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1 k�f��l+, qD5 S( Nevanlinna )C�	�,tRd�(Hj�sFZ[1−2] . _�0, ρ(f) 
LXT f ,��l, S(f) 
L� f ,wXT[Q�,i\.D f(z) NG,�B,��XT, 4/,	k fc(z) = f(z + c), /�CY44k
∆cf(z) = f(z + c)− f(z), ∆n

c f(z) = ∆n−1
c (∆cf(z)).D f(z) � g(z) NG,�BN��XT, p(z) N�N:uJ. ?V f(z) − p(z) �

g(z)− p(z) ��te,�2�n.T�, �� f(z) � g(z) CM C$ p(z) .

1986 (, Jank .<[3]&��q�,4	.DO 1.1 D f N�N��XT, a N�NA��T. ?V f, f ′ � f ′′ CM C$ a, �
f ≡ f ′.

2002(, Chang and Fang[4]��� f, f ′ � f ′′ C$ z ,3{, ℄�&��q�,4	.DO 1.2 D f N�N#XT. ?V f, f ′ � f ′′ CM C$ z, � f ≡ f ′.{(�, ��XT)C�,�C!&�k�N�},;�na[5−8]. � 2012(, Chen.<[7]���4	 1.1 ,�C!&na, &��q�,4	.�m 2017 ) 3 � 24 >P*, 2017 ) 12 � 10 >P*}JM.
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342 U ~ ) � A h 39 �DO 1.3 D f N�N�5lA�T#XT, a(z)(6≡ 0) ∈ S(f) N�N/-k c ,#XT. ?V f,∆cf � ∆2
cf CM C$ a(z) , � ∆cf ≡ ∆2

cf .�l [7, 2 1.3] +, : `�?qna: 4	 1.3 +,v�NE%Izk f ≡ ∆cf?

2016 (, El Farissi .<[8]�}�Hna, &��
qv�.DO 1.4 D f N�NA/-�5l#XT, a(z)(6≡ 0) ∈ S(f) N�N/-k c ,#XT. ?V f,∆cf � ∆2
cf CM C$ a(z), � f ≡ ∆cf .�lh8x��Hna, &��q�,4	.DO 1.5 D f N�N�5lA�T#XT, a(z)(6≡ 0) ∈ S(f) N�N/-k c ,#XT. ?V f,∆cf � ∆2
cf CM C$ a(z), � f ≡ ∆cf b f(z) = a(z)eAz+B + a(z), /+

A 6= 0 1 eAc = 1.t 1.1 s9, 4	 1.3 �4	 1.4 �N4	 1.5 ,f�.��?�, �4	 1.2, 69an: NE�7��4	 1.2 ,�C!&,tRv�?�l�}�Hna, &��q�,4	.DO 1.6 D f N�N�5lA�T��XT, p(z)(6≡ 0) N�N:uJ. ?V f,∆cf� ∆2
cf CM C$ ∞, p(z), � f ≡ ∆cf b f(z) = eAz+B + b, /+ p(z) ≡ b(6= 0), A 6= 01 eAc = 1.�4	 1.6, �k�+
qf�.[R 1.1 D f N�N�5lA�T#XT, p(z)(6≡ 0) N�N:uJ. ?V f,∆cf� ∆2
cf CM C$ p(z), � f ≡ ∆cf b f(z) = eAz+B + b, /+ p(z) = b(6= 0), A 6= 0 �8 eAc = 1.[R 1.2 D f N�N�5lA�T#XT. ?V f,∆cf � ∆2

cf CM C$ z, �
f ≡ ∆cf .Q 1.1 D a, c NNA��5GT, D f(z) = ez ln a. ?V ac = 2, �7=�, p(z),s9 f,∆cf � ∆2

cf CM C$ p(z), 1 f ≡ ∆cf . H
4�84	 1.6. ?V ac = 3, �
∆2

cf(z) = 2∆cf(z) = 4f(z). s9, f,∆cf � ∆2
cf CM C$ 0, "
�4	 1.6 +,t

p(z)(6≡ 0) N��,.Q 1.2 D A, b, c N 3 NA��5GT, 1�8 eAc = 1, D f(z) = eAz + b, p(z) = b,� f,∆cf � ∆2
cf CM C$ p(z), 1 f 6= ∆cf . "
�4	 1.6 +,1=Nv���73. Q 1.3 D A, b, c N 3 NA��5GT, 1�8 eAc = 1, D f(z) = a(z)eAz + a(z), /+ a(z) ∈ S(f) N�N/-k c ,#XT, � ∆cf ≡ ∆2

cf ≡ 0, 1 f,∆cf � ∆2
cf CM C$ a(z). nY�+ f 6= ∆cf . H
4
�4	 1.5 ,1=Nv���73.Q 1.4 D A, b, c N 3 NA��5GT, 1�8 eAc = 1, D f(z) = ee
Az

+ p(z),

p(z) = b, � f,∆cf � ∆2
cf CM C$ p(z). "
� f N�N�5l��XTN��,.
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2 iakPjO 2.1 [6] D f(z) N�N�5l��XT, c N�NA��5GT, �
T (r, f(z + c)) = T (r, f) + S(r, f).jO 2.2 [5] D c ∈ C, k N�N%#T, f(z) N�N�5l��XT, �

m
(

r,
∆k

cf(z)

f(z)

)

= S(r, f).jO 2.3 D f N�NA�T�5l��XT, p(z)(6≡ 0) N�N:uJ. qD
∆2

cf(z)− p(z)

f(z)− p(z)
= eα(z),

∆cf(z)− p(z)

f(z)− p(z)
= eβ(z), (2.1)/+ α � β NN:uJ, 1 T (r, eα) + T (r, eβ) = S(r, f), � f ≡ ∆cf .n Qr&� f ��%NA�T�	XT. E�, qD f(z) = P (z)

Q(z) , /+ P (z) �
Q(z) NN^X:uJ. � (2.1) �+ f(z) � ∆cf(z) CM C$ ∞. 6�: Q(z) N�N�T. A�9, �!� z0, I+ Q(z0 + c) = 0. �� f(z) � ∆cf(z) CM C$ ∞, 1

∆cf(z) = f(z + c)− f(z) =
P (z + c)

Q(z + c)
−

P (z)

Q(z)
=

P (z + c)Q(z)− P (z)Q(z + c)

Q(z)Q(z + c)
, (2.2)�f+ Q(z + c) = 0 ⇒ Q(z) = 0. E�, qD!� z1, I+ Q(z1 + c) = 0, ( Q(z1) 6= 0, �� (2.2) ( z1 + c N ∆cf ,f2, (�N f ,f2, "P f(z) � ∆cf(z) CM C$ ∞ �9. Æ�

Q(z0 + c) = 0 ⇒ Q(z0) = 0 ⇒ Q(z0 − c) = 0 ⇒ · · · ⇒ Q(z0 − nc) = 0."
� Q(z) �p5:N�2, "� Q(z) NA�:uJ�9, 6�+&.Æ� f N�NA�T:uJ, �D
f(z) = anz

n + an−1z
n−1 + · · ·+ a1z + a0, p(z) = bmzm + · · ·+ b1z + b0,� ∆cf(z) = f(z + c) − f(z) , ∆2

cf(z) = f(z + 2c) − 2f(z + c) + f(z) NN:uJ,1�8 deg∆2
cf(z) 6 deg∆cf(z) < deg f(z).  (2.1) �+ α(z), β(z) NN�T, D

eα(z) = a, eβ(z) = b. �N (2.1) �Ix�
∆2

cf(z)− p(z) = a(f(z)− p(z)), ∆cf(z)− p(z) = b(f(z)− p(z)).�� deg∆2
cf(z) 6 deg∆cf(z) < deg f(z) �+ deg f = n 6 deg p = m. ?V n < m, ��+ a = b = 1,  <� f ≡ ∆cf(z) ≡ ∆2

cf , "� deg∆cf(z) < deg f(z) �9. ?V n = m,�+ a = b = bn
an−bn

, z<�+ ∆cf(z) ≡ ∆2
cf , Æ� f N�N�T, �9.Æ� f N�NA�T����XT,  <� T (r, p) = S(r, f). ��	 2.2 
j (2.1),1�N.J, �+ p(z)−∆2

c
p(z)

f(z)−p(z) =
∆2

c
f(z)−∆2

c
p(z)

f(z)−p(z) − eα(z), 1
m
(

r,
1

f(z)− p(z)

)

= m
(

r,
1

p(z)−∆2
cp(z)

(∆2
cf(z)−∆2

cp(z)

f(z)− p(z)
− eα(z)

))

6 m
(

r,
∆2

cf(z)−∆2
cp(z)

f(z)− p(z)

)

+m(r, eα(z)) + S(r, f)

= S(r, f).
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N
(

r,
1

f(z)− p(z)

)

= T (r, f(z))−m
(

r,
1

f(z)− p(z)

)

+ S(r, f)

= T (r, f(z)) + S(r, f). (2.3)��?�,  (2.1) ,1=N.J�+ ∆cf(z) = eβ(z)(f(z)− p(z)) + p(z), �
∆2

cf(z) = ∆c(e
β(z)(f(z)− p(z)) + p(z))

= eβ(z+c)(f(z + c)− p(z + c)) + p(z + c)− eβ(z)(f(z)− p(z))− p(z)

= eβ(z+c)f(z + c)− eβ(z)f(z)− p(z + c)eβ(z+c)

+ eβ(z)p(z) + p(z + c)− p(z). (2.4)�� (2.1) ,1�N.J, �+
∆2

cf(z) = eα(z)f(z)− p(z)eα(z) + p(z). (2.5)� (2.4) � (2.5) �+
f(z + c) = (eα(z)−β(z+c) + eβ(z)−β(z+c))f(z) + µ(z), (2.6)/+ µ(z) = −p(z)(eα(z)−β(z+c) + eβ(z)−β(z+c)) + (2p(z)− p(z + c))e−β(z+c) + p(z + c).� ω(z) = eα(z)−β(z+c) + eβ(z)−β(z+c) − 1, �

∆cf(z) = ω(z)f(z) + µ(z). (2.7)Æk f N����XT, p(z) N:uJ, 1 T (r, eα) + T (r, eβ) = S(r, f), s9�
T (r, ω) = S(r, f), T (r, µ) = S(r, f).Æ��u (2.7) Ix�

∆cf(z)− p(z)− ω(z)(f(z)− p(z)) = ω(z)p(z) + µ(z)− p(z). (2.8)6�: ω(z)p(z) + µ(z) − p(z) ≡ 0. E�, ?V ω(z)p(z) + µ(z) − p(z) 6≡ 0. D z0 N
f(z)− p(z) , l .�2. Æk f(z),∆cf(z) CM C$ p(z), � z0 N ∆cf(z)− p(z) , l .�2. Æ�, z0 N ∆cf(z)− p(z)− ω(z)(f(z)− p(z)) ,*C l .�2. Æ�, � (2.3) � (2.8),�+

T (r, f(z)) = N
(

r,
1

f(z)− p(z)

)

+ S(r, f)

6 N
(

r,
1

∆cf(z)− p(z)− ω(z)(f(z)− p(z))

)

+ S(r, f)

= N
(

r,
1

ω(z)p(z) + µ(z)− p(z)

)

+ S(r, f)

6 T
(

r,
1

ω(z)p(z) + µ(z)− p(z)

)

+ S(r, f)

6 S(r, f). (2.9)�9, 6�+&.Æ�, ω(z)p(z) + µ(z)− p(z) ≡ 0, 2�)
µ(z) = −p(z)ω(z) + p(z + c)− p(z) + (2p(z)− p(z + c))e−β(z+c), (2.10)



4 . /�� ��& � Æ ��YU�0�D-j�| 345�+ (2p(z)− p(z + c))(e−β(z+c) − 1) ≡ 0, "
� e−β(z+c) ≡ 1. Æ�, eβ(z) ≡ eβ(z+c) ≡ 1.�� (2.1) ,1=N.J�+ f ≡ ∆cf .�	 2.3 +&.

3 EP 1.5 CoTn Æk f(z),∆cf(z),∆
2
cf(z) CM C$ a(z), 1 f(z) N�5l#XT, �!�N:uJ α(z) � β(z), I+qJ��:

∆2
cf(z)− a(z)

f(z)− a(z)
= eα(z),

∆cf(z)− a(z)

f(z)− a(z)
= eβ(z). (3.1)�4	 1.3 ( ∆cf ≡ ∆2

cf .
q,&�?>jV�, 4�sl [8]. qD f(z) 6≡ ∆cf(z). �
Q(z) = ∆cf(z)− f(z), (3.2)� Q(z) 6≡ 0 N�N/-k c ,#XT, 1�

∆cf(z)− a(z) = f(z)− a(z) +Q(z). (3.3)Æ� ∆cf(z)−a(z)
f(z)−a(z) = 1 + Q(z)

f(z)−a(z) , z<�+
f(z)− a(z) =

Q(z)

eβ(z) − 1
. (3.4)Æ Q(z) N�N
 c k/-,#XT, �+

∆cf(z) = Q(z) ·∆c

( 1

eβ(z) − 1

)

, (3.5)

∆2
cf(z) = Q(z) ·∆2

c

( 1

eβ(z) − 1

)

. (3.6)
qC-3{^�.V 3.1 β(z) N�N�T. ?V eβ(z) = 1, �� (3.1) ,1=NJ4�+ f(z) =

∆cf(z). ?V eβ(z) 6= 1, �� (3.4), �f� f(z) N
 c k/-,#XT, Æ� ∆cf(z) = 0,1 Q(z) = −f(z), � (3.4) �+
f(z) = a(z)

eβ − 1

eβ
.Æ� T (r, f) = S(r, f), �9.V 3.2 β(z) N�NA�T:uJ.  (3.5), (3.6) 
j ∆cf(z) = ∆2

cf(z), �+
eβc(z)+β(z) − 3eβ2c(z)+β(z) + 2eβ2c(z)+βc(z) + eβ2c(z) − 3eβc(z) + 2eβ(z) = 0,"
�

eβc(z) + (2e∆cβ(z) − 3)eβ2c(z) = −e∆cβc(z)+∆cβ(z) + 3e∆cβ(z) − 2. (3.7)�� deg∆cβ = deg β − 1, �+
ρ(eβc + (2e∆cβ − 3)eβ2c) = ρ(−e∆cβc+∆cβ + 3e∆cβ − 2) 6 deg β − 1. (3.8)?V eβc + (2e∆cβ − 3)eβ2c 6≡ 0, �6�

ρ(eβc + (2e∆cβ − 3)eβ2c) = ρ(eβc) = deg β. (3.9)



346 U ~ ) � A h 39 �A�9, qD ρ(eβc + (2e∆cβ − 3)eβ2c) < ρ(eβc), �
deg β = ρ

(eβc + (2e∆cβ − 3)eβ2c

eβc

)

= ρ(1 + (2e∆cβ − 3)e∆βc) 6 deg β − 1,�9. 6�+&. ( (3.8) � (3.9) t^�9, Æ�qD���.[
 eβc + (2e∆cβ − 3)eβ2c ≡ 0, k
eβc = (3− 2e∆cβ)eβ2c . (3.10)s9, ∆cβ N�N�T, "
� β(z) = Az +B, /+ A 6= 0, B NN�T. �� (3.10) �Ix�

eAz+Ac+B = (3− 2eAc)eAz+2Ac+B. (3.11)�� (3.11) �+ eAc = 1 b eAc = 1
2 . v\ (3.7), �+ eAc = 1. Æ� eβc(z) = eAz+Ac+B =

eAz+B = eβ(z), "
� eβ(z) N
 c k/-,#XT.� (3.4), �f� f(z) N
 c k/-,#XT, Æ� ∆cf(z) = 0, 1 Q(z) = −f(z).�� (3.4) �+ f(z) = a(z) e
Az+B

−1
eAz+B = a(z)eA1z+B1 + a(z), /+ A1 = −A, eB1 = −e−B.4	 1.5 +&.

4 EP 1.6 CoTn Æk f(z),∆cf(z),∆
2
cf(z) CM C$ ∞, p(z), 1 f(z) N�5l��XT, �!�N:uJ α(z) � β(z), I+qJ��:

∆2
cf(z)− p(z)

f(z)− p(z)
= eα(z),

∆cf(z)− p(z)

f(z)− p(z)
= eβ(z). (4.1)�W�	 2.3 ,^�, �+ f(z) ��%N�	XT. Æ�, f(z) N�N����XT,  <� T (r, p) = S(r, f).� F (z) := f(z)− p(z), � T (r, f) = T (r, F ) + S(r, f) 1 T (r, p) = S(r, F ). 2�)

f(z) = F (z) + p(z), ∆cf(z) = ∆cF (z) + ∆cp(z), ∆2
cf(z) = ∆2

cF (z) + ∆2
cp(z),

(4.1) �Ix�
∆2

cF (z) + ∆2
cp(z)− p(z)

F (z)
= eα(z),

∆cF (z) + ∆cp(z)− p(z)

F (z)
= eβ(z). (4.2)� p(z)(6≡ 0) N:uJ, �s9 ∆2

cp(z)− p(z) 6≡ 0, 1 ∆cp(z)− p(z) 6≡ 0. D
φ(z) :=

(p(z)−∆2
cp(z))∆cF (z)− (p(z)−∆cp(z))∆

2
cF (z)

F (z)
. (4.3)
qC-3{^�.V 4.1 φ(z) 6≡ 0. � T (r, p) = S(r, F ) 
j�	 2.2, �+

m(r, φ) = S(r, F ). (4.4)� (4.2)–(4.3), �u φ Ix�
φ(z) = (p(z)−∆2

cp(z))e
β(z) − (p(z)−∆cp(z))e

α(z). (4.5)�� p(z) N:uJ, s9 N(r, φ) = S(r, F ). �� (4.4), �+
T (r, φ) = S(r, F ). (4.6)



4 . /�� ��& � Æ ��YU�0�D-j�| 347Æk φ(z) 6≡ 0, � (4.5) �+
(p(z)−∆2

cp(z))
eβ(z)

φ(z)
= 1 + (p(z)−∆cp(z))

eα(z)

φ(z)
. (4.7)� Nevanlinna 1=d�4	�+

T
(

r, (p−∆2
cp)

eβ

φ

)

6 N
(

r, (p−∆2
cp)

eβ

φ

)

+N
(

r,
φ

(p−∆2
cp)e

β

)

+N
(

r,
1

(p−∆2
cp)

(eβ

φ

)

− 1

)

+ S
(

r, (p−∆2
cp)

eβ

φ

)

6 S(r, F ) + S
(

r, (p−∆2
cp)

eβ

φ

)

.v\ (4.6), �+
T (r, eβ) = S(r, F ). (4.8) (4.5)–(4.8), �+

T (r, eα) = T
(

r,
(p−∆2

cp)e
β − φ

p−∆cp

)

= S(r, F ). (4.9)Æ�, ��	 2.3, �+ f ≡ ∆cf .V 4.2 φ ≡ 0. k
(p(z)−∆2

cp(z))∆cF (z) = (p(z)−∆cp(z))∆
2
cF (z). (4.10)�r'nY, �u (4.10) Ix�

(p(z)−∆2
cp(z))(∆cf(z)− p(z)) = (p(z)−∆cp(z))(∆

2
cf(z)− p(z)). (4.11)v\ (4.1) � (4.11), �+

∆2
cf(z)− p(z)

∆cf(z)− p(z)
= eα(z)−β(z) =

p(z)−∆2
cp(z)

p(z)−∆cp(z)
. (4.12)Æ p(z) N:uJ,  (4.12) �+ eα(z)−β(z) N�N�T. D eα(z)−β(z) = A, � p(z) −

∆2
cp(z) = A(p(z)−∆cp(z)),  <�f+ A = 1 1 p(z) N�N�T, o p(z) ≡ b. 4	 1.5, �f+ f(z) ≡ ∆cf(z) b f(z) = eAz+B + b, /+ eAc = 1.4	 1.6 +&.qb KyFL<j	g`�,�T�s.> � M � ℄ � _
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Abstract This paper deals with the unicity of meromorphic functions and their difference

operators and proves: Let f be a nonconstant meromorphic function of finite order, and let

p(z)(6≡ 0) be a polynomial. If f,∆cf and ∆2
cf share ∞ and p(z) CM, then either f ≡ ∆cf

or f(z) = eAz+B + b, where p(z) ≡ b 6= 0, A 6= 0 satisfying eAc = 1. Our result provides

a difference analogue of a result of Chang and Fang (Chang J M, Fang M L. Uniqueness

of entire functions and fixed points [J]. Kodai Math J, 2002, 25(1): 309–320.), and answers

the question of Chen and Chen (Chen B Q, Chen Z X, Li S. Uniqueness theorems on entire

functions and their difference operators or shifts [J]. Abstr Appl Anal, 2012, Art ID 906893,

8 pp.).

Keywords Shared polynomial, Uniqueness, Difference operators

2000 MR Subject Classification 30D35, 39B32

The English translation of this paper will be published in

Chinese Journal of Contemporary Mathematics, Vol. 39 No. 4, 2018

by ALLERTON PRESS, INC., USA


