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2 :�="J�Cb, 
}J�{b�7DH)
#�R0�D	. W=�Cb�:v,R0H�=�(�:Q�Cj|H.Æ�OA, \-"8{ [14–16].9 S F)t�(!9 E(S) F℄H�JD(. 0	 S b����JD, ��7 S1 .J S be3)t=yD[FDH�(, hL, . S1 = S. ru��9ru21 (1951): W= a, b ∈ S,

a L b ⇔ S1a = S1b,

a R b ⇔ aS1 = bS1,

a J b ⇔ S1aS1 = S1bS1,! H = L ∩ R,D = L ∨R. ')t�(FULH, 0	℄H�)t L-g��)t R-gT��)t�JD. ')t�( S F)txUL8, 0	W=-/H x, y ∈ S, JB x2 = x� xy = xyx (m. ')t>�HxUL8u�r. )tUL�( S 'uQ �H, 0	W=�)t e ∈ E(S), E(eSe) TF)t�r.9 S F)t��vD (!N, ��)tvD θ) H:��(, L S �'u)ts&=
(!N, s& 0-=) �(, 0	 J = S × S(!N, θ � S\{θ} F S bHt)H J -g).��t,Ji~�ai~/0�Z:HBQ n = 2, 3 H�(, �b��t�(H#/(.z {1, 2, · · · , n}, !7 n× n Rtv,�)_�, �bRt (i, j)-y`H[�CDV
i � j H)%.

(i) Ji~�ai~/0�, : 4 t\B�(.
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T18Ji~/0�, f�: 5 t� 24 t\B�3B�([2]. 9 n ∈ {2, 3}, !9 Tn Fi~/0�Z: n B�(Z~(H(�, L

T2 = {Ui | 1 6 i 6 4} ∪ {U∗
2 },

T3 = {Ti | 1 6 i 6 18} ∪ {T ∗
j | j = 3, 4, 9, 10, 11, 18}.9 S F)t�(,L S HW��(,.u S∗,? S :�iH#/(,!)_9 s1∗s2 := s2s1v,, �b s1, s2 ∈ S. W= S ∈ {Tj | j 6= 3, 4, 9, 10, 11, 18},9= S F>�H, S = S∗.k/D, W= a, b ∈ S, aRb J S b(mA!IA aLb J S∗ b(m. J)t�(H

“�[n” b, otDVJi)� (!i)t), A!IA℄�Ji)t R-g (! L-g). uq	P\B�3B�(HD~, ��
}�( Uj (1 6 j 6 4) � Ti (1 6 i 6 18) H D-g
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U1 1 2 , U2

1

2
, U3 1 2 , U4 1, 2 ,

T1 1 2 3 , T2 1 2 3 , T3

1

2
3 ,

T4

1

2

3

, T5 1 2 3 , T6 1 2 3 ,

T7 1, 3 2 , T8 1, 2 3 , T9 1 2 3 ,

T10 1
2

3
, T11

1

3
2 , T12 1 2 3 ,

T13 1 2 3 , T14 1, 2, 3 , T15 1 2, 3 ,

T16 1, 3 2 , T17 1 2 3 , T18

1

3
2 ,�*, R3 = {T4, T

∗
4 , T10, T

∗
10, T11, T

∗
11, T12, T13, T14, T16, T18, T

∗
18} �� T3 b Z:HUL�(. �!�$D.q T18 � T ∗

18 f�FxUL8�;UL8Yr, R3 b�\�(TFQ �H.J�{b, 9 K F)tbSu p(VQ!N 0) H:Q�B, !. N+ u��Z:UTQH(�. ��G7�=�(:Q, :QH:n-*��:QHn��D	.9 S F)t�(, !7 K[S] 
. S J K 5H�(:Q[17] . 2 a ∈ K[S], L℄\-t)MÆ( a =
n∑
1
kisi, �b si ∈ S, ki ∈ K ! n ∈ N+. K[S] bH)_F9 S bH)_

K-��bMFDH. k/D KT3 = {K[T ] | T ∈ T3} �� K 5Z:H3w�(:Q, 0	
S ��)tvD θ, ��R0 K[S]/K[θ] u S H�Y�(:Q, .u K0[S].J�{b, :=')tUL�(W3H�(:QuUL�(:Q; gUM, ')txUL8ZW3H�(:QuxUL8:Q.9 K F S 5H)tJ5��, ! a ∈ S, L� S b�� a H K-g.z Ka. A/.2��0=, . K � Ka f�u K(S) � Ka(S).��, v,:�Q ��(:QH)tZ�fE. 9 E F)t�r! e, f ∈ E, ' fJ e �F&6H[18]!N ekof [19]0	 e > f (+ ef = fe = e ! e 6= f), !�5J g ∈ E�t e > g > f . R0 ê = {f ∈ E : e ko f}. 9 S F)t:�HQ ��(, !9
e ∈ E(S), R0

σ(e) =
∏

g∈ê

(e − g),



380 R � � W A ' 40 U'�u K[S] H Rukolăıne �JD[19−20]. W=�)t a ∈ S, y
a = σ(a†)aσ(a∗),�b a† ∈ Ra ∩ E(S) ! a∗ ∈ La ∩ E(S). R0 S = {a | a ∈ S} ∪ {0}, �b 0 F K bHvD. 9 a, b ∈ S, 2 La ∩ Rb ∩ E(S) 6= ∅, L ab = ab, hLu 0, 12 S F K[S] H)to�(. �! E(S)\{0} = {e | e ∈ E(S)}. W=�)t a ∈ S � K ∈ {L,R,D},

Ka(S) = {u | u ∈ Ka(S)}, '.u Ka. wd
K[S] = K0[S] ∼=

∏

α∈S/D
K0[Dα

0

], (2.1)�bW�)t α ∈ S/D, Dα
0

= Dα ∪{0}F)ts& 0-=�([21]. k/D, W= α ∈ S/D,0	 Dα F)ts&=�(, �� K0[Dα
0

] ∼= K[Dα]. � (2.1) 37D Ti ∈ R3\{T18, T
∗
18},\-� K[Ti] fEu)
- Ti/D u\�(Hxv8:QHZ%.)t:Q A(�)R��=yD) H Jacobson xradA FZ:= A-�Hxv�oH>[22]. radA F:Q A Ht)&6H�vj�, 0	 A F:�wH, �� radA = 0 A!IA A F�=H.

Munn[23] Nqs&UL�(�Hx. ��HD	-* (2.1), =J�)Cb�7
,W {K[Ti] | Ti ∈ R3}\{K[T18],K[T ∗
18]} b�(:QHx��JD(.8� 2.1 9 S = {e1, e2, · · · , en} F)txv8.

(i) y x ∈ K[S], L x F)t�JDA!IA5J k1, k2, · · · , kn ∈ K, �t
x = k1e1 + · · ·+ kn−1en−1 + (1− k1 − · · · − kn−1)en. (2.2)

(ii) radK[S] = K(e1 − en) + · · ·+K(en−1 − en).< (i) 1u eiej = ei WZ:H 1 6 i, j 6 n (m, Z- (2.2) ;#HDVF)t�JD. ��49 x =
n∑

i=1

kisi ∈ K[S], �b ki ∈ K, si ∈ S ! n ∈ N+. 0	 x F)t�JD,��
n∑

i=1

( n∑

j=1

kj

)
kisi =

n∑

i=1

n∑

j=1

kikjsisj = x2 = x =

n∑

i=1

kisi,L n∑
j=1

kj = 1. 12 K[S] bH�)t�JD\-Æ( (2.2) bH�B.

(ii) 1u
(ei − en)

2 = (ei)
2 − eien − enei + (en)

2 = ei − ei − en + en = 0,! S F:�H, Z- I = K(e1 − en) + · · ·+K(en−1 − en) F K[S] H)t�vj�. x)
�, 9 x =
m∑
i=1

kiei ∈ K[S], !9 ℓ F)t6=J= 2 HUTQ, L
xℓ = (x2)xℓ−2 =

(
k1e1

( m∑

i=1

kiei

)
+ · · ·+ knen

( m∑

i=1

kiei

))
xℓ−2

=
(
k1

( m∑

i=1

ki

)
e1 + · · ·+ kn

( m∑

i=1

ki

)
en

)
xℓ−2
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=
( m∑

i=1

ki

)
xℓ−1 = · · · =

( m∑

i=1

ki

)ℓ
x.12, 0	 xℓ = 0, �� m∑

i=1

ki = 0, =F x ∈ I, P%PFD I F K[S] bH)t&6�vj�. wd I = radK[S].9 A F)t�:=yD 1A H:Q, ' A bH)tdv�JD e F�FH, 0	�5J A HdvU>�JD e1 � e2, AF e �Æ(�B e = e1 + e2, ' {e1, · · · , en} F
A H)v�FU>�JDHs&(, 0	 e1, · · · , en F A bH�FU>�JD, !�t
1A = e1 + · · ·+ en � eiej = 0(i 6= j). zK)�, 2WZ:H 1 6 i 6= j 6 n, eiA ≇ ejA, L' A F#�H.9 A F)t#�:Q! {e1, · · · , en} F�)v�FU>�JDHs&(, ��v,
A Hg%:nQA HR0.

(a) QA HP( (QA)0 9Qr 1, 2, · · · , n v(, ?�JD e1, e2, · · · , en Y65J)tS8W3;

(b) W= a, b ∈ (QA)0, :m α : a → b ? K-
p_6 ea(radA/rad
2A)eb H#bH
p5J)tS8W3.9 RKQA

F KQA H)t:mj�. ' KQA H)tS�j� I F/�H, 0	5J
m > 2, �t Rm

KQA
⊆ I ⊆ R2

KQA
. xS{ [16, RjII.3.7], 5J KQA H)t/�j� I,�t A ∼= KQA/I, L' QA = (QA, I) F A H:F:n.9 {Ai | 1 6 i 6 n} F)v�:=yDHng#�:Q, !9 A = A1 × · · · × An, L

A H:F:n QA F:F:n QAi
(1 6 i 6 n) H�>�, .u QA = QA1

∪ · · · ∪ QAn
.')t:Q A F�C:�H, 0	I5J:�t�\fEH:�;(; A-�, hL'�u�C}�H.�7 2.1[8] 9AF)tD�R-:Q (\��:=yD), 'Au�=��v (I,M,C, δ)H��:Q, 0	�t��Hf<:

(C1) I F)t��(, W=�t λ ∈ I, 5J(� M(λ), AF(� Cλ
S,T ~(:Q AH)v R-#, �b λ $� I bHZ:DV, (S, T ) $� M(λ)×M(λ) bHZ:DV.

(C2) δ F A HBQu 2 H R- ��api~, !� Cλ
S,T 6D Cλ

T,S .

(C3) 0	 λ ∈ I ! S, T ∈ M(λ), ��W=�)t a ∈ A, :
aCλ

S,T =
∑

U∈M(λ)

rλa (U, S)C
λ
U,T + r′,�b�Q rλa (U, S) ∈ R �+e="Q T , ! r′ F#DV Cµ

W,Z(µ < λ) H��v�.9 δ u A 5H)t R-��api~. 0	 δ2 = id, ��' δ u A 5H)tW�.k/D, J49ZYzH�(:Q!N#/�(55J)tW�H�
�, Yzq

UL�(:Q� U -�lt�(:QH���[10−13].

3 KT3 
(��JP)Cb, J�v,�)t3w�(:QH�JD(� Jacobson x. k/D, W=�)t�( Ti ∈ T3 (1 6 i 6 18), 9 K[Ti] H�JD( (!x) \-�/.FD K[Ti]
∗ H



382 R � � W A ' 40 U�JD( (!x), 1[^�&Yz�(:Q K[Ti] H#`, P
�~�H(J��H� 1b. �3, v,3w�(:QHi~g, �9�hF$Vot3w�(:QY6Fh5Ji~68.9 1 6 i 6 18, �I7 {1, 2, 3}
. Ti H#/(, [F7 {a, b, c}. A/.2� �=,=�.z {ai, bi, ci}. 7 Idmi 
. K[Ti] bZ:dv�JDZ~(H(�.� 1 } �% KT3 ���4�
KT3 char K ew�KE) Jacobson y
K[T1] p a K(a − c) + K(b − c)

K[T2] p a K(a − c) + K(b − c)

K[T3] p ka + (1 − k)b K(a − c) + K(b − c)

K[T4] p k1a + k2b + (1 − k1 − k2)c K(a − c) + K(b − c)

K[T5] p a, b,−a + b K(a − c)

K[T6] p a, b,−a + b K(b − c)

p 6= 2 a, 1

2
a ± 1

2
c K(a − b)

K[T7]
2 a K(a + b) + K(a + c)

p 6= 2 a, 1

2
a ± 1

2
c K(a − b)

K[T8]
2 a K(a + b) + K(a + c)

K[T9] p a, ka + b − kc, (−k − 1)a + b + kc K(a − c)

K[T10] p a, c, (1 − k)b + kc,−a + (1 − k)b + kc K(b − c)

K[T11] p −a + b, ka + (1 − k)c, ka + b − kc K(a − c)

K[T12] p a, b, c,−a + b,−a + c,−a + b + c,−2a + b + c 0

K[T13] p a, b, c,−a + b,−a + c,−b + c, a − b + c 0

p 6= 3 7 0

K[T14]
3 a K(a − b) + K(a + b + c)

p 6= 2 a, b,−a + b, 1

2
b ± 1

2
c,∓a + 1

2
b ± 1

2
c 0

K[T15]
2 a, b,−a + b K(b − c)

p 6= 2 a, b,−a + b, 1

2
a ± 1

2
c,− 1

2
a + b ± 1

2
c 0

K[T16]
2 a, b,−a + b K(a − c)

K[T17] p a, b,−a + b K(a − c)

K[T18] p b, ka + (1 − k)c, ka + b + (−1 − k)c K(a − c)l: k, k1, k2 ∈ K; X> x ∈ K[Ti] ("O, K[Ti]
1), 8j� x d�� x G>zE; “7” �D K[T14]
ew�KEIuR.��v,� 1 bD	H7&V
, �bJYzUL3B�(=, =7D (2.1) �2j

2.1.

K[T1] 	�� 9 x = k1a + k2b + k3c ∈ K[T1], �b k1, k2, k3 ∈ K, F)t�JD.xS T1 H)_�, k21 + k22 + k23 + 2k1k2 + 2k2k3 + 2k1k3 = k1 � k2 = k3 = 0 (m. =F
k1 = 0 !N 1, 12 Idm1 = {a}. 1u (a − c)2 = (a − b)2 = 0, Z- K(a − c) +K(b − c)F K[T1] H)t�vj�, � K(a − c) + K(b − c) ⊆ radK[T1]. 9= |Idm1| = 1 �
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dimK K[T1] = 3, FD dimK radK[T1] = 2. ID�E? dimK K(a− c) +K(b− c) = 2, p, radK[T1] = K(a− c) +K(b− c).

K[T2] 	�� 9 x = k1a+ k2b+ k3c ∈ K[T2], �b k1, k2, k3 ∈ K, L x F K[T2] bH)t�JD, A!IA k21 + k22 + 2k1k2 + 2k2k3 + 2k1k3 = k1, k23 = k2 -* k3 = 0 (m.12 k1 = 0, 1, k2 = k3 = 0, 92p, Idm2 = {a}. k/D K(a− c)+K(b− c)F K[T2]H)tj�, xS (a− c)4 = (a− b)2 = 0 � (b− c)4 = (a− b)2 = 0, FD K(a− c) +K(b− c)F)t�vj�. =F radK[T2] = K(a− c) +K(b− c).

K[T3] 	�� 9 x = k1a + k2b + k3c ∈ K[T3], �b k1, k2, k3 ∈ K, L x F K[T3]H)t�JD, A!IA k21 + k1k2 + 2k1k3 + k2k3 + k23 = k1, k1k2 + k22 + k2k3 = k2 �
k3 = 0, PJ5=
* k1(k1 + k2 − 1) = 0, k2(k1 + k2 − 1) = 0 � k3 = 0 (m, 12 Idm3 =

{ka+(1−k)b | k ∈ K}. x)
�,9= (a−c)2 = (b−c)2 = (a−c)(b−c) = (b−c)(a−c) = 0,\-FD K(a − c) +K(b − c) F K[T3] H)t�vj�. dimK radK[T3] 6 2, wdFD
radK[T3] = K(a− c) +K(b− c).

K[T4] 	�� T4 F)txv8, xS2j 2.1, Idm4 = {k1a+ k2b + (1 − k1 − k2)c |

k1, k2 ∈ K}, ! radK[T4] = K(a− c) +K(b− c).

K[T5] 	�� 9 x = k1a+ k2b+ k3c ∈ K[T5], �b k1, k2, k3 ∈ K, L x F K[T5] bH)t�JD, A!IA k21 + 2k1k2 + 2k1k3 + 2k2k3 + k23 = k1, k
2
2 = k2, k3 = 0, A!IA

k21 + 2k1k2 = k1, k
2
2 = k2 -* k3 = 0. 120	 k2 = 0, �� k1 = 0, 1; 0	 k2 = 1, ��

k1 = 0,−1. =F Idm5 = {a, b,−a+ b}. IxSE? (a − c)2 = 0 � dimK radK[T5] 6 1,\-p, radK[T5] = K(a− c).

K[T6] 	�� 9 x = k1a + k2b + k3c ∈ K[T6], �b k1, k2, k3 ∈ K, L x F K[T6]bH)t�JD, A!IA k21 + 2k1k2 + 2k1k3 = k2, k
2
2 + 2k2k3 + k23 = k2, ! k3 = 0,A!IA k21 + 2k1k2 = k2, k22 = k2 ! k3 = 0. =F Idm6 = {a, b,−a + b}. 92FD dimK radK[T6] 6 1. k/D (b − c)2 = 0 -* K(b − c) F K[T6] H)tj�, 12

radK[T6] = K(b− c).

K[T7] 	�� 9 x = k1a + k2b + k3c ∈ Idm7, �b k1, k2, k3 ∈ K. 9 T7 H)_�,\X
k21 + k23 = k1, k2 = 0, 2k1k3 = k3. (3.1)x)
�, 9 y = ℓ1a+ ℓ2b+ ℓ3c ∈ radK[T7], L (ya)((ℓ1+ ℓ2)a− ℓ3c) = ((ℓ1+ ℓ2)

2− ℓ23)a ∈

radK[T7]. 1u radK[T7] F)t�vj�! a2 = a, Z-
(ℓ1 + ℓ2)

2 = ℓ23. (3.2)�&Yz��oe#`. J�49 p 6= 2,xS (3.1), Idm7 =
{
a, 12a±

1
2c
}
,12 K[T7]�:=yD. �Jk7 (3.2)�W nK�O�V
, FD y2n = 22n−1ℓ2n3 a+22n−1ℓ2n−1

3 (ℓ1+ℓ2)c.1u y F�vH, Z- ℓ3 = 0. k7 (3.2), L: ℓ1 + ℓ2 = 0. =F y ∈ K(a− b), P%PFD radK[T7] ⊆ K(a− b). 9= K(a− b) F K[T7] H)t�vj�, a
H����'F(mH, P%Pp, radK[T7] = K(a− b). �J49 p = 2, xS (3.1), Idm7 = {a}, �$D a �F K[T7] bH=yD, k/D M = K(a+ c) +K(b+ c) F K[T7] H)tj�, W=
y ∈ M , : y2 = (ℓ21 + ℓ22 + ℓ23)a = ((ℓ1 + ℓ2)

2 + ℓ23)a = (2ℓ3)
2a = 0, 12 M F�vH. �:

M ⊆ radK[T7]. D�E? dimK radK[T7] 6 2, Lp, radK[T7] = K(a+ c) +K(b+ c).
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K[T8] 	�� 9 x = k1a + k2b + k3c ∈ K[T8], �b k1, k2, k3 ∈ K, L x ∈ Idm8A!IA k21 + k22 + k23 + 2k2k3 = k1, 2k1k2 + 2k1k3 = k2 � k3 = 0 (m, A!IA

k21 + k22 = k1, 2k1k2 = k2 � k3 = 0 (m. �&Yz��oe#`. 49 p = 2, L k2 = 0! k1 = 0, 1, =F Idm8 = {a}. 9= K(a + b) + K(a + c) F K[T8] H)t�vj�!
dimK radK[T8] 6 2, radK[T8] = K(a+ b) +K(a+ c). 49 p 6= 2, L k1 = 1

2 ! k1 = ± 1
2 .12 Idm8 =

{
a, 1

2a ± 1
2c
}
. zK)�, 9= (b − c)2 = 0 � K(b − c) F K[T8] H)tj�,radK[T8] = K(b− c).

K[T9] 	�� 9 x = k1a+ k2b+ k3c ∈ K[T9], �b k1, k2, k3 ∈ K, L x ∈ Idm9 ∪ {0}A!IA k21 + 2k1k2 + 2k1k3 + k2k3 + k23 = k1, k
2
2 = k2 -* k2k3 = k3 (m. 25PJB(m, L: k2 = 0, 1. 0	 k2 = 0, �� k3 = 0 ! k1 = 0, 1, � a ∈ Idm9. 0	 k2 = 1, �� k21 + 2k1 + 2k1k3 + k3 + k23 = k1, J5= (k1 + k3)(k1 + k3 + 1) = 0, + k1 + k3 = 0 !

k1 + k3 + 1 = 0, P%PFD
Idm9 = {a, ka+ b− kc, (−k − 1)a+ b+ kc}.1uK(a−c)FK[T9]H)t�vj�-* dimK radK[T9] 6 1,Z- radK[T9] = K(a−c).

K[T10] 	�� k/D T10 �IF)tQ ��(, [!F)t8. xS a < b, a < c-* b, c �F\ÆH, FD a = a, b = b− a � c = c− a. k/D Da = {a} ! Db = {b, c},=F: Da = {a} -* Db = {b, c}, !℄�TFs&=xUL8. xS2j 2.1(i), K[Db]H�)tdv�JDTT:�B kb+ (1− k)c = k(b− a) + (1− k)(c− a), �b k ∈ K, 9= K[T10] F K[Da] � K[Db] HZ%, FD
Idm10 = {k1a+ k2b+ (1− k2)c | k1 ∈ {−1, 0}, k2 ∈ K}.k7 radKa = radKa = 0, -*2j 2.1(ii), FD

radK[T10] = radK[Da]⊕ radK[Db] = radK[Db] = K(b− c) = K(b− c).

K[T11] 	�� T11 �IF)tQ ��(, 'F)txUL8, ℄Hdv D-gu
{a, c} � {b}. k/D a < b, -* a � b PotDVT? c F�\ÆH, L: a = a, c = c� b = b− a. xS2j 2.1, :

Idm11 = {k1a+ (1− k1)c+ k2(b − a) | k1 ∈ K, k2 ∈ {0, 1}}.=F radK[T11] = K(a− c).

K[T12] 	�� k/D T12 F)t�r, !�t a < b, a < c, b, c F�\ÆH, 12
a = a, b = b− a, c = c− a. 42j 2.1 FD,

Idm12 = {k1a+ k2(b− a) + k3(c− a) | k1, k2, k3 ∈ {0, 1}}.9= T12 F)t�r, L: radK[T12] = 0.

K[T13] 	�� k/D T13 F)t�r, !�t a < b < c, 12 a = a, b = b − a,

c = (c− a)(c− b) = c− b. k72j 2.1,

Idm13 = {k1a+ k2(b− a) + k3(c− b) | k1, k2, k3 = 0, 1}.1u T13 F)t�r, Z- radK[T13] = 0.
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K[T14] 	�� 9 x = k1a+ k2b+ k3c ∈ Idm14, L




k21 + 2k2k3 = k1,

k22 + 2k1k3 = k3,

k23 + 2k1k2 = k2.

(3.3)V" 1 − 2k1 6= 0 (m. aV_, 49 1 − 2k1 = 0, L p 6= 2, �: k1 = 1
2 , 4 (3.3) bH�ot
*, FD k2 = k3 = 0, Ik7 (3.3) bHN)t
*, L: 1

4 = 1
2 , �Y. 12

1− 2k1 6= 0. =F
k3 = k22(1 − 2k1)

−1. (3.4)xS (3.3) � (3.4), FD 


−2k31 + 3k21 + 2k32 − k1 = 0,

k2(−8k31 + 12k21 − 6k1 − k32 + 1) = 0.
(3.5)2 k2 = 0, L k3 = 0 ! k1(1− 2k1)(k1 − 1) = 0, 12 k1 = 0, 1, =F a ∈ Idm14. 2 k2 6= 0,LxS (3.5), : 18k31 − 27k21 + 13k1 − 2 = 0, 12

(2k1 − 1)(3k1 − 2)(3k1 − 1) = 0.��oe#`�&Yz. J�49 p 6= 3, 1u k1 6= 1
2 , Z- k1 = 1

3 !N k1 = 2
3 . k7

(3.3) bHN)t
*, �X
k2k3 =

1

9
. (3.6)� (3.3) bHw�ot
*3J)�, FD

9(k2 + k3)
2 − (1 − 2k1)(k2 + k3)− 2 = 0. (3.7)xS (3.6) � (3.7), 0	 k1 = 1

3 , �� k2 = k3 = 1
3 !N (k2, k3) = (x1, x2), �b x1 =

−1+
√
3

6 ! x2 = −1−
√
3

6 ; 0	 k1 = 2
3 , �� k2 = k3 = − 1

3 !N (k2, k3) = (y1, y2), �b
y1 = 1−

√
3i

6 , y2 = 1+
√
3i

6 . 12
Idm14 =

{
a,

1

3
(a+ b+ c),

1

3
a+ x1b+ x2c,

1

3
a+ x2b+ x1c,

1

3
(2a− b− c),

2

3
a+ y1b+ y2c,

1

3
a+ y2b+ y1c

}
.�!\-p, {

1
3 (a + b + c), 1

3a + x1b + x2c,
1
3a + x2b + x1c

} F K[T14] H)t�FU>�JDHs&(. k/D, T14 F)tBQu 3 H(, xS Maschke Rj, K[T14] F�=HA!IA p ∤ 3, Z-49 p = 3, �*M, : k2 = 0, =F Idm14 = {a}. 1u
(a−b)4 = (a+b+c)2 = 3(a+b+c) = 0! a+b+c� a−bF�vH,Z-K(a−b)⊕K(a+b+c)F K[T14] H)t�vj�. �!9 |Idm14| > 1, \-FD dimKradK[T14] 6 2, P%PFD radK[T14] = K(a− b)⊕K(a+ b+ c).

K[T15]	�� 9 x = k1a+k2b+k3c ∈ K[T15],�b k1, k2, k3 ∈ K,L x ∈ Idm15∪{0}A!IA k21 + 2k1k2 + 2k1k3 = k1, k22 + k23 = k2 ! 2k2k3 = k3. ��oe#`�&Yz.J�49 p = 2, L k3 = 0, k2 = 0, 1 ! k1 = 0, 1, 12 Idm15 = {a, b, a + b}, =F b F
K[T15] H=yD, ! {a, a + b} F K[T15] H)v�FU>�JDHs&(. ID�E?
(b− c)2 = 0, \-p, K(b− c)F K[T15] H)t�vj�, 12 radK[T15] = K(b− c). �



386 R � � W A ' 40 UJ49 p 6= 2,0	 k3 = 0, �� k2 = 0, 1. 2 k2 = 0, L k1 = 0, 1;2 k2 = 1, L k1 = 0,−1.0	 k3 6= 0, �� k2 = 1
2 , k3 = ± 1

2 � k1 = ∓1. 12
Idm15 =

{
a, b,−a+ b,

1

2
b±

1

2
c,∓a+

1

2
b ±

1

2
c
}
./.$V b F K[T15] H=yD, ! {

a, 1
2b−

1
2c,−a+ 1

2b+
1
2c
} F K[T15] H)v�FU>�JDHs&(, �: radK[T15] = 0.

K[T16] 	�� k/D E(T16) = {a, b} !�t a < b, i='k/D aHc, =F
a = σ(a) = a, c = σ(a)cσ(a) = c, b = σ(b) = b − a, 12 Da = {a, c} = {a, c} !
Db = {b} = b − a, =F K[T16] = K[Da] ×K[Db]. �*M, K[Db] F)t�=:Q!��JD(u {b − a}. x)
�, y k1a + k2c, �b k1, k2 ∈ K, F K[Da] H)t�FU>�JD, L k21 + k22 = k1 ! 2k1k2 = k2. 0	 p = 2, �� k2 = 0 � k1 = 0, 1 (m, =F
Idm16 = {a, b, b− a}. 0	 p 6= 2, �� k1 = 1

2 , 12 k2 = ± 1
2 . P%PFD

Idm16 =
{
a,

1

2
a±

1

2
c, a+ b− a,

1

2
a±

1

2
c+ b− a, b− a

}
.1u Da F)tBQu 2 H(, radK[Da] = 0 A!IA p 6= 2. 12, A p 6= 2 =,

radK[T16] = radK[Da]× radK[Db] = K(b − a). A p = 2 =, 9= K(a − c) F K[Da] H)t�vj�, radK[Da] = K(a− c), P%PV
q radK[T16] = K(a− c).

K[T17] 	�� k/D b F K[T17] H=yD. 9 x = k1a+ k2b + k3c ∈ Idm17, �b
k1, k2, k3 ∈ K, L k21 + 2k1k2 + k23 + 2k1k3 = k1, k

2
2 = k2 ! 2k2k3 = k3, =F k2 = 0, 1. �&Yz��oe#`. 0	 k2 = 0, �� k3 = 0, 12 k1 = 0, 1. 0	 k2 = 1, �� k3 = 0,-* k1 = −1, 0. 12 Idm17 = {a, b,−a+ b}. �!9= K(a− c) F K[T17] H)t�vj�, radK[T17] = K(a− c).

K[T18] 	�� 9 x = k1a+ k2b+ k3c ∈ Idm18, �b k1, k2, k3 ∈ K, L k21 + 2k1k2 +

k1k3 = k1, k
2
2 = k2 ! k1k3+2k2k3+k23 = k3,=F k2 = 0, 1. 2 k2 = 0,L: k3(k1+k3−1) =

0! k1(k1+k3−1) = 0,=F {ka+(1−k)c | k ∈ K} ∈ Idm18. 2 k2 = 1,L k3(k1+k3+1) = 0! k1(k1 + k3 + 1) = 0, P%Pp, {b, ka+ b+ (−1− k)c | k ∈ K} ∈ Idm18. 12,

Idm18 = {ka+ (1 − k)c, b, ka+ b+ (−1− k)c | k ∈ K}.9=K(a−c)FK[T18]H)t�vj�,!�t dim radK[T18] 6 1,\-FD radK[T18] =

K(a− c).')t�( S u)txv�(, 0	W=-/H a, b ∈ S, ab = a. W�M, \-R0;v�(. l0, T4 (!N, T ∗
4 ) F T3 bt)Hx (!N, ;) v�(.y 1 6 i 6 18, R0 T ∗

i = {a∗i , b
∗
i , c

∗
i }, ℄HDVPFJ Ti bDVH;5�3)tiÆ ∗ FDH, �tW= x, y ∈ Ti, : x∗y∗ = yx.8� 3.1 9 S F)txv�(!�t |S| > 2, 49 S∗ F S HW��(, L K[S] ≇

K[S∗].< �aM, 49 ϕ : K[S] → K[S∗] F K[S] D K[S∗] H)ti~. 9,Xf<, 5J a, b ∈ S �t a 6= b, L ab = a. $ a∗ =
n∑

i=1

riϕ(xi) ! b∗ =
n∑

j=1

kjϕ(yj), �b ri, kj ∈ K,



4 � 05< ~#g 4x�);R 387

xi, yj ∈ S. k/D S∗ F)txv�(, L:
a∗ = b∗a∗ =

n∑

j=1

kjϕ(yj)

n∑

i=1

riϕ(xi) =

n∑

j=1

n∑

i=1

kjriϕ(yjxi) =

n∑

j=1

n∑

i=1

kjriϕ(yj) =

n∑

i=1

rib
∗.�: n∑

i=1

ri = 1, b∗ = a∗, �Y. wdFD�&HD| K[S] ≇ K[S∗].uqA&Pz37=, =7 ϕi,j 
�C4 K[Ti] D K[Tj] H)t K-��68, �b
i, j ∈ {1, 2, · · · , 18}.8� 3.2 ��H|V��+e=B K HbS p:

(i) K[T1] ≇ K[T2];

(ii) K[T3],K[T4],K[T ∗
3 ] � K[T ∗

4 ] oo��i~;

(iii) K[T5] ∼= K[T6];

(iv) K[T7] ∼= K[T8];

(v) K[T10] ∼= K[T ∗
10];

(vi) K[T9] ∼= K[T10] ∼= K[T11];

(vii) K[T ∗
9 ]

∼= K[T ∗
10]

∼= K[T ∗
11];

(viii) K[T12] ∼= K[T13];

(ix) K[T15] ∼= K[T16];

(x) K[T18] ∼= K[T ∗
18].< (i) k7aV_V
, 495J)t:Qi~ ϕ : K[T1] → K[T2], L�( ϕ(T1) =

{ϕ(a1), ϕ(b1), ϕ(c1)} F K[T2] H)v K-#, �!℄i~=�( T1. =F T2 bH�)tDVT\-Æ( T1 bDVH K-��v�, 'PFT, W=-/H y ∈ T2, T5J {kyx ∈ K |

x ∈ T1}, AF y =
∑

x∈T1

kyxϕ(x). 12, J K[T2] b,

b2 = c22 =
( ∑

x∈T1

kc2x ϕ(x)
)2

=
∑

x,y∈T1

kc2x kc2y ϕ(a1) = kϕ(a1),�b k =
∑

x,y∈T1

kc2x kc2y . P%PFD
a2 = b2a2 = kϕ(a1)

∑

x∈T1

ka2

x ϕ(x) =
( ∑

x∈T1

ka2

x

)
kϕ(a1) =

( ∑

x∈T1

ka2

x

)
b2,�Y. 12FD K[T1] ≇ K[T2]. 4[s(q (i) HV
.

(ii) J�, xS� 1, p, K-
p_6 E3 = {ka + (1 − k)b | k ∈ K} �� K[T3] bHZ:dv�JD. 49 ϕ : K[T4] → K[T3] F)t:Qi_, 1u T4 bHDVTu�JD, Z- ϕ(T4) ⊆ E3, ID�E? dimK E3 = 2, PFD dimK ϕ(T4) 6 2; 12 ϕ �F)t:Qi~. wd K[T3] ≇ K[T4]. gUM, K[T3] ≇ K[T ∗
4 ]. 12 K[T ∗

3 ] ≇ K[T ∗
4 ] !

K[T ∗
3 ] ≇ K[T4]. �!, 9= T4 � T ∗

4 f�F)txv�(�)t;v�(, xS2j 3.1,\-FD K[T4] ≇ K[T ∗
4 ]. �J, uqV
 (ii), ^�&V
 K[T3] ≇ K[T ∗

3 ]. aV_, 495J)ti~ ϕ : K[T3] → K[T ∗
3 ]. k/D ϕ(b3)ϕ(a3) = ϕ(b3) ! ϕ(a3)ϕ(b3) = ϕ(a3).1u c∗ /∈ (T ∗

3 )
2, �X ϕ(a3), ϕ(b3) ∈ K[a∗3, b

∗
3]. 9= {a3, b3} � {a∗3, b

∗
3} f�F T3 �

T ∗
3 HxUL�;ULo�(, FD ϕ|K[{a3,b3}] : K[{a3, b3}] → K[{a∗3, b

∗
3}] F4�(:Q
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K[{a3, b3}] D K[{a∗3, b

∗
3}] H)t:Qi~, ?2j 3.1 �Y, 4[49�(m. _2V
q K[T3] ≇ K[T ∗

3 ].

(iii) R0)t68 ϕ : K[T5] → K[T6], g
 a5 7→ a6, b5 7→ b6, c5 7→ b6 − c6 + a6 IK� K-��bM. /.$V =ϕ(T5) = {a6, b6, b6 − c6 + a6} F)t��Um(�, 12℄F
K[T6] H)t K-#. =F K[ϕ(T5)] = K[T6]. Ig
�( ϕ(T5) H)_�, FD ϕ(T5) �
T5 zu�(Fi~H. 12 K[T5] ∼= K[ϕ(T5)] = K[T6], +V
q (iii).

(iv) R0)t68 ϕ7,8 : a7 7→ a8, b7 7→ a8 + k0(b8 − c8), c7 7→ b8, �b 0 6= k0 ∈ K. /.$V68 ϕ7,8 F4 K[T7] D K[T8] D)t:Qi~.

(v) ZA$V\X68 ϕ : K[T10] → K[T ∗
10], a 7→ a∗, b 7→ k0b

∗ + (1 − k0)c
∗ �

c 7→ ℓb∗ + (1− ℓ)c∗, �b k0 6= ℓ ∈ K\{0, 1},F)ti~. 4[FD (v).

(vi) ZA$V\-FD68 ϕ9,10 : a9 7→ a10, b9 7→ c10, c9 7→ a10 + k0b10 − k0c10, �b
k0 ∈ K\{0}, -*68 ϕ9,11 : a9 7→ −a11 + b11, b9 7→ b11, c9 7→ ta11 + b11 + (−1− t)c11, �b t ∈ K\{0, 1}, F:Qi~, P%PV
q (vi).

(vii) PF (vi) HW�.

(viii) 1u68 ϕ13,12:a13 7→ −a12 + b12 + c12, b13 7→ a12, c13 7→ b12 F)t:Qi~,Z- K[T12] ∼= K[T13], =FV
q (viii). k/D'\-9 K[T12] � K[T13] H�=�FD2D	.

(ix) g
ZA$V, \F68 ϕ15,16 : K[T15] → K[T16], a15 7→ −a16 + c16, b15 7→ b16,

c15 7→ −a16 + b16 + c16, F)t:Qi~. 12 K[T15] ∼= K[T16]. (ix) �V
q.

(x) uq�� �, . T ∗
18 = {a∗18, b

∗
18, c

∗
18}. R0)t68 ϕ : K[T ∗

18] → K[T18] �t
a∗18 7→ a18 + b18, b

∗
18 7→ b18, c

∗
18 7→ b18 + c18. ZA$V\X ϕ F)t:Qi~, �: (ix) (m. A charK = p /∈ {2, 3} =, ��HD	v,q KT3 bHi~g.8� 3.3 A charK = p =, 7 I3(p) 
.3w�(:QHi~gHtQ. 0	

p /∈ {2, 3}, �� I3(p) = 11.< 49 p /∈ {2, 3}. k/D�)t3w�(:Qb�JDHtQ!NJ= 2i, �b
i ∈ {1, 2, 3}, !NJ= ∞. 92, xS� 1, �&Yz�� 4 e#`.�� 1 K[T1] � K[T2]. xS2j 3.2(i), p, {K[T1]} � {K[T2]} F KT3 Hoti~g.�� 2 K[T5], K[T6], K[T7], K[T8] � K[T17]. JP 5t�(:Qb, K[T17] Ft))t��=yDH,12 {K[T17]}JKT3bF)ti~g. R0)t68 ϕ : K[T5] → K[T7]0�: a5 7→ 1

2 (a7 + c7), b5 7→ a7, c5 7→ ka7 + (12 − k)b7 + 1
2c7, �b k ∈ K\{0, 12}. /.$V68 ϕ F)ti~, 12 K[T5] ∼= K[T7]. IxS2j 3.2(ii) � (iv), \-FD

{K[T5],K[T6],K[T7],K[T8]} F KT3 H)ti~g.�� 3 K[T12], K[T13], K[T14], K[T15] � K[T16]. R068 ϕ13,15 : a13 7→ a15, b13 7→
1
2 (b15 + c15), c13 7→ b15, -*68 ϕ13,14 : a13 7→ 1

3 (a14 + b14 + c14), b13 7→ 2
3a14 + y1b14 +

y2c14, c13 7→ a14, �b y1 = 1−
√
3i

6 , y2 = 1+
√
3i

6 . g
$V, ϕ13,15 � ϕ13,14 TF:Qi~.xS2j 3.2(viii) * (ix), {K[T12],K[T13],K[T14],K[T15]} F KT3 H)ti~g.�� 4 K[T3], K[T4], K[T9], K[T10], K[T11], K[T18] �℄�HW��(. 9= K[T18]�K[T ∗
18]FP 12t:Qb��=yDHI:Hot:Q,xS2j 3.2(ix),p, {K[T18],
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K[T ∗
18]} F)ti~g. k/D dimKradK[T3] = dimKradK[T4] = 2. 'k/D

dimKradK[T9] = dimKradK[T10] = dimKradK[T11] = 1.xS2j 3.2(ii)-* (v)–(vii),FD {K[T3]}, {K[T4]}, {K[T3]
∗}, {K[T4]

∗},
{
K[T9], K[T10],

K[T11], K[T9]
∗, K[T10]

∗, K[T11]
∗} � {K[T18],K[T ∗

18]} F KT3 H 6 ti~g.s5ZP, FD KT3 bZ:���℄)t�(:QHi~gu {K[T5], K[T6], K[T7],

K[T8]}, {K[T9], K[T10], K[T11], K[T ∗
9 ], K[T ∗

10], K[T ∗
11]}, {K[T12], K[T13], K[T14], K[T15],

K[T16]} � {K[T18],K[T ∗
18]}. _2PV
q I3(p) = 11.��v,P)CHi&D	.�� 3.1 9 K F)tbSu p H:Q�B, 0	 p /∈ {2, 3}, �� I3(p) = 11, !

(i) K[T5] ∼= K[T6] ∼= K[T7] ∼= K[T8];

(ii) K[T9] ∼= K[T10] ∼= K[T11] ∼= K[T ∗
9 ]

∼= K[T ∗
10]

∼= K[T ∗
11];

(iii) K[T12] ∼= K[T13] ∼= K[T14] ∼= K[T15] ∼= K[T16];

(iv) K[T18] ∼= K[T ∗
18].0	 p = 2, �� I3(p) = 12, !

(i′) K[T5] ∼= K[T6];

(ii′) K[T7] ∼= K[T8];

(iii′) K[T9] ∼= K[T10] ∼= K[T11] ∼= K[T ∗
9 ]

∼= K[T ∗
10]

∼= K[T ∗
11];

(iv′) K[T12] ∼= K[T13] ∼= K[T14];

(v′) K[T15] ∼= K[T16] ∼= K[T17];

(vi′) K[T18] ∼= K[T ∗
18].0	 p = 3, �� I3(p) = 13, !

(i′′) K[T5] ∼= K[T6] ∼= K[T7] ∼= K[T8];

(ii′′) K[T9] ∼= K[T10] ∼= K[T11] ∼= K[T ∗
9 ]

∼= K[T ∗
10]

∼= K[T ∗
11];

(iii′′) K[T12] ∼= K[T13] ∼= K[T15] ∼= K[T16];

(iv′′) K[T18] ∼= K[T ∗
18].J5� 3 e#`b, uq�P7=�8,2 K[T ] ∈ KT3 �:,�J-)i~JBb,L�C K[T ] �? KT3 b�\H-��(:Qi~.< ��f 3 e#`
K�a|. J�49 p /∈ {2, 3}. xS2j 3.3 HV

*, \-p, (i)–(iv). ��49 p = 2. xS� 1 *2j 3.2 -*2j 3.3 HV

*, \-FD (i′)–(v′) � (vii′). 12^�VR K[T15], K[T16] � K[T17]Y6Hi~��Pt�q. u2, R0)t68 ϕ17,15 : K[T17] → K[T15], a17 7→ a15, b17 7→ b15, c17 7→ b15 − c15 + a15, g
$VFD ϕ17,15 F)t:Qi~. ID�2j 3.2(x), FD (vi′). w�, 49 p = 3. xS2j 3.2 �2j 3.3, p, (i′′), (ii′′), -* (iv′′). Ik7J2j 3.3 HV

*b~KHi~68 ϕ13,15, FD (iii′′). _2s(qV
.�$D T9 �FULH, ! T10 FULH. *[, xSRj 3.1 \X K[T9] ∼= K[T10]. L2�^, ')tdUL�(u iso-ULH, 0	℄H�(:Q?
tUL�(:Qi~, hL'PtdUL�(u non-iso-ULH.J T3 b, W=-/H p, {T9, T

∗
9 , T15} TF iso-UL�(, [ {T1, T2, T3, T

∗
3 , T5, T6,

T7, T8} TF non-iso-UL�(. 'k/D T17 F iso-ULHA!IA p = 2.
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�)t�=3w�(:QT\-�C()tUL�(:Q.+� 3.1 9 T ∈ T3, 0	 K[T ] F�=H, �� T FULH! iso-ULH.< xS� 1, K[T12], K[T13], K[T14](p 6= 3), K[T15](p 6= 2), K[T16](p 6= 2) F KT3 bZ:H�=:Q. xSRj 3.1, 2 p 6= 2, L K[T15] ∼= K[T16]. 9= T12, T13, T14 � T16 TFUL�(, �:�&HD	.

4 �), �#2�~�3P)CHi&ÆHFVRZ:3w�(:QH�C�����, =k7:F:n, fi:n�1ARRHj|. f�� 3 e#`K�Yz.J�, 1u K[T12] ∼= K[T13], K[T14](p 6= 3) -* K[T15] ∼= K[T16](p 6= 2) F�=H,Z-℄�H:F:nT�u A1 ∪A1 ∪ A1. �3, Z:�:=yDHd�=3w�(:Qu K[T14](p = 3), K[T15](p = 2), K[T16](p = 2), K[T17] � K[T18]. �&,W℄�H:F:n, I3, 9 T ∈ {Ti | 1 6 i 6 11} ∪ {T ∗
i | i = 3, 4, 9, 10, 11}, L K[T ] �:=yD.k/D modK[T 1] ∼= modK[T ]1 ∼= modK[T ], �b K[T ]1 = K[T ] ⊕ K F)t)_�t

(u, k1)(v, k2) = (uv + k2u+ k1v, k1k2) H:Q. Z-^�Yz K[T 1] H:F:n.xS5�Ha|�Rj 3.1, ,W��D	bZtH�(:QH:F:nPt�q.8� 4.1 9 K F)tbSu p H:Q�B, L
QK[T1]1 = A1 ∪ C(2, 2), QK[T2]1 = A1 ∪ C(1, 3),

QK[T3]1 = H, QK[T∗

3
]1 = Hop,

QK[T4]1 = QK[T∗

4
]1 = P , QK[T5]1 = A1 ∪ A1 ∪ C(1, 2),

QK[T7]1 = C(1, 2) ∪ C(1, 2), p = 2, QK[T7]1 = A1 ∪ A1 ∪ C(1, 2), p 6= 2,

QK[T9]1 = QK[T∗

9
]1 = A1 ∪ A2, QK[T14] = C(1, 3), p = 3,

QK[T17] = A1 ∪ C(1, 2), QK[T18] = A2,�b
A1 : ◦

1
, A2 : ◦

1

α //◦
2
,

H : ◦
1

◦
2β

oo

α

�� �t α2 = αβ = 0,

Hop : ◦
1

β //◦
2

α

�� �t α2 = βα = 0,

P : ◦
1

α //

β
//◦
2
,

C(1, n) (n = 2, 3) : ◦
1

α

�� �t αn = 0,
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C(2, 2) : ◦
1

β :: αdd �t α2 = β2 = αβ = βα = 0.< xS� 1 �)�:nHR0, v,�� 10 t�(:QH:F:n. 
��8, 21)
.Æ. 0	 K[Ti]
1 F>�H (1 6 i 6 18), Ly N i

1, · · · , N
i
i0

(i0 ∈ N+) u K[Ti]
1 HZ:�\fEZ�	; zK)�, W= 1 6 t 6 i0, 7 {ei,t1 , · · · , ei,t

ti
0

} 
. N i
t H)v�FU>�JDHs&(. J�_=2��0H=�, =�<{5\� i.

K[T1]
1 	�� xS� 1, p, {a,−a+ d} F K[T1]

1 H)v�FU>�JDHs&(. =F 10 = 2, N1 = aK[T1]
1, ! N2 = (−a+ d)K[T1]

1. 1u; K[T1]
1-� N1 � N2 �Fi~H, Z- K[T1]

1 F#�H. k/D N1 F�=H, L�:F:nu A1. ��Yz N2 H:F:n. J�: 210 = 1,-* e21 = −a+d. k7 radN2 = radK[T1]
1 = K(a−c)+K(b−c)� rad2 N2 = 0, \-p, dimK e21(radN2/rad

2 N2)e
2
1 = 2. 12 QN2

= C(2, 2). 1u R2
N2F KN2 bt)H/�j�, Z- KQN2

/R2
N2

∼= KN2, =F QN2
= C(2, 2). P%PFD

QK[T1]1 = A1 ∪C(2, 2).

K[T2]
1 	�� k/D {a,−a+ d}F K[T2]

1 H)v�FU>�JDHs&(. =F
20 = 2, N1 = aK[T2]

1 -* N2 = (−a+ d)K[T2]
1. : N1 = Ka F#�H, ! radN1 = 0.92FD QN1

= QN1
= A1. x)
�, : N2 F#�H, 20 = 1 ! e21 = −a + d. k/D

radN2 = K(a − c) + K(b − c), rad2 N2 = K(a − b), rad3 N2 = 0 -* radN2/rad
2 N2 =

K(b − c), L e21(radF/rad
2 F )e21 = K(b − c). 12 QN2

HQP(^:)tP, 9u e1, !��)tp�, 9u α. R0)t K-��68 ϕ : KQN2
→ N2, e1 7→ e21, α 7→ b − c,L ϕ F)t�i_! kerϕ F)t/�j�. 1u ϕ(α2) = (b − c)2 = a − b 6= 0 !

ϕ(α3) = (b−c)3 = 0,Z- kerϕ = R3
N2

,12 KQN2
/R3

N2

∼= N2,P%PFD QN2
= C(1, 3).wd, QK[T2]1 = A1 ∪C(1, 3).

K[T3]
1 	�� k/D {a,−a + d} F K[T3]

1 H)v�FU>�JDHs&(, 'k/D K[T3]
1 F#�H!�t radK[T3]

1 = K(a− c) +K(b − c), L rad2 K[T3]
1 = 0. 9

e1 = a ! e2 = −a+ d, =F e1radK[T3]
1ei = 0 (i = 1, 2), e2(radK[T3]

1)e1 = K(b− a) -* e2(radK[T3]
1)e2 = K(a− c). 2=Pm℄FD QK[T3]1 = H .

K[T4]
1 	�� k/D {a+ b− c,−(a+ b − c) + d} F K[T4]

1 H)v�FU>�JDHs&(. 'k/D, rad2 K[T4]
1 = 0. 9 e1 = −(a + b − c) + d ! e2 = a + b − c, L

ei(radK[T4]
1/rad2 K[T4]

1)ej = eiradK[T4]
1ej . K)�, : ei(radK[T4]

1/rad2 K[T4]
1)ej =

K(a − c) + K(b − c) A!IA i = 1 ! j = 2, hLJ= 0. =FFDD| QK[T4]1 =

QK[T4]1 = P .

K[T5]
1 	�� \-FD 50 = 3, N1 = Ka, N2 = K(−a+b)-*N3 = (−b+d)K[T5]

1.�*M, QN1
= QN2

= A1. �!, N3 = K(−a+ c) +K(−b + d), 350 = 1, e31 = −b + d. ID�E? radN3 = K(a − c) � rad2 N3 = 0, \-FD QN3
= C(1, 2). wd, QK[T5]1 =

A1 ∪A1 ∪ C(1, 2).

K[T7]
1 	�� :oe#`�&Yz. J�49 p 6= 2, L {

−a+d, 1
2a+

1
2c,

1
2a−

1
2c
}F K[T7]

1 H)v�FU>�JDHs&(. 12 70 = 3, N1 = (a+ c)K[T7]
1 = K(a+ c),

N2 = (a− c)K[T7]
1 = K(a− c)! N3 = (−a+ d)K[T7]

1 = K(a− b)+K(−a+ d). =FFD
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QN1

= QN2
= A1,�!,4 370 = 1, e31 = −a+d, radN3 = K(a−b)�QN3

= C(1, 2),\-FD QK[T7]1= A1∪A1∪C(1, 2)(p 6= 2). �J49 p = 2,L K[T7]
1 = aK[T7]

1×(a+d)K[T7]
1,'PFT, 70 = 2, N1 = aK[T7]

1 = Ka+Kc, N2 = (a + d)K[T7]
1 = K(a+ b) +K(a+ d).k/D radN1 = K(a + c), radN2 = K(a + b), -* rad2 N1 = rad2 N2 = 0. P%PFD

QN1
= QN2

= C(1, 2). 12 QK[T7]1 = C(1, 2) ∪ C(1, 2) (p = 2).

K[T9]
1 	�� : {a,−b+ d,−a+ b}F K[T9]

1 H)v�FU>�JDHs&(, .
M1 = aK[T9]

1 ! M2 = (−b+ d)K[T9]
1 + (−a+ b)K[T9]

1, L K[T9]
1 F M1 � M2 HZ%.: M1 = Ka F)txuvH#�:Q, 12 QM1

= A1. <: M2 = K(a − c) + K(d −

b) +K(b− a) F)t#�:Q. y e1 = d− b ! e2 = b− a, L {e1, e2} F M2 H)v�FU>�JDHs&(. k/D radM2 = K(a− c), rad2 M2 = 0, �$D, W= i, j ∈ {1, 2},

eiradM2ej 6= 0A!IA i = 1! j = 2. '�$D dimK e1radM2 e2 = dimK K(a− c) = 1,P%PV
q QM2
= A2. wd QK[T9]1 = A1 ∪ A2.

K[T14] 	�� 0	 p 6= 3, �� K[T14] F�=H. �J49 p = 3, L radK[T14] =

K(a−b)+K(a+b+c), radK[T14]
2 = K(a+b+c)! rad3 K[T14] = 0. k/D aF K[T14]bHt)�JD!u=yD, xS dimK a(radK[T14]/rad

2 K[T14])a = dimK K(a+b+c) = 1,\-p, QK[T14] = C(1, 3).

K[T17] 	�� 1u {a,−a+ d} F K[T17]
1 H)v�FU>�JDHs&(, Z-

K[T17] ∼= N1 × N2, �b N1 = Ka ! N2 = (−a + d)K[T17]. : N1 F)t#�:Q!�t QN1
= A1. ': N2 = K(−a + b) +K(a − c) F)t#�:Q. k/D −a + b F N2bHt)�JD, !u N2 H=yD. ID�E? radN2 = K(a− c) � rad2 N2 = 0, L:

QN2
= C(1, 2). wd, QK[T17] = A1 ∪ C(1, 2).

K[T18] 	�� xS� 1, {a,−a+ b} F K[T18] H)v�FU>�JDHs&(, !
rad2 K[T18] = 0. 9 e1 = −a+ b ! e2 = a, L e1(radK[T18])e2 = K(a− c), !A i 6= 1 -* j 6= 2 =, ei(radK[T18])ej = 0.=F QK[T18] = A2.9 A F)t�a=yDH:Q, !9 Q F A H)�:n, QP(u {1, · · · , n}, L AHfi:n[24]Qs : 2n tQP, .u {1, · · · , n, 1′, · · · , n′}, �!W= Q bH�)t:m
i → j, Qs T:)t:m i → j′.8� 4.2[24−25] 9 A F)t�:=yDH:�w:Q, 0	 A Fx�
J=vH,�� A F:��C�H, A!IA A H\f:nF)
 Dynkin nH�>�.�� 4.1 9 K[T ] F)t3w�(:Q, L K[T ] F}��C�HA!IA K[T ] i~= K[T1], K[T4], !N K[T ∗

4 ].< xSRj 3.1 -*2j 4.1, �)t3w�(:QH:F:nT\-�C( A1,

A2, P , H , Hop, C(1, n) (n = 2, 3) � C(2, 2) b

:nH�>�. k7 Gabriel Rj[1−2],

KA1 � KA2 TF�C:�H, ! KP F�C}�H. xr, k/D:F:n H , Hop,
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C(1, n) (n = 2, 3) � C(2, 2) ZW3H:QTFx�
uvH, ��v,q�fi:n:

1
◦

2
◦

������
��
��
��
�

◦
1′

◦
2′

Hs

1
◦

��;
;;

;;
;;

;;
2
◦

��
◦
1′

◦
2′

Hop
s

◦
1

// ◦
1′

C(1,n)s

◦
1

// // ◦
1′

C(2,2)sxS2j 4.2, KH , KHop, KC(1, 2) � KC(1, 3) TF�C:�H, ! KC(2, 2)s F�C}�H. ID�2j 4.1, �C}�H3w�(:Q^: K[T1] � K[T4].+� 4.1 9 T ∈ T3. 0	 K[T ]F}��C�H, �� T /�FULH, '�F iso-ULH.J NZ:3w�(:QH���Y�, v,)
m
X�.8� 4.3 9 S F)t�(, !9 S∗ F S HW��(. 0	 K[S] ≇ K[S∗], �� K[S]�F)t��:Q.< aV_, 49 K[S] F)t��:Q, LJ K[S] b5J)tW�, 9u δ. y
x, y ∈ S, L δ(x)δ(y) = δ(yx) ∈ δ(S) = {δ(s) | s ∈ S}, 12 δ(S) F K[S] H)to�(. 9= δ(δ(x)δ(y)) = δ(δ(yx)) = yx = x ∗ y, �b x ∗ y �C S∗ bH)_, FD δ F4 δ(S) D
S∗ Hi~, 'PFT, δ(S) ∼= S∗. =F K[S∗] ∼= K[δ(S)] = K[S], ?,Xf<�Y. 12
K[S] �F)t��:Q.k/D)txv8F)txv�(. k72j 3.1 �2j 4.3\-ZAFD��HD	. +� 4.2 9 S F)txv8, L K[S] F)t��:Q, A!IA S F)t�`(.9 S F)txUL8! 1S F�=yD, $ u, v ∈ S �t Lu 6 Lv (+ S1u ⊆ S1v), !�$ y ∈ Lv. J Lu 5, R0�� ⌣[26]0�: x ⌣ x′ A!IA5J)tDV w ∈ S �t
w 6= y, yw = w, wyx = yx -* wyx′ = yx′. �*, ⌣ FpaH�aW'H. y ∼ F ⌣ J
S 5H0O��, L ∼ F)tJ5��. *�R0

aLuLv
= |Lu/ ∼ | − 1,�b |Lu/ ∼ | F ∼ J Lu 5HJ5gHtQ.8� 4.4[26] 9 S F)t�:=yDHxUL8, !9 L = S/L, L L F K[S] H:n QK[S] HQP(, !W= u, v ∈ S, JQP Lu � Lv Y65J aLuLv

t:m.9 A F)t:Q. 7 S(1), · · · , S(m) 
.Z:H= A-�, �f�7 P (1), · · · , P (m)
.�l8ko. J A H1ARR C(A) b, cj,h (1 6 j, h 6 m) H$[F�(fQ [P (j) :

S(h)]. )�#`�, C(A) H�tB\-$-/TQ, '�u A H1A�tB.8� 4.5[27] 9 K F)tB ! A F)t�� K-:Q ( �=W� δ), L:Q A F�=H, A!IA A H1ARRZ:HbS[TF:jQ!1A�tBu 1.8� 4.6 9 S F)t�:=yDH:�xUL8, 49 |S/D| = 2, L K[S] F)t��:QA!IA S F)t�r.



394 R � � W A ' 40 U< J�49 S F)t�r, L K[S] F�=H, 12℄F��H. �J49 K[S] F��H. aY, 49 S �F)t�r, L5J S H)t L-g (!NJ5M, )t D-g), 9�u L0, �t |L0| = n > 2, �b n ∈ N+. 9 L0 = {a1, a2, · · · , an}, !9 1S F S H=yD,L 1S /∈ L0, ! L0 < L1S . k/D ∼ F L0 5H=y��, =F aL0L1S
= |L0| − 1 = n− 1,! aL1S

L0
= 0. xS2j 4.4, )�:n QK[S] HQP(7 {L1S , L0} 
�., ! QK[S] bI:H:mu4�.u L0 HQPD�.u L1S HQPH n− 1 t:m. 12

CK[S] =

(
1 0

n− 1 1

)
.12 CK[S] HZ:bS[TJ= 1, 12 A H1A�tBJ= 1. ID�2j 4.5, FD

K[S] F�=H. PF)t�Y, 9=xS2j 2.1(ii), : radK[S] 6= 0. wd, : S F)t�r.8� 4.7 9 S F)t:�>��(. 49 S = {x1, x2, · · · , xn}. 0	W=Z:H
1 6 j 6 n,

Sxj ⊆ {xj , xj−1, · · · , x2, x1} (4.1)F(mH, �� K[S] F)t��:Q.< ��V
 K[S] F)tT:��v (Σ, C,M, δ) H��:Q, �b
(i) Σ = {λ1, · · · , λn} F)t��(, �t λi < λj A!IA i < j;

(ii) {Mi | 1 6 i 6 n} F)uW�, !W=�)t 1 6 i 6 n, M(λi) = Mi !
Cλi

MiMi
= xi;

(iii) δ F K[S] 5H=y68.E?5, {Cλi

MiMi
| 1 6 i 6 n}F K[S]H)t K-#, �!9= S F)t>��(, δ F

K[S] 5H)tW�. =F^�T
 K[S] �tR0 2.1(C3). u2, y u =
n∑

i=1

kixi ∈ K[S],!y j ∈ {1, · · · , n}, L uC
λj

MjMj
=

n∑
i=1

kixi · C
λj

MjMj
=
∑
i>j

kixixj +
∑
i<j

kixixj . k7 (4.1) -*�( S H>��\X,
∑
i>j

kixixj ∈
j∑

u=1
Kxu, !W�)t i < j, xixj = xjxi ∈

i∑
v=1

Kxv.P%PFD
uC

λj

MjMj
= ℓjC

λj

MjMj
+
∑

t<j

ℓtC
λt

MtMt
,�bW=�)t h ∈ {1, 2, · · · , j},

ℓh =





∑
xixj=xh

ki, 0	 {i | ki 6= 0 ! xixj = xh} 6= ∅,

0, hL,k/D ℓj ��+e=Mj,!W=-/H t < j, λt < λj (m,�: K[S]�tR0 2.1(C3)._2PV
q K[S] F)t�=��v (Σ, C,M, δ) H��:Q.��HD	
}q)t��3w�(:QHJ5℄�.�� 4.2 9 T ∈ T3, L K[T ] F��HA!IA T F>�H.



4 � 05< ~#g 4x�);R 395< uqVR3w�(:QH���, � T3 bH 24 t�(:Qf( 6 e#`
Yz. �� 1 K[T1], K[T2], K[T5], K[T6], K[T7], K[T8] � K[T17]. k/DP 7 t�(:QTF>�H. 9 i ∈ {1, 2, 5, 6}, ��V
 K[Ti] F)t��:Q. E?5, 0	7 ai, bi �
ci f�d� x1, x2 � x3, ��k72j 4.7, P�FD�&HD	. gUM, K[T17] F��H, 0	7 a17, c17 � b17 
f�d� x1, x2 � x3, I372j 4.7, ��Yz K[T7] H���. u2,

(i) 9 Σ = {λ1, λ2, λ3} F)t�t λ1 < λ2 < λ3 H��(;

(ii) 9 {Mi | 1 6 i 6 3} F)uW�, !W= 1 6 i 6 3, y M(λi) = Mi;

(iii) 9 Cλ1

M1M1
= a+ c, Cλ2

M2M2
= a � Cλ3

M3M3
= b+ c;

(iv) 9 π F K[T7] 5H=y68.V" K[T7] F)t�=��v (Σ, C,M, π) H��:Q. E?5, K[T7] �*�tR0
2.1(C1) � (C2). �Jy u = k1a+ k2b+ k3c ∈ K[T7], �b k1, k2, k3 ∈ K, L

uCλ1

M1M1
= (k1a+ k2b+ k3c)(a+ c) = (k1 + k2 + k3)(a+ c) = (k1 + k2 + k3)C

λ1

M1M1
,': uCλ2

M2M2
= (k1 + k2 − k3)C

λ2

M2M2
+ k3C

λ1

M1M1
-* uCλ3

M3M3
= (k1 + k2 + k3)C

λ1

M1M1
. k/D k1 + k2 + k3 (!N, k1 + k2 − k3) ��+e= M1 (!N M2). 'k/D λ1 < λ2 -* λ1 < λ3, =F K[T7] �t (C3), 12 K[T7] F)t�=��v (Σ, C,M, π) H��:Q. ID�2j 3.2(iv), p, K[T8] 'F)t��:Q.�� 2 K[T3], K[T ∗

3 ], K[T4] � K[T ∗
4 ]. 1u K[T3] ≇ K[T ∗

3 ], xS2j 4.3, K[T3] �
K[T ∗

3 ] T�F��:Q. 9= T4 F)t�t |T4| = 3 > 2 Hxv8, xSp| 4.2, K[T4]�F)t��:Q. W�M, K[T ∗
4 ] '�F��H.�� 3 K[T9], K[T ∗

9 ],K[T10],K[T ∗
10],K[T11] � K[T ∗

11]. V
 K[T ∗
9 ], K[T10], K[T ∗

10],

K[T11] � K[T ∗
11] �F��H. E?5, xS2j 3.2(v)–(vii), ^�&V
 K[T9] �F)t��:Q. k7aV_, 49 K[T9] F)t- (Λ,M,C, δ) u��vH��:Q, L/.$V K[T 1

9 ] F)t- (Γ, N,D, i) u��vH��:Q, �b
(i) 9 λ0 F)tW�, !9 Γ = Λ ∪ λ0 F)t��(, �t λ0 > λ, �b λ ∈ Λ;

(ii)9N(λ0) = U0,�b U0 /∈ {N(λ) | λ ∈ Λ},�!,W�)t λ ∈ Λ,9 N(λ) = M(λ);

(iii) 9 Dλ0

U0U0
= 1T , �b 1T F T 1

9 H=yD, !9 Dλ
W,Z = Cλ

W,Z , �b λ ∈ Λ �
W,Z ∈ M(λ);

(iv) 9 i F)t K-��68, �t i(Dλ0

U0U0
) = Dλ0

U0U0
, !W λ ∈ Λ ? W,Z ∈ M(λ),�t i(Dλ

W,Z) = δ(Cλ
W,Z), L i F K[T 1

9 ] 5H)tW�.xS2j 4.1, QK[T9]1
∼= A1 ∪ A2, L CK[T9]1 =

(
1 0 0
0 1 0
0 1 1

) F K[T9]
1 H1ARR, �b

1 F K H=yD. 12 CK[T9]1 HZ:bS[TJ= 1, 12 CK[T9]1 = 1. xS2j 4.5,

K[T9]
1 F�=H. ?F, xS2j 4.1, '�FD radK[T9]

1 6= 0, Z-49�(m, =F
K[T9] �F)t��:Q.�� 4 K[T12]�K[T13]. xS� 1, K[T12]F�=H,12℄F��H.gUM, K[T13]F��H.�� 5 K[T14], K[T15] � K[T16]. 9 T ′

16 = {a16, c16}, L K[T16] ∼= K[T ′
16]

1. 0	\-V
 K[T ′
16] F��H, ��k7�#` 3 bi%H|V, \-FD K[T16] F��H.��V
 K[T ′
16] F��H. k/D T ′

16 F)tBQu\H��(. :oe#`�&Yz.
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16] F�=H, 12℄F��H. 2 p = 2, L K[T ′

16]
∼= K[x]/(x2), �b

K[x] F K 5�=�p x HZ	B:Q, 12 K[T ′
16] F��H. 9i%H|V, '\-V
 K[T14]'F��H, 9= T14 F)tBQu 3H��(, xSRj 3.1, K[T15] ∼= K[T16],92FD K[T15] F)t��:Q.�� 6 K[T18]. k/D T18 F)t��=yDHxUL8,! |T18/D| = 2. 372j

4.6, FD K[T18] �F��H.���
, p, K[T1], K[T2], K[T5], K[T6], K[T7], K[T8], K[T12], K[T13], K[T14],

K[T15], K[T16] � K[T17] FZ:H��3w�(:Q. 'k/DP 12 t�(:QH#/�(TF>�H. wd, )t3w�(:QF��HA!IA℄F>�H.��HD	v,\w�(:QH���, i~g-*�C�.8� 4.8 9 K F)tbSu p H:Q�B, L
(i) {K[U1]}, {K[U2]} � {K[U∗

2 ]} F KT2 bH 3 ti~g, {K[U3],K[U4]} F KT2 bH)ti~gA!IA p 6= 2;

(ii) 9 U ∈ T2, L K[U ] F��HA!IA U F>�H;

(iii) Z:H\w�(:QTF�C:�H.< (i) 1u U1 F)tv�(, Z- {K[U1]} F KT2 bH)ti~g. k/D U2 �
U∗
2 T���=yD, ! U3 � U4 T��)t=yD. zK)�, 9= U2 F)txv�(, k72j 3.1, K[U2] ≇ K[U∗

2 ]. =F {K[U2]} � {K[U∗
2 ]} F KT2 bHoti~g. ��VR K[U3] � K[U4] Fhui~H. /.$V K[U3] F)t�=:Q! {a3,−a3 + b3}F℄H)v�FU>�JDHs&(, '\-$V K[U4] F�=HA!IA p 6= 2. 12, 2 p = 2, L {K[U3]} � {K[U4]} F KT2 bHoti~g. �J49 p 6= 2, L68

ϕ : K[U3] → K[U4], a3 7→ 1
2a4 +

1
2b4, b3 7→ a4, F)t:Qi~, =F {K[U3],K[U4]} F

KT2 bH)ti~g. ��FD K[U3] ∼= K[U4] A!IA p 6= 2. (i) HV
s(q.

(ii) xS2j 4.7, K[U1] F��H. k7 (i) �2j 4.3, K[U2] � K[U∗
2 ] T�F��:Q. [!, 9= K[U3] F�=H, FD K[U3] F)t��:Q. 2 p 6= 2, xS (i),

K[U3] ∼= K[U4], Z- K[U4] F��H. 2 p = 2, L {a} F K[U4] bHt)�JD, !
radK[U4] = K(a + b), rad2 K[U4] = 0. =F a radK[U4]/rad

2 K[U4] a = K(a + b), 12
K[U4] H:F:nu C(1, 2). k72j 4.1 � Rj 4.1 \X, K[U4] F��H. 12)t\w�(:Q�F��HA!IA℄i~= K[U2] ! K[U∗

2 ], !N, A!IA℄F>�H.P%PV
q (ii).

(iii) k/D U1
1
∼= T17, U

1
2
∼= T18, U

1
3
∼= T13 -* U1

4
∼= T16. xSRj 4.1 \X, Z:H\w�(:QTF�C:�H.?1 p�:q,
}H	��m/8.� � � � - � /
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Abstract In this paper, the authors provide the idempotent sets and Jacobson radicals of all

three dimensional semigroup algebras, and then classify these algebras up to isomorphism,

where the results depend on the characteristic of the ground algebraically closed field. Then

the representation type of these semigroup algebras are investigated by computing certain

quivers. The authors also prove that a three (resp., two) dimensional semigroup algebra is

cellular if and only if it is commutative. As a by-product, it is showed that the semigroup

algebra of a left zero band is cellular if and only if it is a semilattice.
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