M1−γ+2η (6.1)f�� S ≪M1−2η.L[ 1 0O Mk > M

768
1283 , 5 m =

k−1
∏

i=1

mi, X =
k−1
∏

i=1

Mi, � dk−1(m) ≪ mε, ε = η
10 ,)

S ≪
∑

0<h6H

εh

∑

X<m62k−1X

dk−1(m)
∑

Mk<mk62Mk

M<mmk6M1

e(h(mmk)γ)

≪M ε
∑

0<h6H

εh

∑

X<m62k−1X

b(m)
∑

Mk<mk62Mk

M<mmk6M1

e(h(mmk)γ), (6.2)�� |b(m)| 6 1. �Sh (6.1) f�� (6.2) V�� 4.1, )
S ≪M

471
238

− 3334
3849

− 3
14

× 768
1283

−5η +M1−3η ≪M1−2η.L[ 2 0O M
515
1283 < Mk 6 M

768
1283 , �Sh (6.1) f�2 (6.2) �	�� 4.2, )

S ≪M1−2η.L[ 3 0O M
1
3 6 Mk−j 6 · · · 6 Mk 6 M

515
1283 , j > 1, 5 X = MkMk−1, Y =

k−2
∏

i=1

Mi, � M
2
3 6 X 6 M

1030
1283 < M

3334
3849 . ��� 4.4 )

S =
∑

0<h6H

εh

∑

X<m622X

d(m)
∑

Y <n62k−2Y
M<mn6M1

dk−2(n)e(h(mn)γ)



3  ��n u
 [nc] 45℄�JTJ+W 363

≪M
η
10

∑

0<h6H

εh

∑

X<m64X

ϕm

∑

Y <n62k−2Y
M<mn6M1

ψne(h(mn)γ) ≪M1−2η,�� |ϕm| 6 1, |ψn| 6 1,L[ 4 % Mk−1 < M
1
3 6 Mk 6 M

515
1283 9�0O M

515
3849 < Mk−1 < M

1
3 , ����

4.4 ) S ≪ M1−2η. 0O Mk−1 6 M
515
3849 , M

1
3 6 Mk 6 M

515
1283 , � ∏

Mj6M
515
3849

Mj > M
768
1283 .5 p E�+ ∏

Mj6M
515
3849

Mj > M
515
1283 *��I j *-k����

M
515
1283 <

p
∏

i=1

Mi =
(

p−1
∏

i=1

Mi

)

Mp 6 M
515
1283M

515
3849 = M

2060
3849 < M

768
1283 .��� 4.2 ) S ≪M1−2η.L[ 5 0O M

515
3849 < Mk 6 M

1
3 , ���� 4.4) S ≪M1−2η. 0OMk 6 M

515
3849 ,5 p E�+ p

∏

i=1

Mi > M
515
3879 *-k��I��

M
515
3849 <

p
∏

i=1

Mi =
(

p−1
∏

i=1

Mi

)

Mp 6 M
515
3849M

515
3849 = M

1030
3849 < M

1
3 .�	�� 4.4 ) S ≪ M1−2η.*X'p 1– 'p 5, )/� 1.2 *W����gZ .�27E,��"nCm�2 � E � V � Y

[1] Piatetski-Shapiro I I. On the distribution of prime numbers in sequences of the form

[f(n)] [J]. Math Sb, 1953, 33:559–566.

[2] Kolesnik G A. On the distribution of prime numbers in sequences of the form [nc] [J].

Mat Zametki, 1972, 2:117–128.

[3] Heath-Brown D R. The Pjatecki1̌-S̆apiro prime number theorem [J]. J Number Theory,

1983, 16:242–266.

[4] Kolesnik G A. Primes of the form [nc] [J]. Pacific J Math, 1985, 118:437–447.

[5] Liu H Q, Rivat J. On the Piatetski-Shapiro prime number theorem [J]. Bull London

Math Soc, 1992, 24:143–147.

[6] Rivat J. Autour d’un theoreme de Piatetski-Shapiro [D]. Paris: Université de Paris Sud,
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Abstract Let [θ] be the integral part of θ and k > 2, dk(n) denote the divisor function.

In this paper it is proved that
∑

n6x

dk([nc]) has an asymptotic formula when 1 < c < 3849
3334 ,

which improves Lü Guangshi and Zhai Wenguang’s result 1 < c < 495
433 . Moreover, if k = 2,

then the range of c can be enlarged to 1 < c < 391
335 .
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