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70 �;Q A z 41 �}VjG�<�(, j�I�rQ(o�� “nϕ y�pQ�-”.���B�<�Dirichlet)�r-h
_�,�℄��_�
R(�5,P�7Dirich-

let)�rh
_�-B.&l. ��x=�?-BNJN,P�7#�YSj-#��"_�
�#�YSj-�"_�y Dirichlet )�rh
_�-�^&l. �D-�?
G, g�#�YSj-�"_�y Dirichlet )�r-h
_�, aVnOyQ( Blaschkew-���. %8U#��"_�,�, gVy Dirichlet )�r-h
_�&X�&
yBN#�^Ll-���, fB�?y�^��U Hardy )� [1] 
 Bergman )� [6]r-*J�?.&FP���rN*-B.�b.n D y�#�YS. dA 
x D j-hYnFw�5. P D jA���
D(f) =

∫

D

|f ′|2dA <∞-�"_� f T�-)��� Dirichlet )�.

D r_� f EVf&=�:

‖f‖ = (|f(0)|2 +D(f))
1

2 .`�=�&, D yBN Hilbert )�, *J-Nw3F�
〈f, g〉 = f(0)g(0) +

∫

D

f ′(z)g′(z)dA(z), f, g ∈ D.�
D0 = {f ∈ D : f(0) = 0}.�D{E*, g ϕ y D r-h
_�, a ϕ ∈ D0, Xh
_�-���pyh
_�. H�n7!= D j-�U D0 r-�"�Llyh
_�-&l}%.n ϕ y D -BN�"�Ll, ϕ -��_� nϕ 3Ff&: 8dE w ∈ D, nϕ(w) /U{f {z ∈ D : ϕ(z) = w} -t�. &FyW��_�QV-6N���?, �D�`hFN*.5" 1.1 n ϕ y D j-�"�Ll,g u : D → [0,+∞) yBN Borel%�_�, aQ

∫

D

u(ϕ(z))|ϕ′(z)|2dA(z) =

∫

D

u(w)nϕ(w)dA(w).5" 1.2 n ϕ y D j-�"�Ll, ϕ ∈ D &X�& nϕ ∈ L1(D).n f y D j-BN_�. g8U~i���Q- r ∈ [0, 1) D|~i���Q-
θ ∈ [0, 2π], Q f(reiθ) = f(r), a� f y�p�,-. n µ y D j-BN Borel �5. g8
D r-dE%�{ E D|dE- θ ∈ [0, 2π], Q µ(eiθE) = µ(E), a� µ y�,-.
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2 ;��', �'�'87

��Æ�℄ ϕ -��_� nϕ 
R(_� µϕ P� ϕ y Dirichlet )�rh
_�-&l. &F-�?\27� [7, 3. 2.1] r-(o��, �;�X7G�?.�" 2.1 n ϕ y D j-�"�LlX ϕ ∈ D0, ϕ y D r-h
_�, &X�& nϕy�p�,-.< H� ϕ ∈ D, PI. 1.2, nϕ ∈ L1(D). _P Fubini 3.k, 8U~i���Q-
r ∈ [0, 1), rnϕ(re

iθ) ∈ L1[0, 2π]. 8dEhg� k, <
ϕk(r) =

∫ 2π

0

eikθ rnϕ(re
iθ)dθ.8dEhg� n X n > k, PI. 1.1 ,,

〈ϕn, ϕn−k〉 = n(n− k)

∫

D

ϕ(z)n−1ϕ(z)
n−k−1

|ϕ′(z)|2dA(z)

= n(n− k)

∫

D

wn−1wn−k−1nϕ(w)dA(w)

=
n(n− k)

π

∫ 1

0

r2n−k−2

∫ 2π

0

eikθ rnϕ(re
iθ)dθdr

=
n(n− k)

π

∫ 1

0

r2n−2k−2rkϕk(r)dr. (2.1)n ϕ y D r-h
_�. } {ϕk : k = 1, 2, · · · } y D r-h
{. P (2.1) ,,

0 = 〈ϕn, ϕn−k〉 =
n(n− k)

π

∫ 1

0

r2n−2k−2rkϕk(r)dr.[ n = k + 1, aQ ∫ 1

0 r
kϕk(r)dr = 0, f
G rkϕk(r) ∈ L1[0, 1]. <
ρk(f) =

∫ 1

0

f(r)rkϕk(r)dr, ∀f ∈ C[0, 1],a ρk y C[0, 1] j-Q�)4?_. P (2.1) k, 8dEhg� n X n > k, Q
ρk(r

2n−2k−2) =

∫ 1

0

r2n−2k−2rkϕk(r)dr = 0.P� [8, 3. 15.26] k, {r2n−2k−2 : n > k} -)4�f` C[0, 1] ry�E-. H� ρk y
C[0, 1] j-:?_. �;8U~i���Q- r ∈ [0, 1], rkϕk(r) = 0. H;8U~i���Q- r ∈ [0, 1], ϕk(r) = 0. U8dEhg� k D|~i���Q- r ∈ [0, 1), Q

∫ 2π

0

eikθ rnϕ(re
iθ)dθ = 0. (2.2)jw6
�t[S�, �D,*, 8UdEA:g� k D|~i���Q- r ∈ [0, 1),

∫ 2π

0

eikθ rnϕ(re
iθ)dθ = 0. (2.3)P (2.3) ,, 8U~i���Q- θ ∈ [0, 2π], rnϕ(re

iθ) yBN��. �;8U~i���Q- θ ∈ [0, 2π], nϕ(re
iθ) ?y��, f
G nϕ y�p�,-.
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〈ϕn, ϕn−k〉 =

n(n− k)

π

∫ 2π

0

eikθdθ

∫ 1

0

r2n−k−1nϕ(re
iθ)dr = 0.H� ϕ y D r-h
_�.n ϕ y D j-BN�"�LlX ϕ ∈ D, a ϕ′ ∈ L2(D). ϕ -R(�5 µϕ 3F�

dµϕ(w) = dvϕ(ϕ
−1(w)),f/

dvϕ(z) = |ϕ′(z)|2dA(z).W� [3, I. 2.4] *�, &F-�?�℄R(�5P�7 D rh
_�-&l.�" 2.2 n ϕ y D j-�"�LlX ϕ ∈ D0, a ϕ y D r-h
_�, &X�&
µϕ y�,-.< n µϕ y�,-. 8dEhg� m,n X m 6= n, Q

〈ϕn, ϕm〉 = mn

∫

D

ϕ(z)n−1ϕ(z)
m−1

|ϕ′(z)|2dA(z)

= mn

∫

D

ϕ(z)n−1ϕ(z)
m−1

dvϕ(z)

= mn

∫

D

wn−1wm−1dvϕ(ϕ
−1(w))

= mn

∫

D

wn−1wm−1dµϕ(w)

= mn

∫ 2π

0

∫ 1

0

rm+n−2ei(n−m)θdµϕ(re
iθ).<

t = θ −
π

n−m
,a

〈ϕn, ϕm〉 = mn

∫ 2π

0

∫ 1

0

rm+n−2ei(n−m)t+iπdµϕ(re
i(t+ π

n−m
)).H� µϕ y�,-, a

〈ϕn, ϕm〉 = mn

∫ 2π

0

∫ 1

0

rm+n−2ei(n−m)t+iπdµϕ(re
it)

= −mn

∫ 2π

0

∫ 1

0

rm+n−2ei(n−m)tdµϕ(re
it)

= −〈ϕn, ϕm〉,f
G {ϕk : k = 1, 2, · · · } y D r-h
{. H� ϕ y D r-h
_�.;B�F, g ϕ y D r-h
_�, a8dEhg� m,n X m 6= n, Q
0 = 〈ϕn, ϕm〉 = mn

∫

D

zn−1zm−1dµϕ(z).
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P (z, z) =

∑

n,m

an,mz
nzm,a

∫

D

P (z, z)dµϕ(z) =

∫

D

∑

n

an,nr
2ndµϕ(z).8dEF� λ X |λ| = 1, Q

∫

D

P (λz, λz)dµϕ(z) =

∫

D

∑

n

an,nr
2ndµϕ(z).H�

∫

D

P (z, z)dµϕ(z) =

∫

D

P (λz, λz)dµϕ(z).H� {P (z, z)} ` C(D) r�E, �D8dE g ∈ C(D) |F� λ, |λ| = 1,
∫

D

g(λz)dµϕ(z) =

∫

D

g(z)dµϕ(z).}
∫

D

g(z)dµϕ(λz) =

∫

D

g(z)dµϕ(z).H� µϕ y�,-.

3 D %��.�'� D %��4�.�'�Æ�DJN3. 2.1 &l` Dirichlet )�r, sd` D j�"-, sd` D j#��"-h
_�. �Æx=�?-jG7=N*&F-I., V�+,[U� [6, 3.
3.2].5" 3.1 n ϕ y D j-�"_�X ϕ(0) = 0, ‖ϕ‖∞ = 1. g nϕ y�p�,-, aQ&F-�?:

(a) ϕ yBN^Ll, }{f D \ ϕ(D) -Fw�5�:;

(b) g ϕ y` D j�", a ϕ yBNQ( Blaschke w.< (a) H� ϕ(0) = 0 X ‖ϕ‖∞ = 1, �D8dE r ∈ [0, 1),  ` ω ∈ ϕ(D), v,
|ω| = r. H� ϕ(D) y�{X nϕ y�p�,-, �D8~i���Q- r ∈ [0, 1), nϕ `Y℄ Cr = {reiθ : θ ∈ [0, 2π]} jy�p��. H� Cr \ ϕ(D) yBN θ- :�{. U D \ ϕ(D)-Fw�5y:.

(b) < E = D \ ϕ(D). P (a) ,, E -Fw�5y:. H�
∂D ⊂ D = ϕ(D) ∪E = ϕ(D).
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ϕ(D) ⊂ ϕ(D) = ϕ(D),�D ∂D ⊂ ϕ(D). Px!J3.,, ∂D ⊂ ϕ(∂D). <
ψ(z) = ϕ(z)ϕ

(1

z

)

,a ψ `�^ ∂D -KNYoN�". P ∂D ⊂ ϕ(∂D),  ` Z:1 z ∈ ∂D, v,
|ϕ(z)| = 1,

∣

∣

∣
ϕ
(1

z

)
∣

∣

∣
= 1.H� |ψ(z)| = 1. �;`G�Yor, |ψ(z)| = 1. f
G ϕ yN_�. TH� ϕ ∈ C(D), ϕB3yBNQ( Blaschke w.�" 3.1 n ϕ y D j-�"_�X ϕ(0) = 0, ϕ y D r-h
_�, &X�& ϕyBNQ( Blaschke w-���.< H� ϕ ` D j�", ϕ ∈ D ∩H∞. �sB�4, n ‖ϕ‖∞ = 1.	=4P3. 2.1 
I. 3.1(b) %,. &FP��B4-jG.n ϕ(z) = λB(z), Vr λ yBN��, B(z) yBN k 
Q( Blaschke w. u�vk,` D r, nB ≡ k. P3. 2.1 k, B(z) y D r-h
_�. H� ϕ y D r-h
_�.�" 3.2 n ϕ y D j-#��"�LlX ϕ(0) = 0, ϕ y D r-h
_�, &X�& ϕ yBN^Ll-���.< H� ϕ y#�-, U& w ∈ ϕ(D) t, nϕ(w) = 1; & w ∈ D \ ϕ(D) t, nϕ(w) = 0.PI. 1.2 ,, ϕ ∈ D ∩H∞.	=4P3. 2.1 
I. 3.1(a) %,. &FP��B4-jG.8dEhg� n,m X n 6= m, PI. 1.1 D|�n�� “D \ ϕ(D) -Fw�5�:”,,

〈ϕn, ϕm〉 = mn

∫

D

ϕ(z)n−1ϕ(z)
m−1

|ϕ′(z)|2dA(z)

= mn

∫

D

wn−1wm−1nϕ(w)dA(w)

= mn

∫

ϕ(D)

wn−1wm−1dA(w)

= mn

∫

D

wn−1wm−1dA(w)

= 0.H� ϕ y D r-h
_�.B 3.1 n E y D rQ(s%��k�*
j7-�, X 0 ∈ D \ E. P Riemann Ll3.,  ` D * D \E j-#��"_� ϕ0. �B�, �D%D9[ D - Mobius �q
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B, v, ϕ(0) = ϕ0(B(0)) = 0. ϕ y D j-BN#��"^LlX ϕ(0) = 0. P3. 3.2k, ϕ y D r-h
_�. % ϕ �yBNQ( Blaschke w.`�Æ�h, �Dm� D rh
_�W D j/�Ff�~l�-3%. n ϕ y D -BN�"�Ll. P ϕ 3F- D j-Ff�~f&:

Cϕf = f ◦ ϕ, f ∈ D.� [9] r-x=3.
G D j-Ff�~ Cϕ y/�-, &X�& ϕ y D j-BN#��"^LlX ϕ(0) = 0. �f3. 3.2, �D,*&F-�?.+# 3.1 n ϕ y D -BN�"�Ll. D j-Ff�~ Cϕ y/�-, &X�& ϕy D r-BN#�h
_�X ‖ϕ‖∞ = 1.>1 pL|�
�y8��Æ�7A�a-5HE�, �d`�
xt1K/.	���,�/
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Abstract This paper focuses on orthogonal functions in the Dirichlet space. The authors

show that an analytic self-map of the unit disk is orthogonal in the Dirichlet space if and only

if the corresponding counting function is essential radial, and if and only if the corresponding

induced measure is radial. As an application, the authors completely characterize orthogonal

functions analytic in a neighborhood of the closed unit disk or univalent in the unit disk.
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