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1 w q=N8i Wiener g�^!n"�Dx
E,^=?%S [1−2], � [3] {�NnLLj? Banach =�� Aq(Rn) r Bq′

(Rn) =��n* 1
q + 1

q′
= 1. 12B$� Aq(Rn) =�:��=nW/I�| Lq(Rn) ?�	N=� Bq′

(Rn) :s��=Q}�| Lq′

(Rn) =�?��� [4] _* Aq(Rn) ?A�P"�K�
‖f‖Aq(Rn) =

∞
∑

k=1

2kn/q′

‖fχPk
‖Lq(Rn),n* χPk

� Pk ?/�n"�u
P1 = {x ∈ Rn : |x| 6 2}, Pk = {x ∈ Rn : 2k−1 < |x| 6 2k}, k > 2.5lLj_�=� Bq(Rn) :^!=

‖f‖Bq(Rn) = sup
k>1

(2−kn/q‖fχPk
‖Lq(Rn)).� [5] (m:�� [6]) {�Q}� Beurling4" Aq(Rn) =�?	5=� HAq(Rn), �u _N-?Lj= CMOq′

(Rn), Z=���K4�Iw�
‖f‖CMOq′ (Rn) := sup

R>1

( 1

|B(0, R)|

∫

B(0,R)

|f(x) − fB(0,R)|
q′

dx
)

1

q′

< ∞.� [7–8] {�NnWY? Hardy =���W=�� _� HAq(Rn) =�?q.=���u%*�WY? Hardy =�?Lj=���KIw?�"l5�8=� CBMOq(Rn):

‖f‖CBMOq(Rn) := sup
R>0

( 1

|B(0, R)|

∫

B(0,R)

|f(x) − fB(0,R)|
qdx

)
1
q

< ∞.�A 2015 h 3 Æ 4 ��:� 2016 h 4 Æ 26 ��:a[\�
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74 # g h 6 38 3 A �� Chen r Lau[5] ?~T� Lu r Yang[7−8], Alvarez, Guzmán-Partidar Lakey[9] i-N*Z BMO =�r Morrey=�"�?gH�a'n��,[V�{�N λ-*Z�"l5�8=�r*Z Morrey =�����i- p-'�*?�W*Zn"=��
p-'� Qp Iw=�E"� Q g�U
~\< p-'P" | · |p ?:�x�ZP"Iw�K� |0|p = 0; �k�vUR�E" x ��= x = pγ m

n , n* γ =n�"�u�" m, n�e� p �+�� |x|p = p−γ . u��ZP"Y9�K_)�
(i) |x|p = 0 7u&7 x = 0;

(ii) L�v x, y ∈ Qp, � |xy|p = |x|p|y|p;

(iii) L�v x, y ∈ Qp, � |x + y|p 6 max{|x|p, |y|p}. u� |x|p 6= |y|p, � |x + y|p =

max{|x|p, |y|p}.-+.!�Qp �U
~\</��?F\b\���3? p-'VG [10] :!��vUR p-'" x ∈ Qp :s<n��=�3�"
x = pγ

∞
∑

j=0

ajp
j , γ = γ(x) ∈ Z, (1.1)n* aj =�"� 0 6 aj 6 p − 1, a0 6= 0. �� |ajp

j |p = p−j, �" (1.1) � p-'P"K�L�=� Qn
p �� Qp 
�+�E x = (x1, x2, · · · , xn) :'?UM=�� Qn

p 
? p-'P"=
|x|p := max

16j6n
|xj |p, x ∈ Qn

p . Bγ(a) = {x ∈ Qn
p : |x−a|p 6 pγ}=s a ∈ Qn

p =Z�pγ =,?y	Sγ(a) = {x ∈ Qn
p :

|x−a|p = pγ}=s a ∈ Qn
p =Z�pγ =,?y℄�γ ∈ Z. L~ Sγ(a) = Bγ(a)\Bγ−1(a),u

Bγ(a) =
⋃

k6γ

Sk(a),

+∞
⋃

γ=−∞

Bγ(a) =

+∞
⋃

γ=−∞

Sγ(a) = Qn
p . (1.2)U Bγ(0) = Bγ , Sγ(0) = Sγ .� Qn

p 
1� Haar "K dx, Z"K�Q#n℄�%"z5?w�K�<n?��u�lp��?�5l�KA��"K dx �3x�
∫

B0(0)

dx = |B0(0)|H = 1,n* |E|H �� Qn
p ?:"5� E ? Haar"K�5l�5?�':=�L�v? a ∈ Qn

p ,

|Bγ(a)|H = pγn, |Sγ(a)|H = pγn(1 − p−n).g� p-'�?aRJ?$�� �� [10–11].)gB� p-'"�EXFEr"fFE*r=9iR}� (� [10, 12–19] �n 8�N). Y?"fB1m*"$���?�EX [20−21] � p-'f;VS( [22−26] A�N p-'�
?HrVG�Qg?'5r=�EXm=9N'n�O���� [11, 27–35].�� [36] *�C[_*N p-'*Z�"l5�8=� CBMOq(Qn
p ):

‖f‖CBMOq(Qn
p ) := sup

γ∈Z

( 1

|Bγ |H

∫

Bγ

|f(x) − fBγ
|qdx

)
1
q

< ∞,



1 m Evk V	� Y<> p-(+[o#>��py�W(6 75n* fBγ
= 1

|Bγ |H

∫

Bγ
f(x)dx. =� CBMOq(Qn

p ) ):7=� BMO(Qn
p ) =��	E,?/����6-[�U%�7�H��L�v 1 6 q < ∞, BMO(Qn

p ) *?n":s5lKP4�^!�
sup

B⊂Qn
p

( 1

|B|H

∫

B

|f(x) − fB|qdx
)

1
q

,n* B �� Qn
p *?�vy�N=� CBMOq(Qn

p ) � q �g�� 1 6 q1 < q2 < ∞, �
CBMOq2(Qn

p ) = CBMOq1(Qn
p ) ?n℄�5��uL~

L∞(Qn
p ) ⊂ BMO(Qn

p ) ⊂ CBMOq(Qn
p ).��*C[�Ædi- p-'�
?*Zn"=��C 2 ��{� p-' Aq r Bq=��� _n~�_)�C 3 ��{� p-' λ-*Z BMO =�� λ-*Z Morrey =���ui- p-' λ-*Z BMO =�� λ-*Z Morrey =�r�| Lebesgue =�"�?gH�==}��C 4 �*�8WKP�� [11] +Iw?ox�V'5?�"_�U

Ω ∈ L∞(Qn
p ), Ω(pkx) = Ω(x), k ∈ Z u ∫

|x|p=1
Ω(x)dx = 0, ox�V'5 Lk Iw=

Lkf(x) =

∫

|z|p>pk

f(x − z)
Ω(z)

|z|np
dz. (1.3)ox�V'5 LIw= Lk 7 k z� −∞�?�O��nI4�K�� [11, 37]=9 Lk r

L �/��
�t (q, q) (1 < q < ∞) \r� (1, 1) \?� Coifman, Rochbergr Weiss[38]?n℄0` k�_ox�V'5�{5� Lp(Rn), 1 < p < ∞ *�"?)l4��V�n" b ∈ BMO(Rn). � [39] �IN3�0!q?ox�V'5?�{5�*Z Morrey=�*? λ-*Z BMO d���s
 krO��C 4 �*C[�i- Lk s� L � p-'*Z Morrey =�*?�"_��u�I Lk r L ?�{5� p-'*Z Morrey =�*? λ-*Z BMO d��`0 p-'�?U
~\<_)�C[�� f = fχB + fχBc B43n�i�=�*?V! f = fχ2B + fχ(2B)c .��*8d C ��7?�5*���^,�7?%"�
2 p-V Aq M Bq Y REs 2.1 U 1 6 q 6 ∞. �n" f ∈ L

q
loc(Q

n
p ) Y9

‖f‖Aq(Qn
p ) =

∞
∑

k=1

pkn/q′

‖fχk‖Lq(Qn
p ) < ∞, (2.1)�& f  �=� Aq(Qn

p ). �n" f ∈ L
q
loc(Q

n
p ) Y9

‖f‖Bq(Qn
p ) = sup

k>1
(p−kn/q‖fχk‖Lq(Qn

p )) < ∞, (2.2)�& f  �=� Bq(Qn
p ). �F χ1 �� B1 
?/�n"� χk �� Sk, k = 2, 3, 4, · · · 
?/�n"�C[Iw Ȧq(Qn

p ) r Ḃq(Qn
p ) = Aq(Qn

p ) r Bq(Qn
p ) =�?q.℄��V�Y9

‖f‖Ȧq(Qn
p ) =

+∞
∑

k=−∞

pkn/q′

‖fχSk
‖Lq(Qn

p ) < ∞
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‖f‖Ḃq(Qn

p ) = sup
k∈Z

(p−kn/q‖fχSk
‖Lq(Qn

p )) < ∞.u��-[V�= p-' Herz=� K̇
n
q′

,1
q (Qn

p )r K̇
−n

q
,1

q (Qn
p ). g� p-' Herz=�?Iw��� [40].E[ 2.1 Aq(Qn

p ) r Bq(Qn
p ) 5= Banach =��z �� Aq(Qn

p ) r Bq(Qn
p ) ? _�C&?�z-C[&_* Aq(Qn

p ) ? _� {fk}= Aq(Qn
p )*�n CauchyP��L�v ε > 0,1� N(ε),�=7 l, m > N(ε)��

‖fl − fm‖Aq(Qn
p ) < ε.U nk = N( 1

2k ), �P fnk
Y9

‖fnk+1
− fnk

‖Aq(Qn
p ) <

1

2k
.Iwn" f =

f(x) = fn1
(x) +

∞
∑

k=1

(fnk+1
(x) − fnk

(x)), x ∈ Qn
p .2v�Vr SN(f) = fn1

+
N−1
∑

k=1

(fnk+1
− fnk

) = fnN
. Iwn" g =

g(x) = |fn1
(x)| +

∞
∑

k=1

|fnk+1
(x) − fnk

(x)|, x ∈ Qn
p .U SN (g) = |fn1

| +
N−1
∑

k=1

|fnk+1
− fnk

|. �� Minkowski �A��=
‖SN (g)‖Aq(Qn

p ) =

∞
∑

k=1

pkn/q′

‖SN (g)χk‖Lq(Qn
p )

6

∞
∑

k=1

pkn/q′

‖fn1
χk‖Lq(Qn

p ) +

N−1
∑

l=1

∞
∑

k=1

pkn/q′

‖(fnl+1
− fnl

)χk‖Lq(Qn
p )

6 ‖fn1
‖Aq(Qn

p ) +

N−1
∑

l=1

1

2l
.z-�D�P ‖SN(g)‖Aq(Qn

p ) ?n℄
"= ‖fn1
‖Aq(Qn

p ) + 1, ��_ ‖g‖Aq(Qn
p ) < ∞. L~� |f | 6 g, � ‖f‖Aq(Qn

p ) 6 ‖g‖Aq(Qn
p ) < ∞. z- f ∈ Aq(Qn

p ).z=
|f − fnN

| = |S∞(f) − SN−1(f)| =
∣

∣

∣

∞
∑

k=N

(fnk+1
− fnk

)
∣

∣

∣
6 g.� Lebesgue ?(�LIE�=

lim
N→∞

‖f − fnN
‖Aq(Qn

p ) =

∞
∑

k=1

pkn/q′

lim
N→∞

‖(f − fnN
)χk‖Lq(Qn

p ) = 0.
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} �L� f ∈ Aq(Qn

p ). 6 {fk} �Æ� Cauchy P�z- {fk} � Aq(Qn
p )*�L� f .E[ 2.2 Bq′

(Qn
p ) = Aq(Qn

p ) ?Lj=��n* 1
q + 1

q′
= 1.z U L1 r L∞ V�=Y9KP4�?�P x = (xk) +'?P_=��

‖x‖L1
=

∞
∑

k=1

pkn/q′

|xk| < ∞, ‖x‖L∞
= sup

k>1
p−kn/q′

|xk| < ∞. (2.3)� L1 r L∞ =XPP_=��K L∞ = L1 ?Lj�� (L1)
∗ = L∞.��
�L�v η = (ηk) ∈ L∞, � L1 
Iw�KP_Rn�

fη(x) =

∞
∑

k=1

xkηk, (2.4)n* x = (xk) ∈ L1. �
|fη(x)| 6

∞
∑

k=1

|xkηk| =
∞
∑

k=1

pkn/q′

|xk| · p
−kn/q′

|ηk|

6

(

sup
k>1

p−kn/q′

|ηk|
)(

∞
∑

k=1

pkn/q′

|xk|
)

= ‖η‖L∞
‖x‖L1

. (2.5)z-� fη = L1 
?�"P_Rnu
‖fη‖ 6 ‖η‖L∞

. (2.6)�KB�C[�l _ L1 
?Z℄�"P_Rn51�℄� (2.4). U f ∈ (L1)
∗,

ηk = f(ek), n* ek = (0, · · · , 0, 1
k
, 0, · · · , 0) ∈ L1. �

|ηk| 6 ‖f‖‖ek‖L1
= pkn/q′

‖f‖.z-� ηf := (ηk) ∈ L∞, u
‖ηf‖L∞

= sup
k>1

p−kn/q′

|ηk| 6 ‖f‖. (2.7)L�v x = (xk) ∈ L1, x = lim
N→∞

N
∑

k=1

xkek. z= f � L1 
Kd���
f(x) = lim

N→∞
f
(

N
∑

k=1

xkek

)

= lim
N→∞

N
∑

k=1

xkηk.

(2.5) ?�'�_�" ∞
∑

k=1

xkηk �4L�L?�z-
f(x) =

∞
∑

k=1

xkηk,n* ηf = (ηk) ∈ L∞, ‖ηf‖L∞
6 ‖f‖.Iw

T : (L1)
∗ −→ L∞

f 7−→ ηf .



78 # g h 6 38 3 A �� (2.6)r (2.7)�_ ‖f‖ = ‖ηf‖ = ‖Tf‖,� T =A2?�L~�T = (L1)
∗ r L∞ "�?7���z- (L1)

∗ = L∞. G�i�=�*?+F _:s!; (Lq(Qn
p ))∗ = Lq′

(Qn
p ).M{

Ek = Lq(Sk), ωρ = L1,��� [41] *?IE 2 :!
(Aq(Qn

p ))∗ = (ΠEk, ωρ)
∗ = (ΠE∗

k , ω∗
ρ) = Bq′

(Qn
p ).IE= �

3 p-V λ-~ o BMO Y R M p-V λ-~ o Morrey Y REs 3.1  λ < 1
n u 1 < q < ∞.

(1) =� CMOq,λ(Qn
p ) �Y9KP4�?n" f '�

‖f‖CMOq,λ(Qn
p ) := sup

γ∈Z+

( 1

|Bγ |
1+λq
H

∫

Bγ

|f(x) − fBγ
|qdx

)
1
q

< ∞. (3.1)/�B�7 λ = 0 �� CMOq,0(Qn
p ) = CMOq(Qn

p ).

(2) =� CBMOq,λ(Qn
p ) �Y9KP4�?n" f '�

‖f‖CBMOq,λ(Qn
p ) := sup

γ∈Z

( 1

|Bγ |
1+λq
H

∫

Bγ

|f(x) − fBγ
|qdx

)
1
q

< ∞. (3.2)� 3.1 7 λ = 0 ��=� CBMOq,λ(Qn
p ) �= CBMOq(Qn

p ). L~
CBMOq,λ(Qn

p ) ⊂ CMOq,λ(Qn
p ),u� 1 6 q1 < q2 < ∞, �L�v λ ∈ R, �

CMOq2,λ(Qn
p ) ⊂ CMOq1,λ(Qn

p ), CBMOq2,λ(Qn
p ) ⊂ CBMOq1,λ(Qn

p ).� Rn *?�3 _�y:s=9
‖f‖CMOq,λ(Qn

p ) ∼ sup
γ∈Z+

inf
c∈C

( 1

|Bγ |
1+λq
H

∫

Bγ

|f(x) − c|qdx
)

1
q

,

‖f‖CBMOq,λ(Qn
p ) ∼ sup

γ∈Z

inf
c∈C

( 1

|Bγ |
1+λq
H

∫

Bγ

|f(x) − c|qdx
)

1
q

._f 3.1  1 < q < ∞, � f ∈ CMOq,λ 7u&71�%" M , �=LZ℄ γ ∈ Z+,1�%" aγ Y9
( 1

|Bγ |
1+λq
H

∫

Bγ

|f(x) − aγ |
qdx

)
1
q

< M.z 5le{ aγ = fBγ
�=�l_�SnS℄�� Hölder �A��:=

( 1

|Bγ |
1+λq
H

∫

Bγ

|f(x) − fBγ
|qdx

)
1
q

6

( 1

|Bγ |
1+λq
H

∫

Bγ

|f(x) − aγ |
qdx

)
1
q

+ |Bγ |
−λ
H |fBγ

− aγ |
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6

( 1

|Bγ |
1+λq
H

∫

Bγ

|f(x) − aγ |
qdx

)
1
q

+ |Bγ |
−λ−1
H

∫

Bγ

|f(x) − aγ |dx

6 2
( 1

|Bγ |
1+λq
H

∫

Bγ

|f(x) − aγ |
qdx

)
1
q

6 2M. ��� 3.2 �Za1:s7* Bq(Qn
p ) ⊂ CMOq(Qn

p )._f 3.2 7 λ < − 1
q ��=� CMOq,λ(Qn

p ) �x=%$n"=��7 λ = − 1
q ��=� CMOq,λ(Qn

p ) � Lq(Qn
p ) bG%"n'�z � f ∈ CMOq,λ(Qn

p ), λ < − 1
q , ��

sup
k>1

( 1

|Bk|
1+λq
H

∫

Bk

|f(x) − fBk
|qdx

)
1
q

< ∞.�
∫

Bk

|f(x) − fBk
|qdx < C|Bk|

1+λq
H .z-�

lim
k→∞

∫

Bk

|f(x) − fBk
|qdx = 0,�

lim
k→∞

∫

Qn
p

|f(x) − fBk
|qχBk

(x)dx = 0.f1�nP {|f − fBkj
|qχBkj

}, 7 j → ∞ �	v,,�L� 0. z= {χBkj
} 7 j → ∞��L� 1, :=7 j → ∞ �� f − fBkj

	v,,�L� 0. f f 	v,,=%"�7 λ = − 1
q ���a1 3.1, LZ℄ k ∈ Z+, 1�%" ak Y9

(

∫

Bk

|f(x) − ak|
qdx

)
1
q

< M.z-:=
|Bk|

1
q

H |ak − ak+j | 6

(

∫

Bk

|f(x) − ak|
qdx

)
1
q

+
(

∫

Bk+j

|f(x) − ak+j |
qdx

)
1
q

6 2M,n* j = 1, 2, · · · . z-�P {ak} = C *? Cauchy P�U a = lim
k→∞

ak. �
|Bk|

1
q

H |ak − a| 6 2M.f
(

∫

Bk

|f(x) − a|qdx
)

1
q

6

(

∫

Bk

|f(x) − ak|
qdx

)
1
q

+ |Bk|
1
q

H |ak − a| 6 3M.z-�n" f − a ∈ Lq(Qn
p ).K℄C[� _�
! k� {ak} ?e{Dg��1�SnP {bk} Y9
!4
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k→∞

bk 1��u
(

∫

Bk

|f(x) − b|qdx
)

1
q

6 3M.fL�v k ∈ Z+,
(

∫

Bk

|a − b|qdx
)

1
q

6

(

∫

Bk

|f(x) − a|qdx
)

1
q

+
(

∫

Bk

|f(x) − b|qdx
)

1
q

6 6M.z- a = b.  ��Es 3.2  λ ∈ R u 1 < q < ∞.

(1) Uq. p-'*Z Morrey =� Bq,λ(Qn
p ) �Y9KP4�?n" f '�

‖f‖Bq,λ(Qn
p ) := sup

γ∈Z+

( 1

|Bγ |
1+λq
H

∫

Bγ

|f(x)|qdx
)

1
q

< ∞. (3.3)

(2) q. p-'*Z Morrey =� Ḃq,λ(Qn
p ) �Y9KP4�?n" f '�

‖f‖Ḃq,λ(Qn
p ) := sup

γ∈Z

( 1

|Bγ |
1+λq
H

∫

Bγ

|f(x)|qdx
)

1
q

< ∞. (3.4)� 3.3 L~� Ḃq,λ(Qn
p ) ⊂ Bq,λ(Qn

p ). � 1 6 q1 < q2 < ∞, � Hölder �A��L�v λ ∈ R, �
Ḃq2,λ(Qn

p ) ⊂ Ḃq1,λ(Qn
p ), Bq2,λ(Qn

p ) ⊂ Bq1,λ(Qn
p ).7 λ < − 1

q ��=� Ḃq,λ(Qn
p ) r Bq,λ(Qn

p ) �x= {0}, u
Ḃq,− 1

q (Qn
p ) = Bq,− 1

q (Qn
p ) = Lq(Qn

p ).� (3.1)–(3.4):= Ḃq,λ(Qn
p )r Bq,λ(Qn

p )= Banach=��V�Æm�=� CBMOq,λ

(Qn
p ) r CMOq,λ(Qn

p )._f 3.3 7 λ > − 1
q �� f ∈ Bq,λ(Qn

p ) 7u&7
sup
k>1

p−nk( 1
q
+λ)‖fχk‖Lq(Qn

p ) < ∞, (3.5)n* χ1 = χB1
, χk = χSk

, k > 2.z � f ∈ Bq,λ(Qn
p ), �

p−nk( 1
q
+λ)‖fχk‖Lq(Qn

p ) 6

( 1

pnk(1+λq)

∫

Bk

|f(x)|qdx
)

1
q

6 ‖f‖Bq,λ(Qn
p ) < ∞.z-

sup
k>1

p−nk( 1
q
+λ)‖fχk‖Lq(Qn

p ) 6 ‖f‖Bq,λ(Qn
p ) < ∞.SnS℄�z= Bγ = B1 ∪

(

γ
⋃

j=2

Sj

)

, γ ∈ Z+, ��
( 1

|Bγ |
1+λq
H

∫

Bγ

|f(x)|qdx
)

1
q

= p−nγ( 1
q
+λ)

γ
∑

j=1

‖fχj‖Lq(Qn
p )
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6

(

sup
j>1

p−nj( 1
q
+λ)‖fχj‖Lq(Qn

p )

)

p−nγ( 1
q
+λ)

γ
∑

j=1

pnj( 1
q
+λ)

6 C
(

sup
j>1

p−nj( 1
q
+λ)‖fχj‖Lq(Qn

p )

)

,n* χ1 = χB1
, χk = χSk

, k > 2 u%" C � n, q, λ, p �g�� 3.4 Z k�_ (3.3) r (3.5) = Bq,λ(Qn
p ) 
?A�P"�C&B�C[:s=9 Ḃq,λ(Qn

p ) 
?KPA�P"�_f 3.4 7 λ > − 1
q �� f ∈ Ḃq,λ(Qn

p ) 7u&7
sup
k∈Z

p−nk( 1
q
+λ)‖fχSk

‖Lq(Qn
p ) < ∞.i\ 3.1  1 < q < ∞, �

Bq,0(Qn
p ) = Bq(Qn

p ), Ḃq,0(Qn
p ) = Ḃq(Qn

p ).� [5, 9] *r+.Xl=� CMOq,λ(Rn), Bq,λ(Rn) � Rn 
?�| Lebesgue =�"�?gH��KBC[�=9 p-'�*?Qg k�_f 3.5  θ < −n(1 + λq), �_I f ∈ CMOq,λ(Qn
p ), �

∫

Qn
p

|f(x) − fB0
|q(1 + |x|p)

θdx < ∞.z L k ∈ Z+, � Minkowski �A�� Hölder �A�:=
( 1

|Bk|H

∫

Bk

|f(x) − fB0
|qdx

)
1
q

6

( 1

|Bk|H

∫

Bk

|f(x) − fBk
|qdx

)
1
q

+ |fB0
− fBk

|

6 pnkλ‖f‖CMOq,λ(Qn
p ) +

k−1
∑

j=0

|fBj+1
− fBj

|

6 pnkλ‖f‖CMOq,λ(Qn
p ) +

k−1
∑

j=0

( 1

|Bj |H

∫

Bj

|f(x) − fBj+1
|qdx

)
1
q

6 pnkλ‖f‖CMOq,λ(Qn
p ) + pn

k−1
∑

j=0

( 1

|Bj+1|H

∫

Bj+1

|f − fBj+1
|qdx

)
1
q

6 C

k
∑

j=1

pnjλ‖f‖CMOq,λ(Qn
p ).z-

∫

Bk

|f(x) − fB0
|qdx =







Ckqpnk‖f‖q
CMOq,λ(Qn

p )
, � λ = 0,

Cpnk(1+λq)‖f‖q

CMOq,λ(Qn
p )

, � λ 6= 0.



82 # g h 6 38 3 A ���4� θ < −n(1 + λq) :=
∫

Qn
p

|f(x) − fB0
|q(1 + |x|p)

θdx

=

∫

B1

|f(x) − fB0
|q(1 + |x|p)

θdx +

∞
∑

k=2

∫

Sk

|f(x) − fB0
|q(1 + |x|p)

θdx

6 C

∞
∑

k=1

pkθ

∫

Bk

|f(x) − fB0
|qdx 6 C‖f‖q

CMOq,λ(Qn
p )

.i\ 3.2  θ < min{−n,−n(1 + λq)}, � CMOq,λ(Qn
p ) ⊂ Lq((1 + |x|p)

θdx)._f 3.6  λ > − 1
q , θ > −n(1 + λq), � Lq((1 + |x|p)

θdx) ⊂ Bq,λ(Qn
p ).z �{ f ∈ Lq((1 + |x|p)

θdx). L γ ∈ Z+, :=
1

|Bγ |
1+λq
H

∫

Bγ

|f(x)|qdx =

∫

Bγ

|f(x)|q
(1 + |x|p)

θ

pnγ(1+λq)(1 + |x|p)θ
dx.7 θ > 0 ���

1

|Bγ |
1+λq
H

∫

Bγ

|f(x)|qdx 6 C

∫

Bγ

|f(x)|q(1 + |x|p)
θdx

6 C

∫

Qn
p

|f(x)|q(1 + |x|p)
θdx.7 −n(1 + λq) 6 θ < 0 ��:=

1

|Bγ |
1+λq
H

∫

Bγ

|f(x)|qdx 6 C

∫

Bγ

|f(x)|q
(1 + |x|p)

θ

pnγ(1+λq)+θγ
dx

6 C

∫

Qn
p

|f(x)|q(1 + |x|p)
θdx. ��� 3.5 a1 3.1, a1 3.5 �8X 3.2 L=� CBMOq,λ(Qn

p ) �'I�ua1 3.6 L=� Ḃq,λ(Qn
p ) �'I�

4 a u O I d � D x T pC[=9ox�V'5 Lk � L (Iw� (1.3)) � p-'*Z Morrey =�*?�"_�E[ 4.1  1 < q < +∞, λ < 0, Ω ∈ L∞(Qn
p ), Ω(pkx) = Ω(x), k ∈ Z u

∫

|x|p=1
Ω(x)dx = 0. �

sup
|y|p=1

∞
∑

j=1

∫

|x|p=1

|Ω(x + pjy) − Ω(x)|dx < ∞,�1�� f ∈ Ḃq,λ(Qn
p ) r k ∈ Z Dg?%" C > 0, �=

‖Lkf‖Ḃq,λ(Qn
p ) 6 C‖f‖Ḃq,λ(Qn

p ).
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k→−∞

Lkf � Ḃq,λ(Qn
p ) *1��u

‖Lf‖Ḃq,λ(Qn
p ) 6 C‖f‖Ḃq,λ(Qn

p ).� 4.1 bl%*?�IE 4.1 ? X�=� Bq,λ(Qn
p ) *�'I��{5?�"_�HrVG*?n℄}<1�-:s��;wnWn"=���� [38]. ���.X� Lk (� L) r λ-*Z BMO n"+�'?�{5� λ-*Z Morrey=�*?�"_�Es 4.1  b ∈ CBMOq,λ(Qn

p ). �{5 [b, Lk] Iw=
[b, Lk]f(x) = b(x)Lkf(x) − Lk(bf)(x), (4.1)n* f =W�7?n"�E[ 4.2 U Ω �IE 4.1.  1 < q1, q2 < +∞, 1

q = 1
q1

+ 1
q2

, 0 6 λ2 < 1
n , λ1 < −λ2u λ = λ1 + λ2. � b ∈ CBMOq2,λ2(Qn

p ), ��{5 [b, Lk] / Ḃq1,λ1(Qn
p ) 9 Ḃq,λ(Qn

p ) �"�uKP�A�'I�
‖[b, Lk]f‖Ḃq,λ(Qn

p ) 6 C‖b‖CBMOq2,λ2(Qn
p )‖f‖Ḃq1,λ1(Qn

p ).a'n�B� [b, L]f = [b, lim
k→−∞

Lk]f � Ḃq,λ(Qn
p ) *1��u

‖[b, L]f‖Ḃq,λ(Qn
p ) 6 C‖b‖CBMOq2,λ2 (Qn

p )‖f‖Ḃq1,λ1 (Qn
p ).� 4.2 � b ∈ CMOq2,λ2(Qn

p ), �IE 4.2*Q}? X/ Bq1,λ1(Qn
p ) 9 Bq,λ(Qn

p ) �'I�i\ 4.1 U Ω �IE 4.1.  1 < q1, q2 < +∞, 1
q = 1

q1
+ 1

q2
, λ < 0. � b ∈

CBMOq2(Qn
p ), ��{5 [b, Lk] / Ḃq1,λ(Qn

p ) 9 Ḃq,λ(Qn
p ) �"�uKP�A�'I�

‖[b, Lk]f‖Ḃq,λ(Qn
p ) 6 C‖b‖CBMOq2 (Qn

p )‖f‖Ḃq1,λ(Qn
p ).a'n�B� [b, L]f = [b, lim

k→−∞
Lk]f � Ḃq,λ(Qn

p ) *1��u
‖[b, L]f‖Ḃq,λ(Qn

p ) 6 C‖b‖CBMOq2 (Qn
p )‖f‖Ḃq1,λ(Qn

p ).i\ 4.2 U Ω �IE 4.1.  1 < q1, q2 < +∞, 1
q = 1

q1
+ 1

q2
, β < min{ 1

n , 1
q1
},

α = β − 1
q1

. � b ∈ CBMOq2,β(Qn
p ), ��{5 [b, Lk] / Lq1(Qn

p ) 9 Ḃq,α(Qn
p ) �"�uKP�A�'I�

‖[b, Lk]f‖Ḃq,α(Qn
p ) 6 C‖b‖CBMOq2,β(Qn

p )‖f‖Lq1(Qn
p ).'n�B� [b, L]f = [b, lim

k→−∞
Lk]f � Ḃq,λ(Qn

p ) *1��u
‖[b, L]f‖Ḃq,α(Qn

p ) 6 C‖b‖CBMOq2,β(Qn
p )‖f‖Lq1(Qn

p ).`0� [11] *IE 4.1 :=�K{E�v[ 4.1  Ω ∈ L∞(Qn
p ), L�v k ∈ Z, � Ω(pkx) = Ω(x) u ∫

|x|p=1 Ω(x)dx = 0. �
sup

|y|p=1

∞
∑

j=1

∫

|x|p=1

|Ω(x + pjy) − Ω(x)|dx < ∞,



84 # g h 6 38 3 A ��L 1 < p < ∞, 1�� f r k Dg?%" Cp > 0, �=
‖Lkf‖Lp(Qn

p ) 6 Cp‖f‖Lp(Qn
p ),n* f ∈ Lp(Qn

p ), k ∈ Z. a'n�B� Lf = lim
k→−∞

Lkf � Lp P"K1�u
‖Lf‖Lp(Qn

p ) 6 Cp‖f‖Lp(Qn
p ).� f ∈ L1(Qn

p ), �1�� k ∈ Z, s > 0 � f Dg?%" C1 > 0, �=
|{x : |Lkf(x)| > s}| 6 C1‖f‖L1(Qn

p )s−1.a'n�B� Lf = lim
k→−∞

Lkf �"KK'I�u
|{x : |Lf(x)| > s}| 6 C1‖f‖L1(Qn

p )s−1.� _/lIE"s�C[blKP�'�v[ 4.2  b ∈ CBMOq,λ, j, k ∈ Z, λ > 0, �
|bBj

− bBk
| 6 pn|j − k|‖b‖CBMOq,λ(Qn

p )max{|Bj |
λ
H , |Bk|

λ
H},n* Bi = Bi(0) = {x ∈ Qn

p | |x|p 6 pi}, i ∈ Z.z ��n�_��T k > j. � Hölder �A��:=
|bBi+1

− bBi
| 6

1

|Bi|H

∫

Bi

|b(x) − bBi+1
|dx 6

1

|Bi|H

∫

Bi+1

|b(x) − bBi+1
|dx

6
1

|Bi|H

(

∫

Bi+1

|b(x) − bBi+1
|qdx

)
1
q

|Bi+1|
1− 1

q

H

6
|Bi+1|

1+λ
H

|Bi|H
‖b‖CBMOq,λ = pn|Bi+1|

λ
H‖b‖CBMOq,λ .z-

|bBj
− bBk

| 6

k−1
∑

i=j

|bBj+1
− bBj

| 6 pn‖b‖CBMOq,λ

k−1
∑

i=j

|Bj+1|
λ
H

6 (k − j)pn‖b‖CBMOq,λ |Bk|
λ
H .E[ 4.1 Cz^  f ∈ Ḃq,λ(Qn

p ). L�v γ, k ∈ Z,

( 1

|Bγ |
1+λq
H

∫

Bγ

|Lkf(x)|qdx
)

1
q

6

( 1

|Bγ |
1+λq
H

∫

Bγ

|Lk(fχBγ
)(x)|qdx

)
1
q

+
( 1

|Bγ |
1+λq
H

∫

Bγ

|Lk(fχBc
γ
)(x)|qdx

)
1
q

:= I1 + I2.K℄V�d� I1 r I2. L I1, �{E 4.1 :=
I1 6 C|Bγ |

− 1
q
−λ

H

(

∫

Bγ

|f(x)|qdx
)

1
q

6 C‖f‖Ḃq,λ(Qn
p ).
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|Lk(fχBc

γ
)(x)| 6

∫

|z|p>pk

|(fχBc
γ
)(x − z)|

|Ω(z)|

|z|np
dz

=

∫

|x−y|p>pk

|(fχBc
γ
)(y)|

|Ω(x − y)|

|x − y|np
dy

6

∫

Bc
γ

|f(y))|
|Ω(x − y)|

|x − y|np
dy

6 C

∫

Bc
γ

|f(y)|

|x − y|np
dy.�� x ∈ Bγ , y ∈ Bc

γ � |x− y|p = max{|x|p, |y|p} = |y|p (� [42, p. 6]), � t Hölder�A��:=
|Lk(fχBc

γ
)(x)| 6 C

∫

Bc
γ

|f(y)|

|y|np
dy = C

∞
∑

j=γ+1

∫

Sj

|f(y)|

|y|np
dy

6 C

∞
∑

j=γ+1

p−jn

∫

Bj

|f(y)|dy

6 C

∞
∑

j=γ+1

p−
jn
q

(

∫

Bj

|f(y)|q
)

1
q

dy

= C‖f‖Ḃq,λ(Qn
p )

∞
∑

j=γ+1

pjnλ

= C|Bγ |
λ
H‖f‖Ḃq,λ(Qn

p ),n*;un℄Ap�� λ < 0 =9?�z-
I2 =

( 1

|Bγ |
1+λq
H

∫

Bγ

|Lk(fχBc
γ
)(x)|qdx

)
1
q

6 C‖f‖Ḃq,λ(Qn
p ).� I1 r I2 ?d��:=

‖Lkf‖Ḃq,λ(Qn
p ) 6 C‖f‖Ḃq,λ(Qn

p ). (4.2)a'n�B��{E 4.1, Ḃq,λ(Qn
p ) ?Iw� (4.2), := Lf = lim

k→−∞
Lkf � Ḃq,λ(Qn

p ) *1��u
‖Lf‖Ḃq,λ(Qn

p ) 6 C‖f‖Ḃq,λ(Qn
p ).IE 4.1 = �E[ 4.2 Cz^  f ∈ Ḃq,λ(Qn

p ). L�v γ, k ∈ Z,

( 1

|Bγ |
1+λq
H

∫

Bγ

|[b, Lk]f(x)|qdx
)

1
q

6

( 1

|Bγ |
1+λq
H

∫

Bγ

|(b − bBγ
)Lk(fχBγ

)(x)|qdx
)

1
q

+
( 1

|Bγ |
1+λq
H

∫

Bγ

|(b − bBγ
)Lk(fχBc

γ
)(x)|qdx

)
1
q
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+

( 1

|Bγ |
1+λq
H

∫

Bγ

|Lk((b − bBγ
)fχBγ

)(x)|qdx
)

1
q

+
( 1

|Bγ |
1+λq
H

∫

Bγ

|Lk((b − bBγ
)fχBc

γ
)(x)|qdx

)
1
q

:= J1 + J2 + J3 + J4. (4.3)K℄�V�d� J1, J2, J3 r J4.� Hölder �A� (

q
q1

+ q
q2

= 1
) �{E 4.1, :=

J1 6 |Bγ |
− 1

q
−λ

H

(

∫

Bγ

|b(x) − bBγ
|q2dx

)
1

q2

(

∫

Bγ

|Lk(fχBγ
)(x)|q1dx

)
1

q1

6 C|Bγ |
− 1

q1
−λ1

H ‖b‖CBMOp2,λ2(Qn
p )

(

∫

Bγ

|f(x)|q1dx
)

1
q1

6 C‖b‖CBMOq2,λ2 (Qn
p )‖f‖Ḃq1,λ1(Qn

p ). (4.4)C&B��{E 4.1 � Hölder �A��:=
J3 6 C|Bγ |

− 1
q
−λ

H

(

∫

Bγ

|(b − bBγ
)f(x)|qdx

)
1
q

6 C|Bγ |
− 1

q
−λ

H

(

∫

Bγ

|b(x) − bBγ
|q2dx

)
1

q2

(

∫

Bγ

|f(x)|q1dx
)

1
q1

6 C‖b‖CBMOq2,λ2(Qn
p )‖f‖Ḃq1,λ1 (Qn

p ). (4.5)

J2 ?d��IE 4.1  _* I2 ?d�C&�U x ∈ Bγ , ��M3{� Hölder �A��:!
|Lk(fχBc

γ
)(x)| 6

∫

|z|p>pk

|(fχBc
γ
)(x − z)|

|Ω(z)|

|z|np
dz

=

∫

|x−y|p>pk

|(fχBc
γ
)(y)|

|Ω(x − y)|

|x − y|np
dy

6

∫

Bc
γ

|f(y)|
|Ω(x − y)|

|x − y|np
dy 6 C

∫

Bc
γ

|f(y)|

|y|np
dy

= C

∞
∑

j=γ+1

∫

Sj

|f(y)|

|y|np
dy 6 C

∞
∑

j=γ+1

p−jn

∫

Bj

|f(y)|dy

6 C

∞
∑

j=γ+1

p
− jn

q1

(

∫

Bj

|f(y)|q1

)
1

q1
dy

= C|Bγ |
λ1

H ‖f‖Ḃq1,λ1(Qn
p ), (4.6)n* λ1 < −λ2 6 0. �� Hölder �A��:=

J2 =
( 1

|Bγ |
1+λq
H

∫

Bγ

|(b − bBγ
)Lk(fχBc

γ
)(x)|qdx

)
1
q

6 C|Bγ |
−λ2−

1
q2

H ‖f‖Ḃq1,λ1 (Qn
p )

(

∫

Bγ

|b − bBγ
|q2

)
1

q2

6 C‖b‖CBMOq2,λ2(Qn
p )‖f‖Ḃq1,λ1 (Qn

p ). (4.7)
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|Lk((b − bBγ

)fχBc
γ
)(x)|

6 C

∞
∑

j=γ+1

p−jn

∫

Bj

|(b − bBγ
)f(y)|dy

6 C

∞
∑

j=γ+1

p−jn|Bj |
1− 1

q1
− 1

q2

H

(

∫

Bj

|f(y)|q1dy
)

1
q1

(

∫

Bj

|b − bBγ
|q2dy

)
1

q2

6 C‖f‖Ḃq1,λ1(Qn
p )

∞
∑

j=γ+1

p
jn(− 1

q2
+λ1)

(

∫

Bj

|b − bBγ
|q2dy

)
1

q2

6 C‖f‖Ḃq1,λ1(Qn
p )

∞
∑

j=1

p
n(γ+j)(− 1

q2
+λ1)

(

∫

Bγ+j

|b − bBγ
|q2dy

)
1

q2

6 C‖f‖Ḃq1,λ1(Qn
p )

∞
∑

j=1

p
n(γ+j)(− 1

q2
+λ1)

[(

∫

Bγ+j

|b − bBγ+j
|q2dy

)
1

q2

+ |bBγ+j
− bBγ

||Bγ+j|
1

q2

H

]

.��{E 4.2 =
|Lk((b − bBγ

)fχBc
γ
)(x)|

6 C‖f‖Ḃq1,λ1 (Qn
p )‖b‖CBMOq2,λ2(Qn

p )

∞
∑

j=1

p
n(γ+j)(− 1

q2
+λ1)(1 + pnj)|Bγ+j |

1
q2

+λ2

H

6 C‖f‖Ḃq1,λ1 (Qn
p )‖b‖CBMOq2,λ2(Qn

p )|Bγ |
λ
H

∞
∑

j=1

jpjnλ.`04� λ = λ1 + λ2 < 0, �
|Lk((b − bBγ

)fχBc
γ
)(x)| 6 C|Bγ |

λ
H‖b‖CBMOq2,λ2(Qn

p )‖f‖Ḃq1,λ1 (Qn
p ).z-

J4 6 C‖b‖CBMOq2,λ2(Qn
p )‖f‖Ḃq1,λ1 (Qn

p ). (4.8) t (4.3)–(4.8) ?d��:=
( 1

|Bγ |
1+λq
H

∫

Bγ

|[b, Lk]f(x)|qdx
)

1
q

6 C‖b‖CBMOq2,λ2(Qn
p )‖f‖Ḃq1,λ1 (Qn

p ).a'n���{E 4.1, Ḃq,λ(Qn
p ) ?Iwr
℄?d�:!� [b, L]f = [b, lim

k→−∞
Lk]f� Ḃq,λ(Qn

p ) *1��u
‖[b, L]f‖Ḃq,λ(Qn

p ) 6 C‖b‖CBMOq2,λ2 (Qn
p )‖f‖Ḃq1,λ1 (Qn
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operators [J]. Acta Math Sin (Engl Ser), 2013, 29:137–150.

[37] Phillips K, Taibleson M. Singular integrals in several variables over a local field [J].

Pacific J Math, 1969, 30(1):209–231.

[38] Coifman R R, Rochberg R, Weiss G. Factorization theorems for Hardy spaces in several

variables [J]. Ann Math, 1976, 103:611–635.



90 # g h 6 38 3 A �
[39] Fu Z W, Lin Y, Lu S Z. λ-Central BMO estimates for commutators of singular integral

operators with rough kernels [J]. Acta Math Sin (Engl Ser), 2008, 24:373–386.

[40] Zhu Y P, Zheng W X. Besov spaces and Herz spaces on local fields [J]. Sci China Ser

A, 1998, 41(10):1051–1060.

[41] Holland F. Harmonic analysis on amalgams of Lp and lq [J]. J London Math Soc, 1975,

10(2):295–305.

[42] Albeverio S, Khrennikov A Yu, Shelkovich V M. Theory of p-adic distributions: Linear

and nonolinear models [M]//London Mathematical Society Lecture Note Series, Vol

370, Cambridge: Cambridge University Press, 2010.

p-Adic Central Function Spaces and Singular
Integral Operators

WU Qingyan1 LU Shanzhen2 FU Zunwei3

1Department of Mathematics, Linyi University, Linyi 276005, Shandong, China.
E-mail: wuqingyan@lyu.edu.cn

2School of Mathematical Sciences, Beijing Normal University, Beijing 100875,
China. E-mail: lusz@bnu.edu.cn

3Corresponding author. Department of Mathematics, Linyi University, Linyi
276005, Shandong, China. E-mail: zwfu@mail.bnu.edu.cn

Abstract In this paper, the authors introduce several p-adic central function spaces in-

cluding p-adic Aq and Bq spaces, p-adic λ-central BMO spaces and p-adic central Morrey

spaces. The authors get the duality of p-adic Aq and Bq spaces, the characterization of

p-adic λ-central BMO spaces and central Morrey spaces, and study the relationship among

these spaces and p-adic Lebesgue spaces with weights. In addition, the authors establish

the boundedness of a class of singular integral operators on p-adic central Morrey spaces.

Moreover, the λ-central BMO estimates for commutators of these singular integral operators

on p-adic central Morrey spaces are obtained.

Keywords p-Adic λ-central BMO space, p-Adic central Morrey space, Singular
integral operator

2000 MR Subject Classification 42B20, 11F85, 22E50, 46A20

The English translation of this paper will be published in

Chinese Journal of Contemporary Mathematics, Vol. 38 No. 1, 2017

by ALLERTON PRESS, INC., USA


