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1 u�p� G -pBn, p -��. E Irr(G) - G =l$�2{��=�v, Irrp′(G) -|��v�= p′-/�2{��. �W= McKay �G�!, |Irrp′(G)| = |Irrp′(NG(P ))|, d� P - G = Sylowp-"nh NG(P ) - P =	j}". 6 G �2�n�, Z5"d%�U. "℄7, ~IT2�n=Z&�b^�^= �7#t Isaacs, Malle t Navarro. �Q~3 [1] �!'3n=r8 McKay &�, ��Uxo�p=T��3nM%Z&�,��G"=. Zg, wL3nd%
\�M%r8 McKay &�, <xD{3n��0ne��V Lie P3n (� [2–5]). (", Malle t Späth ~3 [6] �<9�4=�o, �Q�UA6 p = 2 �,McKay �G"=.�3�^/�)p�} p′-/TDT�2{��=T2�n G, ~<9n�gSS=N;x, \�A McKay �GIt*8n"=. � Irr1(G, p′) - Irr(G, p′) �=TDT��, cd1(G, p′) = {χ(1) | χ ∈ Irr1(G, p′)}. xo |Irr1(G, p′)| = 0, !n G - Thompsonn. b(3 [7, X" 25.9] �dxS=K�2Æ, Thompson n,-2�n. Kazarin t
Berkovich~3 [8] ��UAxon G M% |Irr1(G, p′)| = 1, � G -2�n. j*, 7Q/HM% |Irr1(G, p′)| = 2 =T2�n G, 	3 [8] �=Z&5" 3.��, 7Q/HM%|�&�=3n, <9x>�o.?U 1.1 xoT��3n S M% |Irr1(S, p′)| = 2, � p = 3 h S ∼= PSL2(5) �
PSL2(7).�4 2018 ^ 5 } 25 vÆ:.
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40 �X^- A � 41 +~|�D:=�)|, 2e\� McKay �GIt�3�Z&=T2�n"=.?U 1.2 McKay �GIM% |Irr1(G, p′)| = 2 =T2�n G "=. b�, 7Q~IM%|�&�=n S=�=V:x, <9An�g$m=4{.?U 1.3 xo G -M% |Irr1(G, p′)| = 2 =T2�nh p -e��, � p = 3 h
G ∼= PSL2(7) �.~b^	j 2-"n N , M% G/N ∼= PSL2(5).� C(n) - n �Y~n, E(pn) - pn �&?�� p-n, ES(m, p) - p1+2m � ��
p-n, Q(8) -�x�n, (A,B) - Frobenius n, d� B -s, A -�, G(n) - G = n-,�2"n.

2 �.G�xoTY�� α1, α2, · · · , αk M% α1+α2+· · ·+αk = nh α1 > α2 > · · · > αk,�!��' [α] = (α1, α2, · · · , αk) - n =b^|V, αi - α =�V. E mi = |{r ∈ {1, 2, · · · , k} |
αr = i}|, � α 2�* α = (nmn , (n− 1)mn−1 , · · · , 1m1). ���, 6 mi = 0 �, 2e� imi�J. Itug=|V [α], .~b^vdFi= n =|V [α]∗: n = α∗

1 +α∗
2 + · · ·+α∗

s , d� α∗
1 = k h α∗

i = |{j ∈ N | αj > i}|. xo [α] = [α]∗, !|V [α] �#Fi=. >S�~b^I!n�
:K�=���o[9].tU 2.1 I!n Sn =�p�2{�
v n =�p|VbbIm. � [α] - n =b^|V, χ = χ[α] - Sn =Imt [α] =�2{��, �>C�K"=:

(i)

χ(1) =
n!

∏

(i,j)

h(i, j)
,d� h(i, j) � (i, j)-hook �.

(ii) xo [α] 6= [α]∗, � χAn
∈ Irr(An).

(iii) xo [α] �#Fi=, � χAn
= γ1 + γ2, d� γ1, γ2 � An =)pF)/�=yi�2{��.tU 2.2 [10, *L11.29] � N E G, χ ∈ Irr(G) h θ - χN =b^�2{"V, �

χ(1)/θ(1) �( |G : N |.�>77Q�~
^T��3n=�2{��2e6%9d#)gn|=�o.tU 2.3 [11, E;3, E;4] xoT��3n S �� Lie P3n, � S �.~?^2e6%9 Aut(S) |=/�y�=TDT�2{��.tU 2.4 � S �Dh��- p =T�� Lie P3n, � St - S = Steinberg ��, � St 2e6%� Aut(S) �hd/�- |S|p.



1  F�℄ G$p �b *q�_ p′ 1UEU�3| �Æ>U3�p 41~ St 2e6%=T�� Schmid =�o (� [12–13]),d/�e	�/3 [14] �=D: 6.4.7.tU 2.5 [11, l;5] � N = S1 × · · · × St � G =b^�K	j"n, d� Si
∼= S, S-b^T��3n, i = 1, · · · , t. E A - S =#)gn. xo σ ∈ Irr(S) 2e6%� A,� σ × · · · × σ ∈ Irr(N) 2e6%� G.xopBn=TDT�2{��^�w}, dn�g�T���.tU 2.6 [15−16] aDb^pBn G. xo |Irr1(G)| = 1, � G ∈ {ES(m, 2), (C(ln −

1), E(ln))}. xo |Irr1(G)| = 2, �
G ∈

{(

C
( ln − 1

2

)

, E(ln)
)

, (Q(8), E(9)), ES(m, 3)
}

,� G =�- 22m hM%>�&��b:

(i) |Z(G)| = 4, |G′| = 2;

(ii) |Z(G)| = 2, Z(G) � G′ h G/Z(G) ∼= (C(ln − 1), E(ln)).>S�~b^`H	j"n�W2�=D:.tU 2.7 � N EG, xo cd(G | N ′) = {χ(1) | χ ∈ Irr(G), N ′ * ker(χ)} �=Pb^�,
�� p �(, � N 2�h)p	j p-�.~ �3 [17] �=D: D.

3 OwK℄ p
′-h5Rya|1=:[��7Q�^/H)p?^ p′-/�2{��=3n. j- Lie P3n=R,��/�,
Dh���(, �e7QI*83n=Z&�^��t�3��.tU 3.1 � S �b^ Lie P3n, dDh�� p -e��, � |cd1(S, p′)| > 3, (T

S ∼= PSL2(5).~ �� q - p =SR.xo S ∼= PSL2(q), o3 [18] � 38 �=�oÆ cd(S) = {1, q − 1, q, q + 1, q+ε
2 }

(ε = (−1)
q−1
2 ), k:"=.xo S ∼= PSL3(q), o3 [19]Æ (q− 1)2(q+1), (q− 1)(q2+ q+1), (q+1)(q2+ q+1) ∈

cd(S), k:"=.xo S ∼= PSLl+1(q), l > 3. E G = PGLl+1(q), � |G : S| = d = (l + 1, q − 1). o3
[20] �k: 2.2 =�Uq$Æ, G p 3 ^�2{�� χ1, χ2, χ3, d/�V��:

χ1(1) = (q − 1)(q2 − 1)(q3 − 1) · · · (ql−1 − 1)(ql − 1),

χ2(1) = (q2 − 1)(q3 − 1) · · · (ql−1 − 1)(ql+1 − 1),

χ3(1) =
(q2 − 1)(q3 − 1) · · · (ql − 1)(ql+1 − 1)

(q2 − 1)(ql−1 − 1)
.



42 �X^- A � 41 +V�k (χ1)S , (χ2)S , (χ3)S =b^�2{V θ1 , θ2, θ3.ok: 2.2Æ θ1(1), θ2(1), θ3(1)-�)= p′-�, k:"=.xo S ∼= PSU3(q
2),� (q−1)(q+1)2, (q−1)(q2−q+1), (q+1)(q2−q+1) ∈ cd(S)[19],k:"=.xo S ∼= PSU4(3
2), p = 3. PU4(3

2) p 3 ^�2{�� χ1, χ2, χ3, d/�V�- 20, 70, 112[21]. V�k (χ1)S , (χ2)S , (χ3)S =b^�2{V θ1, θ2, θ3. ok: 2.2 Æ
θ1(1), θ2(1), θ3(1) -�)= p′-�, k:"=.xo S ∼= PSUl+1(q

2), d� l > 3h (l, q) 6= (3, 3). E G = PUl+1(q
2), � |G : S| = d =

(l + 1, q + 1). o3 [20] k: 2.3 =�Uq$Æ, G p 3 ^�2{�� χ1, χ2, χ3, M%:

χ1(1) = (q + 1)(q2 − 1)(q3 + 1) · · · (ql−1 − (−1)l−1)(ql − (−1)l),

χ2(1) = (q2 − 1)(q3 + 1) · · · (ql−1 − (−1)l−1)(ql+1 − (−1)l+1),

χ3(1) =
(q2 − 1)(q3 + 1) · · · (ql − (−1)l)(ql+1 − (−1)l+1)

(q2 − 1)(ql−1 − (−1)l−1)
.V�k (χ1)S , (χ2)S , (χ3)S =b^�2{V θ1, θ2, θ3,� θ1(1), θ2(1), θ3(1)-�)=

p′-�, k:"=.xo S ∼= PSp4(q), � (q2 − 1)2, (q − 1)(q2 + 1), (q + 1)(q2 + 1) ∈ cd(S)[22], k:"=.Itd�8P=CP3n, d��Pn=�3��/�~3 [23] A 8 ��dp4{. xo S - Bl(q) P, l > 3. � χ1 -Imt|VI λ = (1l), µ = (0), ξ(1) = (0),

η(1) = (l) = SO2l+1(q) =�3��, χ2 -Imt|VI λ = (1l−1), µ = (1l), ξ(1) = (0),

η(1) = (l−1), ζ(1) = (1)=�3��, χ3 -Imt|VI λ = (1l−1), µ = (1l), ξ(1) = (1),

η(1) = (l − 2), ζ(1) = (1) =�3��.xo S- Cl(q)P, l > 3. � χ1 -Imt|VI λ = (1l), µ = (0), ξ(1) = (0), η(1) = (l)= PCSp2l(q)=�3��, χ2 -Imt|VI λ = (1l), µ = (0), ξ(1) = (1), η(1) = (l−1)=�3��, χ3 -Imt|VI λ = (1l−2), µ = (2l), ξ(1) = (0), η(1) = (l−2), ζ(2) = (1),

ω(2) = (0) =�3��.xo S - Dl(q) P, l > 4. � χ1 -Imt|VI λ = (1l), µ = (0), ξ(1) = (0),

η(1) = (1, l − 1) = P(CO2l(q)
0) =�3��, χ2 -Imt|VI λ = (1l), µ = (0),

ξ(1) = (1), η(1) = (l−1)=�3��, χ3 -Imt|VI λ = (1l−2), µ = (2l), ξ(1) = (0),

η(1) = (l − 2), ζ(2) = (1), ω(2) = (0) =�3��.xo S - 2Dl(q
2), l > 4. � χ1 -Imt|VI λ = (1l), µ = (0), ξ(1) = (0),

η(1) = (1, l − 1) = P(CO
−
2l(q)

0) =�3��, χ2 -Imt|VI λ = (1l), µ = (0),

ξ(1) = (1), η(1) = (l − 1) =�3��, χ3 -Imt|VI λ = (1l−2), µ = (2l), ξ(1) = 0,

η(1) = (l − 2), ζ(2) = (1), ω(2) = (0) =�3��.



1  F�℄ G$p �b *q�_ p′ 1UEU�3| �Æ>U3�p 433 1 p f�sb}4o S ��Qo G 0� |G : S|

Bl(q), l > 3 G

χ1(1) =
(q2−1)(q4−1)···(q2(l−1)

−1)(q2l−1)

ql+1

χ2(1) =
(q2−1)(q4−1)···(q2(l−1)

−1)(q2l−1)

(q2−1)(ql−1+1)

χ3(1) =
(q2−1)(q4−1)···(q2(l−1)

−1)(q2l−1)

(q−1)(q2−1)(ql−2+1)

2

Cl(q), l > 3 G

χ1(1) =
(q2−1)(q4−1)···(q2(l−1)

−1)(q2l−1)

ql+1

χ2(1) =
(q2−1)(q4−1)···(q2(l−1)

−1)(q2l−1)

(q−1)(ql−1+1)

χ3(1) =
(q2−1)(q4−1)···(q2(l−1)

−1)(q2l−1)

(q2−1)2(ql−2+1)

2

Dl(q), l > 4 G

χ1(1) =
(q2−1)(q4−1)···(q2(l−1)

−1)(ql−1)

(q+1)(ql−1+1)

χ2(1) =
(q2−1)(q4−1)···(q2(l−1)

−1)(ql−1)

(q−1)(ql−1+1)

χ3(1) =
(q2−1)(q4−1)···(q2(l−1)

−1)(ql−1)

(q2−1)2(ql−2+1)

(4, ql − 1)

2Dl(q
2), l > 4 G

χ1(1) =
(q2−1)(q4−1)···(q2(l−1)

−1)(ql+1)

(q+1)(ql−1+1)

χ2(1) =
(q2−1)(q4−1)···(q2(l−1)

−1)(ql+1)

(q−1)(ql−1+1)

χ3(1) =
(q2−1)(q4−1)···(q2(l−1)

−1)(ql+1)

(q2−1)2(ql−2+1)

(4, ql + 1)

G2(q) G

(q2 + q + 1)(q2 − q + 1)

(q − 1)(q2 + q + 1)(q2 − q + 1)

(q + 1)(q2 + q + 1)(q2 − q + 1)

1

2G2(q
2) G

(q2 −
√
3q + 1)(q2 +

√
3q + 1)

(q − 1)(q + 1)(q2 + 1)(q2 −
√
3q + 1)

(q − 1)(q + 1)(q2 −
√
3q + 1)(q2 +

√
3q + 1)

1

F4(q) G

(q2 + q + 1)(q2 − q + 1)(q4 − q2 + 1)

(q − 1)(q2 + 1)(q4 + 1)(q2 + q + 1)(q2 − q + 1)(q4 − q2 + 1)

(q + 1)(q2 + 1)(q4 + 1)(q2 + q + 1)(q2 − q + 1)(q4 − q2 + 1)

1

3D4(q
3) G

Φ1Φ
2
3Φ6Φ12

Φ2Φ3Φ
2
6Φ12

Φ2Φ
2
6Φ12

1

E6(q) G

Φ2
3Φ6Φ9Φ12

Φ3Φ4Φ6Φ8Φ9Φ12

Φ1Φ3Φ4Φ6Φ8Φ9Φ12

(3, q − 1)

2E6(q
2) G

Φ3Φ
2
6Φ12Φ18

Φ3Φ4Φ6Φ8Φ12Φ18

Φ1Φ3Φ4Φ6Φ8Φ12Φ18

(3, q + 1)

E7(q) G

Φ3
1Φ3Φ5Φ7Φ9Φ14

Φ3
2Φ6Φ7Φ10Φ14Φ18

Φ3Φ6Φ7Φ9Φ12Φ14Φ18

(2, q − 1)

E8(q) G

Φ3Φ
2
4Φ5Φ6Φ8Φ10Φ12Φ15Φ20Φ24Φ30

Φ1Φ3Φ
2
4Φ5Φ6Φ8Φ10Φ12Φ15Φ20Φ24Φ30

Φ2Φ3Φ
2
4Φ5Φ6Φ8Φ10Φ12Φ15Φ20Φ24Φ30

1



44 �X^- A � 41 +It|S 4 �8P=CPn, χ1, χ2, χ3 =/��� 1. xo S -<+P= Lie P3n, o3 [21, 24] Æ.~ χ1, χ2, χ3 ∈ Irr(G)(/��� 1 ). V�k (χ1)S , (χ2)S , (χ3)S =b^�2{V θ1, θ2, θ3. wf\� θ1(1), θ2(1), θ3(1) -�)= p′-�, k:"=.tU 3.2 xo p - G T��3n=�j", � Irr1(G, p′) ��}p?^/��)=�2{��.~ �3 [8] �=D: B.?U 1.1 ;~X ��7Q�U p �e��. xo p = 2 h |Irr1(S, 2′)| = 2. E
Irr1(S, 2

′) = {χ1, χ2},� |S| = 1+(χ1(1))
2+(χ2(1))

2+
∑

β∈Irr1(S,2)

(β(1))2. j- |S| ≡ 0mod4,

(χ1(1))
2 ≡ 1mod 4 h (χ2(1))

2 ≡ 1mod4, <9OK. j* p -e��.xo S �D{3n, o3 [25] ÆX""=.xo S ��0n An. j- A5
∼= PSL2(5), 7Q2e�� n > 6. E χ1, χ2, χ3, χ4, χ5,

χ6, χ7 - Sn =Imt|V (n−1, 1), (n−2, 2), (n−2, 12), (n−3, 3), (n−3, 13), (n−3, 2, 1),

(n − 4, 2, 12) =�2{��. ok: 2.1 2Æ: χ1(1) = n − 1, χ2(1) =
n(n−3)

2 , χ3(1) =
(n−1)(n−2)

2 , χ4(1) = n(n−1)(n−5)
6 , χ5(1) = (n−1)(n−2)(n−3)

6 , χ6(1) = n(n−2)(n−4)
3 , χ7(1) =

n(n−2)(n−3)(n−5)
8 .� np -	�� n = p-�V. xo n > 9, |�|VG�T#Fi=. ok: 2.1 Æ,

χi(1) ∈ cd(An). sj- (χ1(1), χ7(1))p = 1, (χ2(1), χ3(1)) = 1, (χ4(1), χ5(1), χ6(1)) = 1,�e6 n > 9 �, |Irr1(An, p
′)| > 3. �u= A6, A7, A8 2'q3 [25] ��\�.>S�� S � Lie P3n, dDh��-�� r. ok: 3.1 Æ r 6= p. -M Steinberg�� St ∈ Irr1(S, p

′).xo S ∼= PSL2(q). o3 [18] � 38 �=�KÆ, 6 q -_��, q + 1 /t q − 1 /��=��V�- q−2
2 t q

2 ; 6 q -e��, q + 1 /, q − 1 /t q+ε
2 (ε = (−1)

q−1
2 ) /��=��V�- i, j, 2, d� i �Kt?t q−3

2 =_�^�, j Kt?t q−1
2 =_�^�, � PSL2(q) p?^TDT p′-/�2{��6h�6 q = 4, 5, 7 h p = 3. j* p = 3h S ∼= PSL2(4) ∼= PSL2(5) � PSL2(7).xo S ∼= PSL3(q), � cd(S) =

{

1, q3, q(q+1), (q− 1)2(q+1), q(q2+ q+1), (q− 1)(q2+

q + 1), q2 + q + 1, (q + 1)(q2 + q + 1), (q+1)(q2+q+1)
3

}

[19], h6 q ≡ 1mod3 �, (xb^/�'A. y p ∤ (q2 + q + 1), � q3, q(q2 + q + 1), q2 + q + 1 - p′- �, 	 |Irr1(S, p′)| > 3, <9OK. >S2�� p | (q2 + q + 1). y p ∤ (q − 1), � q3, q(q + 1), (q − 1)2(q + 1) - p′-�,	 |Irr1(S, p′)| > 3, <9OK. y p | (q − 1), � p = 3. E q = 3k + 1, k -b^	��, �
q2 + q+1 = 9k2 +9k+3, �e q2+q+1

3 - 3′-�. j* q3, q(q+1), (q+1)(q2+q+1)
3 - p′-�, 	

|Irr1(S, p′)| > 3, <9OK.xo S ∼= PSL4(q), d��Pn- G ∼= PGL4(q). .~ 4 ^�2{�� χ1, χ2, χ3,

χ4 ∈ Irr(G) [21], /�V�- χ1(1) = q(q2 + q + 1), χ2(1) = (q + 1)(q2 + 1), χ3(1) =

(q2 + q + 1)(q − 1)2, χ4(1) = q2(q2 + 1). k (χi)S =b^�2{V θi(i = 1, 2, 3, 4). j-
|G : S| = (4, q − 1), θi =/�`�F). sj- (χ1(1), χ2(1)) = 1 h (χ3(1), χ4(1))p = 1,

θ1, θ2, θ3, θ4 ��}p?^ p′-/�2{��.  g9 Steinberg �� `� p′-/�2{



1  F�℄ G$p �b *q�_ p′ 1UEU�3| �Æ>U3�p 45��. j* |Irr1(S, p′)| > 3, <9OK.xo S ∼= PSL5(q), d��Pn- G ∼= PGL5(q). .~ 4 ^�2{�� χ1, χ2, χ3,

χ4 ∈ Irr(G)[21], /�V�- χ1(1) = q(q + 1)(q2 + q + 1), χ2(1) = q4 + q3 + q2 + q + 1,

χ3(1) = q2(q4 + q3 + q2 + q + 1), χ4(1) = q3(q2 + 1)(q2 + q + 1). k (χi)S =b^�2{V θi(i = 1, 2, 3, 4). j- |G : S| = (5, q− 1), θi =/�`�F). sj- (χ1(1), χ2(1)) = 1h (χ3(1), χ4(1))p = 1, )|2< |Irr1(S, p′)| > 3, <9OK.xo S ∼= PSLl+1(q), l > 5. b(3 [14] � 13.8 �=�oÆ, S =R,��2e
 l + 1 =|V α �4{. � χ1, χ2, χ3, χ4, χ5 V�-Imt|V (1, l), (2, l− 1), (1, 2, l−
2), (1, 1, l− 1), (1, 1, 2, l− 3) =R,��, d/�2�� 2.3 2 p 6^�sb}3n /�

PSLl+1(q), l > 6

χ1(1) =
q(ql−1)
q−1 , χ2(1) =

q2(ql+1−1)(ql−2−1)
(q−1)(q2−1)

χ3(1) =
q4(ql+1−1)(ql−1−1)(ql−3−1)

(q−1)2(q3−1)

χ4(1) =
q3(ql−1)(ql−1−1)

(q−1)(q2−1)

χ5(1) =
q7(ql+1−1)(ql−1−1)(ql−2−1)(ql−4−1)

(q−1)2(q2−1)(q4−1)

PSUl+1(q
2), l > 6

χ1(1) =
q(ql−(−1)l)

q+1 , χ2(1) =
q2(ql+1−(−1)l+1)(ql−2−(−1)l−2)

(q+1)(q2−1)

χ3(1) =
q3(ql−(−1)l)(ql−1−(−1)l−1)

(q+1)(q2−1)

χ4(1) =
q4(ql+1−(−1)l+1)(ql−1−(−1)l−1)(ql−3−(−1)l−3)

(q+1)2(q3+1)

χ5(1) =
q7(ql+1−(−1)l+1)(ql−1−(−1)l−1)(ql−2−(−1)l−2)(ql−4−(−1)l−4)

(q+1)2(q2−1)(q4−1)

Bl(q), l > 2
χ1(1) =

q(ql−1)(ql−1−1)
2(q+1) , χ2(1) =

q(ql+1)(ql−1+1)
2(q+1)

χ3(1) =
q(ql−1)(ql−1+1)

2(q−1) , χ4(1) =
q(ql+1)(ql−1−1)

2(q−1)

Dl(q), l > 4

χ1(1) =
q(ql−1)(ql−2+1)

q2−1 , χ2(1) =
q2(ql−1−1)(ql−1+1)

q2−1

χ3(1) =
q3(ql−1)(ql−1−1)(ql−2+1)(ql−3+1)

2(q2−1)2

χ4(1) =
q6(ql−1−1)(ql−2−1)(ql−1+1)(ql−2+1)

(q2−1)(q4−1)

χ5(1) =
q3(ql−1)(ql−2−1)(ql−1+1)(ql−3+1)

2(q2+1)(q−1)2

2Dl(q), l > 4

χ1(1) =
q(ql+1)(ql−2−1)

q2−1 , χ2(1) =
q2(ql−1−1)(ql−1+1)

q2−1

χ3(1) =
q3(ql+1)(ql−1−1)(ql−2+1)(ql−3−1)

2(q−1)2(q2+1)

χ4(1) =
q6(ql−1−1)(ql−2−1)(ql−1+1)(ql−2+1)

(q2−1)(q4−1)

χ5(1) =
q3(ql+1)(ql−2−1)(ql−1+1)(ql−3−1)

2(q2−1)2� a = (ql+1−1)(ql−1−1)(ql−3−1)
(q−1)3 , b = (ql+1−1)(ql−1−1)(ql−2−1)(ql−4−1)

(q−1)4 , � χ3(1) | a h
χ5(1) | b. wf\� ( q

l−1
q−1 , a, b) = 1, j* (χ1(1), χ3(1), χ5(1))p = 1, (χ2(1), χ4(1))p =

1, |Irr1(S, p′)| > 3. <9OK.xo S ∼= PSU3(q
2),� cd(S) =

{

1, q3, q(q−1), (q−1)(q+1)2, q(q2−q+1), (q−1)(q2−
q+1), q2 − q+1, (q+1)(q2 − q+1), (q−1)(q2−q+1)

3

}

[19] h�p6 q ≡ −1mod3 �(xb^/�.~. xo p ∤ (q2− q+1), � q3, q(q2 − q+1), q2− q+1- p′-�, -M |Irr1(S, p′)| > 3.j*7Q�� p | (q2 − q+1). xo p ∤ (q+1), � q3, q(q− 1), (q− 1)(q+1)2 - p′-�, -M
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|Irr1(S, p′)| > 3. xo p | (q + 1), � p = 3 h q ≡ −1mod3. *� q3, q(q − 1), (q−1)(q2−q+1)

3- p′-�, -M |Irr1(S, p′)| > 3, <9OK.xo S ∼= PSU4(q
2), d��Pn- G ∼= PGU4(q

2). .~ 4^�2{�� χ1, χ2, χ3,

χ4 ∈ Irr(G) [21], /�V�- χ1(1) = q(q2 − q + 1), χ2(1) = (q − 1)(q2 + 1), χ3(1) =

(q2 − q+ 1)(q+ 1)2, χ4(1) = q2(q2 +1). k (χi)S =b^�2{V θi (i = 1, 2, 3, 4). j-
|G : S| = (4, q + 1), θi =/�`�F). sj- (χ1(1), χ2(1)) = 1 h (χ3(1), χ4(1))p = 1,�e |Irr1(S, p′)| > 3, <9OK.xo S ∼= PSU5(q

2), d��Pn- G ∼= PGU5(q
2). .~ 4^�2{�� χ1, χ2, χ3,

χ4 ∈ Irr(G)[21], /�V�- χ1(1) = q(q − 1)(q2 + 1), χ2(1) = q4 − q3 + q2 − q + 1,

χ3(1) = q2(q4 − q3 + q2 − q + 1), χ4(1) = q3(q2 + 1)(q2 − q + 1). k (χi)S =b^�2{V θi(i = 1, 2, 3, 4). j- |G : S| = (5, q+1), θi =/�`�F). sj- (χ1(1), χ2(1)) = 1h (χ3(1), χ4(1))p = 1, �e |Irr1(S, p′)| > 3, <9OK.xo S ∼= PSUl+1(q
2), l > 5, � S =R,��2e
 l + 1 =|V α �4{. �

χ1, χ2, χ3, χ4, χ5 V�-Imt|V (1, l), (2, l− 1), (1, 1, l− 1), (1, 2, l− 2), (1, 1, 2, l− 3) =R,��, d/�2�� 2. j- (χ1(1), χ4(1), χ5(1))p = 1 h (χ2(1), χ3(1))p = 1, �e
|Irr1(S, p′)| > 3, <9OK.xo S ∼= Bl(q) � Cl(q), � S =R,��2e
R	- (

λ1, λ2, λ3, ··· , λa

µ1, µ2, µ3, ··· , µb

) =Xr�4{. � χ1, χ2, χ3, χ4 V�-ImtXr (

0 1 l
−

)

,
(

0 1
l

)

,
(

0 l
1

)

,
(

1 l
0

) =R,��, d/�2�� 2. j- (χ1(1), χ2(1))p = 1 h (χ3(1), χ4(1))p = 1, �e |Irr1(S, p′)| > 3, <9OK. xo S ∼= Dl(q), � S =R,��2e
R	- (

λ1, λ2, λ3, ··· , λa

µ1, µ2, µ3, ··· , µb

) =Xr�4{.� χ1, χ2, χ3, χ4, χ5 V�-ImtXr (

l−1
1

)

,
(

1 l
0 1

)

,
(

0 l−1
1 2

)

,
(

1 2 l
0 1 2

)

,
(

1 l−1
0 2

) =R,��,d/�2�� 2.>S7Q�U χ3(1), χ4(1) t χ5(1) =(1ej�� q =SR. �
a =

(ql − 1)(ql−1 − 1)(ql−2 + 1)(ql−3 + 1)

(q2 − 1)2
, b =

(ql−1 − 1)(ql−2 − 1)(ql−1 + 1)(ql−2 + 1)

(q2 − 1)2
,

c =
(ql − 1)(ql−2 − 1)(ql−1 + 1)(ql−3 + 1)

(q2 + 1)(q − 1)2
, d =

(ql−1 − 1)(ql−2 − 1)(ql−1 + 1)(ql−2 + 1)

(q2 + 1)(q − 1)2
,� χ3(1) =

q3·a
2 , χ4(1) =

q6·b
q2+1 = q6·d

(q+1)2 , χ5(1) =
q3·c
2 . wf\� a−b = ql−3· (q

l−1−1)(ql−2+1)
q−1 ,

c− d = ql−3 · (ql−2−1)(ql−1+1)
q−1 . j* (a, b, c, d) = (a, a− b, c, c− d) =

(

a, c, (ql−1−1)(ql−2+1)
q−1 ,

(ql−2−1)(ql−1+1)
q−1

)

=
(

a, c, (ql−1−1)(ql−2+1)
q−1 , 2

)

.y q -e�, � 2 | q + 1, 2 | q2 + 1 h (

a
2 ,

b
2 ,

c
2 ,

d
2

)

= 1. *� (χ3(1), χ4(1), χ5(1)) � q=SR. y q -_�, � (a, b, c, d) = 1. *� (χ3(1), χ4(1), χ5(1)) � q =SR.�e χ3, χ4 t χ5 ��}pb^� p′ /=. sj- (χ1(1), χ2(1))p = 1, χ1 t χ2 ��}pb^� p′ /=. j* |Irr1(S, p′)| > 3, <9OK.xo S ∼= 2Dl(q
2), � S =R,��2e
R	- (

λ1, λ2, λ3, ··· , λa

µ1, µ2, µ3, ··· , µb

) =Xr�4{.� χ1, χ2, χ3, χ4, χ5 V�-ImtXr (

1 l−1
−

)

,
(

0 1 l
1

)

,
(

0 2 l−1
1

)

,
(

0 1 2 l
1 2

)

,
(

1 2 l−1
0

) =R,��, d/�2�� 2. v S ∼= Dl(q) =j58�, 2e\� χ3(1), χ4(1) t χ5(1) =(1ej�� q =SR�h (χ1(1), χ2(1))p = 1. j* |Irr1(S, p′)| > 3, <9OK.



1  F�℄ G$p �b *q�_ p′ 1UEU�3| �Æ>U3�p 47xo S ∼= G2(q).  g9 p �e��. y p 6= 3, � (Φi,Φj)p = 1, i, j ∈ {1, 2, 3, 6}(Φi-VyLI	). q6,
qΦ2

1Φ6

6 ,
qΦ2

2Φ3

6 ,
qΦ2

1Φ3

2 ,
qΦ2

2Φ6

2 ∈ cd(S)[21]. wf\� ( qΦ2
1Φ6

6 ,
qΦ2

2Φ3

6

)

p
= 1t ( qΦ2

1Φ3

2 ,
qΦ2

2Φ6

2

)

p
= 1, -M |Irr1(S, p′)| > 3, <9OK. j* p = 3. y 3 ∤ Φ1Φ2, �

( qΦ2
1Φ6

6 ,
qΦ2

2Φ3

6

)

p
= 1 h ( qΦ2

1Φ3

2 ,
qΦ2

2Φ6

2

)

p
= 1, *� |Irr1(S, p′)| > 3. y 3 | Φ1, 	 3 | q − 1,� 3 ∤ Φ2 h 3 ∤ Φ6. j- q ≡ 1 � 4mod 6, Φ2Φ6, qΦ

2
2Φ6, q

3Φ2Φ6 ∈ cd(S, p′). y 3 | Φ2, 	
3 | q + 1, � 3 ∤ Φ1 h 3 ∤ Φ3. j- q ≡ 2 � 5mod6, Φ1Φ3, qΦ

2
1Φ3, q

3Φ1Φ3 ∈ cd(S, p′). *� |Irr1(S, p′)| > 3, <9OK.xo S ∼= 2G2(q
2), q2 = 32m+1. o3 [14] � 76 a=�o, |2G2(q

2)| = q6(q2 − 1)(q2 +

1)(q4 − q2 + 1). wf\� (q2 + 1, q2 − 1)p = 1, (q2 + 1, (q2 + 1−
√
3q)(q2 + 1+

√
3q)) = 1,

(q2 − 1, (q2 +1−
√
3q)(q2 +1+

√
3q)) = 1. y p | (q2 +1), � (q2 +1−

√
3q)(q2 +1+

√
3q),

√
3
6 q(q+1)(q−1)(q2+1−

√
3q),

√
3
6 q(q+1)(q−1)(q2+1+

√
3q) ∈ cd(S, p′)[21]. y p | (q2−1),� (q2+1−

√
3q)(q2+1+

√
3q), q2(q2+1−

√
3q)(q2+1+

√
3q), q6 ∈ cd(S, p′). y p | (q2+1−√

3q)(q2+1+
√
3q). j- (

√
3
6 q(q+1)(q−1)(q2+1−

√
3q),

√
3
6 q(q+1)(q−1)(q2+1+

√
3q))p = 1,

√
3
3 q(q + 1)(q − 1)(q2 + 1), q6 ∈ cd(S, p′). �e |Irr1(S, p′)| > 3, <9OK.xo S ∼= 3D4(q

3). wf\� (Φ1Φ2Φ3Φ6,Φ12) = 1. y p | Φ12, � q12,
q3Φ2

2Φ
2
6

2 ,
q3Φ2

1Φ
2
3

2 ∈ cd(S, p′)[24]. y p ∤ Φ12, � q12, qΦ12, q
7Φ12 ∈ cd(S, p′). j* |Irr1(S, p′)| > 3, <9OK.xo S ∼= 2B2(q

2), q2 = 22n+1. E r2 = 2q2, � (q4 +1, r(q
2−1)
2 ) = 1. o3 [21] Æ, S �.~?^/�- a =�2{��, a ∈ {q4 + 1, r(q

2−1)
2 }. j* |Irr1(S, p′)| > 3, <9OK.xo S ∼= 2F4(q

2), q2 = 22m+1. wf\� (Φ1Φ2,Φ12Φ24) = 1 h (Φ4Φ12,Φ8Φ24) = 1.y p | Φ1Φ2,� q24, q2Φ12Φ24, q
10Φ12Φ24 ∈ cd(S, p′)[21]. j* p ∤ Φ1Φ2. y p | Φ4Φ12,� q24,

q4Φ2
8Φ24

2 , q2Φ2
1Φ

2
2Φ

2
8Φ24 ∈ cd(S, p′). y p ∤ Φ4Φ12,� q24, 1√

2
qΦ1Φ2Φ

2
4Φ12,

1√
2
q13Φ1Φ2Φ

2
4Φ12 ∈

cd(S, p′). j* |Irr1(S, p′)| > 3, <9OK.xo S ∼= F4(q). wf\� (Φ3Φ6,Φ4Φ8) = 1 h (Φ1Φ3Φ8,Φ12) = 1. y p | Φ12, o3
[14]� 479a=�oÆ ϕ1,24, B2, 1t B2, ε ∈ Irr(S, p′). y p ∤ Φ12,� (φ9,2(1), φ

′
8,3(1))p = 1h (φ9,10(1), φ

′′
8,3(1))p = 1. j* |Irr1(S, p′)| > 3, <9OK.xo S ∼= E6(q). wf\� (Φ4Φ5Φ8Φ12,Φ9) = 1h (Φ3Φ6Φ9Φ12,Φ8) = 1. y p ∤ Φ8Φ9,� φ6,1, φ6,25, φ1,36 ∈ Irr(S, p′)[14]. y p | Φ8, � φ81,6, φ81,10, φ1,36 ∈ Irr(S, p′). y p | Φ9, �

φ20,2, φ20,20, φ1,36 ∈ Irr(S, p′). j* |Irr1(S, p′)| > 3, <9OK.xo S ∼= 2E6(q
2). wf\� (Φ3Φ6Φ12Φ18,Φ8) = 1 h (Φ4Φ8Φ10Φ12,Φ18) = 1. y

p ∤ Φ8Φ18, � φ′
2,4, φ

′′
2,16, φ1,24 ∈ Irr(S, p′)[14]. y p | Φ8, � φ′

9,6, φ
′′
9,6, φ1,24 ∈ Irr(S, p′). y

p | Φ18, � φ4,1, φ4,13, φ1,24 ∈ Irr(S, p′). j* |Irr1(S, p′)| > 3, <9OK.xo S ∼= E7(q). wf\� (Φ7Φ9Φ14Φ18,Φ12) = 1 h (Φ3Φ6Φ9Φ12Φ18,Φ7Φ14) = 1.y p ∤ Φ7Φ12Φ14, � φ7,1, φ7,46, φ1,63 ∈ Irr(S, p′)[14]. y p | Φ7Φ14, � φ27,2, φ27,37, φ1,63 ∈
Irr(S, p′). y p | Φ12, � φ21,3, φ21,36, φ1,63 ∈ Irr(S, p′). j* |Irr1(S, p′)| > 3, <9OK.xo S ∼= E8(q). wf\� (Φ4Φ8Φ12Φ24,Φ5Φ7Φ10Φ14Φ15Φ30) = 1 h (Φ3Φ6Φ7Φ9Φ12

Φ14Φ15Φ18Φ24Φ30,Φ20) = 1. y p ∤ Φ4Φ8Φ12Φ20Φ24, � φ8,1, φ8,91, φ1,120 ∈ Irr(S, p′)[14]. y
p | Φ20, � φ567,6, φ567,46, φ1,120 ∈ Irr(S, p′). y p ∤ Φ20 h p | Φ4Φ8Φ12Φ24, � φ35,2, φ35,74,

φ1,120 ∈ Irr(S, p′) . j* |Irr1(S, p′)| > 3, <9OK.
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4 OwK℄ p

′-h5Rya|1=DRM[��7Q�^/H)p?^ p′-/�2{��=T2�n.?U 4.1 xoT2�n G M% |Irr1(G, p′)| = 2, p �e��, � G = G′. xo N -
G =b^�1	j"n, � p = 3, G/N ∼= PSL2(q), d� q = 5 � 7, �h N -b^p	j 3-�=2�n.~ 7QnQ�O�U G = G′. �� G′ < G, 'q>S=��2e<9OK.>r7 �U p | |G| h p ∤ |G : G′|.xo p ∤ |G|, � Irr1(G) = Irr1(G, p′) h |cd(G)| 6 3. o3 [10] Æ, G -2�n, <9OK. y p | |G : G′|, � G �.~b^��- p =	j"n H . Wk χ ∈ Irr1(G, p′),� χH ∈ Irr(H) h (χH)G = χ1 + χ2 + · · · + χp, d� χ1 = χ h χi(1) = χ(1). j*
|Irr1(G, p′)| > p > 3, <9OK.>A7 �U G′′ = G′.xo G′′ < G′. j- G �T2�n, �e.~b^	�� m > 2 M% G(m+1) =

G(m) < G(m−1). k G =b^	j"n M M% M < G(m) h G(m)/M - G =�j", �
|Irr1(G/M, p′)| = 2. W� |Irr1(G/M, p′)| 6 1, -M G/M 2�, <9OK.oAb�Æ p ∤ |G : G′|, � Irr1(G/G′′) = Irr1(G/G′′, p′) h |Irr1(G/G′′)| 6 2. y
|Irr1(G/G′′)| = 2, �Iug= χ ∈ Irr1(G) − Irr1(G/G′′), p | χ(1). oD: 2.7 2<, G′2�, -M G 2�, <9OK. j* |Irr1(G/G′′)| = 1. ok: 2.6 2Æ, G/G′′ )gt
ES(m, 2) � (C(qn − 1), E(qn)).>S�U6 p ∤ |G : G′′| �, m > 3. W�2�� p ∤ |G : G′′| h m = 2, 	 G′′′ =

G′′ < G′. *� G′′/M � G/M =b^�K	j"n, j* G′′/M = S1 × S2 × · · · × St M% Si
∼= S -T��3n. j- |cd(G/G′′)| > 3, ok: 2.5 ÆItug p′-/�2{�� χ ∈ Irr(S), χ �\6%� Aut(S). ok: 2.3 tk: 2.4 Æ, PSL2(5) ≇ S �b^ LieP3n, dDh��- p. ok: 3.1 Æ, Irr(G′′/M) �.~ 3 ^/��)= p′-/��

θ1, θ2, θ3. Wk χ1 ∈ Irr(θG1 ), χ2 ∈ Irr(θG2 ), χ3 ∈ Irr(θG3 ), o Clifford :K2Æ χ1, χ2 t
χ3 ∈ Irr1(G, p′) h�Qy�F), <9OK. j*6 p ∤ |G : G′′| �, m > 3.xo p ∤ |G : G′′|, � G′′′ < G′′ h |Irr1(G/G′′′)| = |Irr1(G/G′′′, p′)| = 2. *�Iug=
χ ∈ Irr1(G) − Irr1(G/G′′′), p | χ(1). oD: 2.7 2<, G′′ 2�, -M G -2�n. <9OK. �e p | |G : G′′|. b(Ab�2< p ∤ |G/G′|, j* G/G′′ )gt (C(qn − 1), E(qn))h p = q. Wk χ ∈ Irr1(G/G′′), fÆ χG′ =�p�2{"V,-DT��. Wk
β ∈ Irr1(G

′, p′)(M%&�= β bD.~, W� G′ �b^ Thompson n, -M G′ 2�, <9OK), � βG′′ ∈ Irr(G′′) �hIug= λ ∈ Irr(G′/G′′), βλ ∈ Irr(G′). j* G′ �}p
pn ^/�F)=TDT�2{��. sj- |G : G′| = pn − 1 v p y�, �e G ~
{βλ|, λ ∈ Irr(G′/G′′)} |=f-*n�}p?^l;, -M�}p?^ p′-/�2{���~ Irr1(G/G′′, p′) �. j* |Irr1(G, p′)| > 3, <9OK. -M G′′ = G′.>\7 <9OK.Wk G =b^	j"n M M% M < G′ h G′/M - G =�j". oAN�Æ,

G′/M = S1 × S2 × · · · × St, d� Si
∼= S -T��3n. xo S -D{3n��0n�D



1  F�℄ G$p �b *q�_ p′ 1UEU�3| �Æ>U3�p 49h��T p = Lie P3n, b(k: 2.3, k: 2.4, k: 2.5 Æ, .~ p′-/�2{��
χ ∈ Irr(G′/M), �h2e6%� β ∈ Irr(G/M). -M |G : G′| = 2 h βλ ∈ Irr1(G, p′), d�
1 6= λ ∈ Irr(G/G′). ok: 3.2 Æ, .~�2{�� γ ∈ Irr1(G

′/M, p′) M% γ(1) 6= χ(1).Wk τ - γG =b^�2{"V, � τ , β t βλ y�F). -M |Irr1(G, p′)| > 2, <9OK. >S7Q�� S -Dh��- p = Lie P3n. ok: 3.1 Æ, .~ 3 ^/��)=�� χ1, χ2, χ3 ∈ Irr1(G
′, p′). k θi - χG

i =b^�2{"V, fÆ θi ∈ Irr1(G, p′) y�F). -M |Irr1(G, p′)| > 2, <9OK. j* G -,	n.y N - G =b^�1	j"n, � G/N -T��3nhb( Kazarint Berkovich=�oÆ |Irr1(G/N, p′)| = 2. oD: 1.1tk: 2.7Æ, p = 3, G/N ∼= PSL2(q), d� q = 5� 7, �h N -b^p	j 3-�=2�n.?U 1.2 ;~X 6 p = 2 �, o3 [6] � Malle t Späth =�o2Æ McKay �G"=. 6 p -e���, k N - G =b^�1	j"n, oD: 4.1 2Æ, N 2�h
G/N ∼= PSL2(q), q = 5 � 7. b( [1] �=D: A 2<, D: 1.2 "=.?U 1.3 ;~X � N - G =b^�1	j"n. oD: 4.1 Æ, p = 3, G/N ∼=
PSL2(q), d� q = 5 � 7 �h N -p	j 3-�=2�n.>r7 IugTaP=DT�� 1 6= λ ∈ Irr(N), 3 | |G : IG(λ)|.W�, �� 3 ∤ |G : IG(λ)|. b( Clifford :K, 2� λIG(λ) = e1β1 + · · ·+ ekβk, d� βi- IG(λ) =�2{��, � βi(1) = ei h |IG(λ) : N | = ∑

e2i . j- 3 ∤ |G : IG(λ)| h λG=P^�2{"V=/�,
 3 �(, �e 3 | βi(1), -M 9 | |G : N |, �v 9 ∤ |PSL2(5)|t 9 ∤ |PSL2(7)| OK.>A7 N �b^ 3′-n.� M - N =	j 3-�, >S�U M = N . W�2� M < N �hWk"n L EGM% N/L � G/L =b^�K	j"nh N/L -&?�� 3-n. �>77Q/H G/N=b^ Sylow3- "n~ N/L |=*n. b( Brauer =��D: (2�/3 [10] �=D:
6.32 ), N/L ��F=�2{��=^�v N/L ��FB=^�F?. oAb�2<,

N/L ��FB=^�- 1, 	 |N/L| ≡ 1mod3, �v N/L �b^ 3-nOK. j* N = M .>\7 N �b^RD"n./H G = Sylow 3- "n K ~ N |=y�*n. E t - K =�"x. oAb�2Æ
N pb^ 3 �=8�FB=#)g t . b( Thompson =%C�K (�3 [26] �A9�=D: 8.14) 2Æ, N �b^RDn.>_7 �K.YS 1 G/N ∼= PSL2(7).>S7Q�U N = 1, W�2� N > 1 � G =b^�K	j"n, qx<9OK. *� N -&?�� q-"n, q 6= 3. 7Q2e� N .) G/N =b^Dh~pBw Fq |=�2{Y. k t - PSL2(7) �= 3 �x. b(Ab�t Brauer =��D:2Æ, CN (t) = 1.5�b(3 [27] 2Æ, It PSL2(7) =ug�2{Y V , CV (t) > 1. <x, 6 q = 2 �,
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|N | = 23 h N -Ab�8P= 3-/�2{Y, *� t ~Y N |=*n- 







0 1 0

0 0 1

1 0 0









,	xo {v1, v2, v3} -b'�, � t.v1 = v2, t.v2 = v3, t.v3 = v1. wf\� t 2ehDTaP=x� (v, v, v)(v 6= 0). 8��, It PSL2(7) =Pb^�2{Y V , ,M% CV (t) > 1.<9OK, -M N = 1 h G ∼= PSL2(7).YS 2 G/N ∼= PSL2(5).Wk G =b^	j"n L 6 N , M% N/L � G/L =�K	j"n. vj5 1 8�,

N/L .) G/N =b^Dh~pBw Fq |=�2{Y. k t - PSL2(5) �= 3 �x. b(Ab�t Brauer=��D:2Æ, CN (t) = 1. b(3 [27], 6 q = 2, |N/L| = 24 h N/L-AN�8P= 4-�2{Y�, t ~Y N/L |=*n- 











0 1 0 0

1 1 0 0

0 0 0 1

0 0 1 1













. wf\�*�
CN/L(t) = 1, �hIt PSL2(5) =du�2{Y V , Gp CV (t) > 1. b(Az�=�o2Æ, N �b^ 2-n.�n \L�℄s!'=�m=V[g�.8�P�i�k
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Abstract McKay conjecture is an important problem in representation theory of finite

groups. In this paper, the authors consider nonsolvable group with two p′-degree characters

and prove the conjecture holds for such group. Furthermore, they show that if G is a

nonsolvable group such that |Irr1(G, p′)| = 2 for odd prime p, then p = 3, and G ∼= PSL2(7)

or there exists a normal 2-subgroup N such that G/N ∼= PSL2(5).
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