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U0'�5��?!�R0% hypergenic ℄lA Clifford Möbius �k0E
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1 � � �
Clifford &k
 Clifford[1] ��/��b���j/&k�sH��T;f938 [2].

19828�Brackx1 [3] ��$ CliffordB�/�)n�� CliffordB�)

38+f9/k�BS [4−5]. Eriksson[6−8], lR [9], AB2 [10], �6h_#e
1 [11−14] H CliffordB�Zf$$#Ng� Ahlfors[15−16] _ Waterman[17] H�w?��/ Clifford &k�|Z �$ Clifford Möbius Æj� 2003 8� Hertrich-Jeromin[18] 7? Möbius zBua	�$ �� 2009 8� Eriksson _ Orelma [7] L� hypergenic \k/ Cauchy pBP`�
20108�Eriksson_ Orelma [8]  �$ hypergenic\k/Æ��Y*spB�a� 20138� 2014 8��6h_#e
 [12−14]  �$� k-hypergenic \k�T/&��u�H*TNg/n�T���f�H℄ Clifford&k�| Cln+1,0(R)ZL�$� Clifford

Möbius Æj�T/&�4��> �Q/$ hypergenic \k� Clifford Möbius Æj/Db�*-+&JyF/ hypergenic \k���xV$� [6, 15] /&��Z�
2 � i � �V Cln+1,0(R) 
 2n+1 }℄ Clifford &k�|�>(~C
 e∅ = 1 (∅ W�r), >n
 e0, e1, · · · , en; e0e1, · · · , en−1en; · · · ; e0e1 · · · en. 7?LaPk i, j (0 6 i, j 6 n), W4
eiej = −ejei (i 6= j) B e2

j = +1. L-/Co a ∈ Cln+1,0(R) �*�a| a =
∑

A

aAeA, >Z aA ∈ R, eA = eα1 · · · eαh
, A = {α1, · · · , αh} (0 6 α1 < α2 < · · · < αh 6 n) m A = ∅. Q�� 2013 9 12 E 16 Ne,� 2014 9 10 E 17 Ne,�FI�
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a = a∅ +

∑

A∗

aA∗eA∗ , >Z A∗ ⊆ A B A∗ 6= ∅, JB�� a∅ _ ∑

A∗

aA∗eA∗ | a /℄�_��� a∅ _ ∑

A∗

aA∗eA∗ B�v| Rea _ Im a. Q a =
∑

A

aAeA, b =
∑

B

bBeB ∈ Cln+1,0(R),4.∑

A

aAbA | a � b /5p�vg (a, b). � x = x0e0 + x1e1 + · · ·+ xnen | Cln+1,0(R)Z/�#� Cln+1,0(R) Zq;�#R�/rbvg V
n+1. �-M| V

n+1 1w?:d�| R
n+1. v V

n+1 ∪ {∞} | Vn+1. 7?L-/ x, y ∈ V
n+1, ,Q

|xy| = |x||y|, (2.1)

(x, y) =
1

2
(xy + yx), (2.2)>Z (·, ·) 
5p�7?L-/ a ∈ Cln+1,0(R), 4. a � a′ O� [7]:

a =
∑

A

(−1)
|A|(|A|+1)

2 aAeA, a′ =
∑

A

aAe′A,>Z |A| 
 A Z/CoJk� e′A = (−1)|A|eA. ,T ej = (ej)
′ = −ej (j = 0, 1, · · · , n). 7?L-/ x ∈ V

n+1, ; x = x′ = −x, |x|2 = x2 = x′x = xx′, B) x 6= 0 \; x−1 = x
|x|2 .

V
n+1 Zq;�&�#/;��p6
�7/�s-R�$�;H Γn+1, �U| CliffordH�7?L-/ a, b ∈ Cln+1,0(R), ;

(ab)′ = a′b′, (a, b) = Re(a′b) = Re(ab′), |a|2 = Re(a′a) = Re(ab′).V Cln,0(R)
 2n }℄ Clifford&k�|�>(~C
 e∅ = 1,>n
 e1, · · · , en; e1e2,

· · · , en−1en; · · · ; e1e2 · · · en. � x = x1e1+x2e2+· · ·+xnen
 Cln,0(R)Z/�#�Cln,0(R)Zq;�#R�/rbvg V
n. �-M| V

n 1w?:d�| R
n. v V

n ∪ {∞} | Vn.

V
n q;�&�#/;��p6
�7/�s-R�$�;H Γn.�n?� [7],L-Co a ∈ Cln+1,0(R)�{&B�| a = b+e0c,>Z b, c ∈ Cln,0(R).4.5U P0: Cln+1,0(R) →Cln,0(R) � Q0: Cln+1,0(R) → Cln,0(R), _- P0a = b B

Q0a = c, >Z b, c B��| a / P0 �_ Q0 �� (P0a)′, (Q0a)′ B�v| P ′
0a, Q′

0a.�� 2.1 [7] 7?L-/ a ∈ Cln,0(R), ; e0a = a′e0.�� 2.2 [7] 7?L-/ a, b ∈ Cln+1,0(R), ;
P0(ab) = (P0a)(P0b) + (Q′

0a)(Q0b),

Q0(ab) = (P ′
0a)(Q0b) + (Q0a)(P0b) = a′(Q0b) + (Q0a)b.H��ZV Ω 
 R

n+1 Z/���ar�4.H Ω TEV? Cln+1,0(R) Z/\k
f �v| f(x) =

∑

A

fA(x)eA, >Z fA 
℄V\k�\k f(x) =
∑

A

fA(x)eA H Ω T
 �/)B�) f /,JB# fA H Ω T
 �/�V Cr(Ω, Cln+1,0(R)) =
{

f | f : Ω →

Cln+1,0(R), f(x) =
∑

A

fA(x)eA, >Z fA H Ω T r   ��z�r ∈ N
∗
}

.



1 = �7i K�A y�� Clifford Möbius �kA Hypergenic ℄l 717?L-/ f ∈ C1(Ω, Cln+1,0(R)), 1P Dirac paO� [7]:

Df =

n
∑

j=0

ej

∂f

∂xj

=

n
∑

j=0

ej

∑

A

∂fA

∂xj

eA, fD =

n
∑

j=0

∂f

∂xj

ej =

n
∑

j=0

∑

A

∂fA

∂xj

eAej,

Df =

n
∑

j=0

ej

∂f

∂xj

, fD =

n
∑

j=0

∂f

∂xj

ej .":�- Df = −Df , fD = −fD.7?L-/ f ∈ C2(Ω, Cln+1,0(R)), ;
D2f = D

2
f = fD2 = fD

2
=

n
∑

j=0

∂2f

∂x2
j

= ∆f,>Z ∆ =
n
∑

j=0

∂2

∂x2
j


 Laplace pa��� 2.3 [14] Q f, g ∈ C1(Ω, Cln+1,0(R)), J
D[fg] = [Df ]g +

n
∑

j=0

ejf
∂g

∂xj

, D[fg] = [Df ]g +

n
∑

j=0

ejf
∂g

∂xj

.H��ZV Ω1 
 R
n+1 \ {(x0, x1, · · · , xn) | x0 = 0, xi ∈ R (i = 1, 2, · · · , n)} Z/���ar�7?L-/ f ∈ C1(Ω1, Cln+1,0(R)), 1Pe�<mD� Dirac pas>QhpaO� [7]:

Hf = Df −
n − 1

x0
Q0f, Hf = −Hf,

fH = fD −
n − 1

x0
Q′

0f, fH = −fH.q� 2.1 [7] Q f ∈ C1(Ω, Cln+1,0(R)) H Ω T*d Df = 0, J� f | Ω T/e("\k�~�| Ω T/("\k��n�4. f | Ω T/<("\k�q� 2.2 [7] Q f ∈ C1(Ω1, Cln+1,0(R)) H Ω1 T*d Hf = 0, J� f | Ω1 T/e
hypergenic\k�~�| Ω1 T/ hypergenic\k��n�4. f | Ω1 T/< hypergenic\k��� 2.1 7?L-/ a, b ∈ Γn, ;

|a|2 = a′a = aa′, |ab| = |a||b|.� �-�?{V a = a1a2 · · · am, >Z m ∈ N∗ B ai ∈ V
n \ {0} (i = 1, 2, · · · , m).J a′a = (a1)′(a2)′ · · · (am)′am · · · a2 a1 = |a1|2|a2|2 · · · |am|2 > 0. 0| |a|2 = Re(a′a), q*

|a|2 = a′a. �n�Q |a|2 = aa′. 0�
|ab|2 = Re((ab)′ab) = Re(a′b′ba) = |b|2Re(a′a) = |a|2|b|2,S |ab| = |a||b|.



72 l � 9 � 36 � A q�� 2.2 7?L-/ a ∈ Γn, x ∈ V
n, ;

axa ∈ V
n, ax(a′)−1 ∈ V

n.� 7?L-/ x, y ∈ V
n, : (2.2) - yxy = 2(x, y)y + x|y|2. 0� yxy ∈ V

n. V
a = a1a2 · · ·am,>Zm ∈ N∗B ai ∈ V

n\{0} (i = 1, 2, · · · , m),J axa = a1a2 · · · amxam · · ·

a2 a1. \DTj[�- axa ∈ V
n. :1u 2.1 - ax(a′)−1 ∈ V

n.���L�H��Z�_\$g8/&J1u��� 2.3 7?L-/ a, b ∈ Γn, ;
ab−1 ∈ V

n ⇔ ba ∈ V
n ⇔ ab ∈ V

n.� Q ab−1 ∈ V
n, :1u 2.2 - ba = bab−1b ∈ V

n. <U�Q ba ∈ V
n, G:1u 2.2- a′b = a′baa−1 ∈ V

n. :1u 2.1 - a′(b′)−1 ∈ V
n. 0� ab−1 ∈ V

n.

ba ∈ V
n ⇔ ab ∈ V

n 
I���
3 Clifford Möbius l {�n?� [15], �-�(�O g =

(

a b
c d

)

, >Z a, b, c, d ∈ Γn ∪ {0}. Q g (LWJ
g(x) = (ax + b)(cx + d)−1 g8H�# x T�J��O g =*$5U g(x). |>
���8
2 g w�a�O>�a5U�q� 3.1 �-��O g =

(

a b
c d

) i?rb GL(Γn), Q*d�.v��
(i) a, b, c, d ∈ Γn ∪ {0};

(ii) λ(g) = ad + bc ∈ R\{0};

(iii) ab, cd, ca, db ∈ V
n.q� 3.1 Q�O g =

(

a b
c d

)

, >Z a, b, c, d ∈ Γn ∪ {0}, J g B�=*$" Vn + Vn_" Vn+1 + Vn+1 /mU)B�) g ∈ GL(Γn).� f�Q/�Q g B�=*$" Vn + Vn_" Vn+1 + Vn+1/mU�J g ∈ GL(Γn).

(1): g(x) = (ax+b)(cx+d)−1 /#H�T cx+d = 0m cx+d
�7/��B ax+b_ cx + d �6w\| 0. 0| g =*$" Vn + Vn /mU�q* g(0) = bd−1, g(∞) =

ac−1, g−1(0) = −a−1b, g−1(∞) = −c−1d ∈ Vn.Q a, b, c, d ∈ Γn, :1u 2.3 T ab, cd, ca, db ∈ V
n.Q a = 0, J ab = ca = 0 ∈ V

n B b 6= 0, c 6= 0. Q�\ d = 0, J cd = db = 0 ∈ V
n; Q�\ d 6= 0, J:1u 2.3 T cd, db ∈ V

n. 0�) a = 0 \� ab, cd, ca, db ∈ V
n. �n�Q>sC��0�4. 3.1 Zv� (iii) ���
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(2) ,Q
y = g(x) ⇔ ycx + yd = ax + b

⇔ xcy − dy = −xa + b

⇔ x = (dy + b)(cy + a)−1 = h(y),>Z h =
(

d b
c a

)

. 0|�O g B�=*$" Vn + Vn _" Vn+1 + Vn+1 /mU�q*�O h %B�=*$" Vn + Vn _" Vn+1 + Vn+1 /mU�
(3) Q g1 =

(

a1 b1

c1 d1

)

, g2 =
(

a2 b2

c2 d2

)

, J
(g2 ◦ g1)(x) = g2((a

1x + b1)(c1x + d1)−1)

= (a2(a1x + b1)(c1x + d1)−1 + b2)(c2(a1x + b1)(c1x + d1)−1 + d2)−1

= (a2(a1x + b1) + b2(c1x + d1))(c2(a1x + b1) + d2(c1x + d1))−1

= ((a2a1 + b2c1)x + (a2b1 + b2d1))((c2a1 + d2c1)x + (c2b1 + d2d1))−1

= (g2g1)(x),t�O/�p=*$5U/Db�
(4) Q/��O g =*$" Vn+1 + Vn+1 /g15U ⇔ a = d ∈ R\ {0}B b = c = 0.Q�O g =*$" Vn+1 + Vn+1 /g15U�J g(x) = x ⇔ ax + b = x(cx + d),>Z x ∈ Vn+1. ' x = 0 _ x = ∞, J b = 0 _ c = 0. 7? x ∈ Vn+1, ; ax = xd,?
 ae0 = e0d, S a = d′. V a =

∑

A

aAeA, >Z A = {α1, α2, · · · , αh} m A = ∅, Pk
αl (l = 1, 2, · · · , h) *d 0 6 α1 < α2 < · · · < αh 6 n B aA ∈ R, J; ax = xa′, ?

ael = ela

′ (l = 0, 1, · · · , n), S eAeα1 = eα1e
′
A, q*X6
 A = ∅, S a = d ∈ R. 0|

a, b, c, d �6w\| 0, q* a = d ∈ R \ {0}.<U��)
I���
(5) : (1)–(2) T

gh =

(

a b
c d

) (

d b
c a

)

=

(

ad + bc ab + ba

cd + dc cb + da

)

=

(

λ(g) 0

0 λ(g)

)

,

hg =

(

d b
c a

) (

a b
c d

)

=

(

da + bc db + bd
ca + ac cb + ad

)

=

(

λ(h) 0

0 λ(h)

)

,>Z λ(g) = ad + bc, λ(h) = da + bc.: (2) _ (4) T λ(g) = λ(h) ∈ R \ {0}, t4. 3.1 Z/v� (ii) ���S g ∈ GL(Γn).���Q/�Q g ∈ GL(Γn), J g B�=*$" Vn + Vn _" Vn+1 + Vn+1 /mU��� 1 Q c = 0, J g(x) = axd−1 + bd−1. :1u 2.3 T bd−1 ∈ V
n. 0| axd−1 =

ax(a′)−1a′d−1 B λ(g) = ad ∈ R\{0}, Q x ∈ V
n, J:1u 2.3 T axd−1 ∈ V

n; Q x = ∞,J g(x) = ∞. 0��Q x ∈ Vn, J g(x) ∈ Vn. �n2��Q�j�)�Q x ∈ Vn+1, J
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g(x) ∈ Vn+1; Q x ∈ Vn, J h(x) ∈ Vn, S g−1(x) ∈ Vn; Q x ∈ Vn+1, J h(x) ∈ Vn+1, S
g−1(x) ∈ Vn+1. >0| g(x), g−1(x) 6
(U�q* g B�=*$" Vn + Vn _" Vn+1+ Vn+1 /mU��� 2 (1) Q c 6= 0, Q/ g(x) = (ax + b)(cx + d)−1 4."^�Q ax + b = cx + d = 0, J x = −c−1d = d (c−1), ax + b = ad (c−1) + b = 0, S
ad + bc = 0. M�4. 3.1 Z/v� (ii) +8�S g(x) 4."^�

(2) Q�O g ∈ GL(Γn), Q/�O g−1 ∈ GL(Γn).0| gh = hg = λ(g)I = λ(h)I, >Z I 
(~�O� λ(g) = ad + bc ∈ R\{0}, q*
g−1 = h

λ(g) , S λ(g−1) = da+bc
(λ(g))2 = λ(h)

(λ(g))2 = 1
λ(g) ∈ R\{0}. :4. 3.1 Z/v� (i) _ (iii)T d

λ(g) ,
b

λ(g) ,
c

λ(g) ,
a

λ(g) ∈ Γn ∪ {0} B db
(λ(g))2 , ca

(λ(g))2 , cd
(λ(g))2 , ab

(λ(g))2 ∈ V
n, S

g−1 ∈ GL(Γn).

(3) Q x ∈ Vn, Q/ g(x) ∈ Vn.,Q
(−yc + d)(ax + b) + (−ya + b)(cx + d) = (da + bc)(x − y),0| λ(g) = λ(h) ∈ R\{0}, q*

g(x) + (−yc + d)−1(−ya + b) = λ(g)(−yc + d)−1(x − y)(cx + d)−1,t
g(x) + g(y) = λ(g)(−yc + d)−1(x − y)(cx + d)−1.HT`Z' y = 0, J g(x) + g(0) = λ(g)(d)−1x(cx + d)−1.Q g(x) + g(0) = 0, :1u 2.3 T g(0) = bd−1 ∈ V

n, S g(x) ∈ Vn.Q g(x) + g(0) 6= 0, J
(g(x) − bd−1)−1 = (λ(g))−1(cx + d)x−1d = (λ(g))−1(cd + dx−1d),:1u 2.2–2.3 T g(x) ∈ Vn.�n2��Q�Q x ∈ Vn+1, J g(x) ∈ Vn+1.

(4) Q x ∈ Vn, Q/ g−1(x) ∈ Vn.,Q
(−yc + a)(dx + b) + (−yd + b)(cx + a) = λ(g)(x − y),S

h(x) + h(y) = λ(g)(−yc + a)−1(x − y)(cx + a)−1.HT`Z' y = 0, J h(x) + h(0) = λ(g)a−1x(cx + a)−1.Q h(x) + h(0) = 0, :1u 2.3 T h(0) = −a−1b ∈ Vn, S h(x) ∈ Vn.Q h(x) + h(0) 6= 0, J
(h(x) + a−1b)−1 = (λ(g))−1(cx + a)x−1a = (λ(g))−1(ca + ax−1a),
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λ(g)h(x) ∈ Vn.w��Q�Q x ∈ Vn+1, J g−1(x) ∈ Vn+1.

(5) 0| gg−1 = g−1g = I, >Z I 
(~�O�q* g B�=*$" Vn + Vn _"
Vn+1 + Vn+1 /mU�q� 3.2 rb GL(Γn) H�;Fp�R�H��U| Clifford Möbius ÆjH�� 
I;(~�O I ∈ GL(Γn). H4� 3.1 Z)
Q/�Q g ∈ GL(Γn), J
g−1 ∈ GL(Γn).�.Q/�Q g1 =

(

a1 b1

c1 d1

)

, g2 =
(

a2 b2

c2 d2

)

∈ GL(Γn), J
g1g2 =

(

a1a2 + b1c2 a1b2 + b1d2

c1a2 + d1c2 c1b2 + d1d2

)

∈ GL(Γn).Q a1 m c2 Z;&J
 0, ,T a1a2 + b1c2 ∈ Γn ∪ {0}; Q a1 6= 0 B c2 6= 0, J
a1a2 + b1c2 = a1(a2(c2)−1 + (a1)−1b1)c2 ∈ Γn ∪ {0}. �n�*Q/ a1b2 + b1d2, c1a2 +

d1c2, c1b2 + d1d2 ∈ Γn ∪ {0}.:4. 3.1 Z/v� (ii), T
(a1a2 + b1c2)(c1b2 + d1d2) + (a1b2 + b1d2)(c1a2 + d1c2)

= (a1a2 + b1c2)(b2 c1 + d2 d1) + (a1b2 + b1d2)(a2 c1 + c2 d1)

= (a2d2 + b2c2)(a1d1 + b1c1) ∈ R \ {0}.:1u 2.3 _4� 3.1 /Q/�T
(a1a2 + b1c2)−1(a1b2 + b1d2) = (d2 b1(a1)−1 + b2)(c2 b1(a1)−1 + a2)−1

= λ(g2)g
−1
2 (b1(a1)−1) ∈ Vn,

(c1a2 + d1c2)−1(c1b2 + d1d2) = (d2 d1(c1)−1 + b2)(c2 d1(c1)−1 + a2)−1

= λ(g2)g
−1
2 (d1(c1)−1) ∈ Vn,

(a1a2 + b1c2)(c1a2 + d1c2)−1 = (a1a2(c2)−1 + b1)(c1a2(c2)−1 + d1)−1

= g1(a
2(c2)−1) ∈ Vn,

(a1b2 + b1d2)(c1b2 + d1d2)−1 = (a1b2(d2)−1 + b1)(c1b2(d2)−1 + d1)−1

= g1(b
2(d2)−1) ∈ Vn.Q a1a2 + b1c2 = 0, J
I; (a1a2 + b1c2)(a1b2 + b1d2) ∈ V

n; Q a1a2 + b1c2 6= 0, J:1u 2.3 T (a1a2 + b1c2)(a1b2 + b1d2) ∈ V
n.�n2��Q

(c1a2 + d1c2)(c1b2 + d1d2), (c1a2 + d1c2)(a1a2 + b1c2), (c1b2 + d1d2)(a1b2 + b1d2) ∈ V
n.0� g1g2 ∈ GL(Γn).Q�O gi(i = 1, 2, 3) ∈ GL(Γn), ,T (g1g2)g3 = g1(g2g3) ∈ GL(Γn).0� GL(Γn) H�;Fp�R�$H�



76 l � 9 � 36 � A q)�O g ∈ GL(Γn) \�v λ(g) = λ(h) = ad + bc = da + bc | λ.q� 3.3 V�O g ∈ GL(Γn).

(1) Q c = 0, J g(x) = 1
λ
axa + bd−1;

(2) Q c 6= 0, J g(x) = ac−1 + λ(c)−1(x + c−1d)−1c−1.� (1) Q c = 0, J λ = ad = da ∈ R \ {0}, t d−1 = a
λ
, S g(x) = 1

λ
axa + bd−1.

(2) Q c 6= 0, J λ(c)−1 = (ad + bc)(c)−1 = a(c−1d) + b = b − ac−1d. 0�
g(x) = (ax + b)(cx + d)−1

= (ac−1(cx + d) + b − ac−1d)(cx + d)−1

= ac−1 + (b − ac−1d)(cx + d)−1

= ac−1 + λ(c)−1(x + c−1d)−1c−1.

4 Hypergenic w � � Clifford Möbius l { p t yq� 4.1 V Ω2 = {αx | x ∈ Ω1}, α ∈ R 
&J�&�k�
(1) Q f ∈ C1(Ω2, Cln+1,0(R)), J

H(f(αx)) = α(Hf)(αx). (4.1)

(2) Q f ∈ C1(Ω2, Cln+1,0(R)) 
 Ω2 T/ hypergenic \k�J f(αx) 
 Ω1 T/
hypergenic \k�� (1) :*k/!`;�- D(f(αx)) = α(Df)(αx), Q0(αx) = αx0. 0�

H(f(αx)) = D(f(αx)) −
n − 1

x0
Q0(f(αx))

= α
[

(Df)(αx) −
n − 1

αx0
Q0(f(αx))

]

= α(Hf)(αx).

(2) :1` (4.1) �T�)���q� 4.2 V Ω3 = {axa | x ∈ Ω1}, >Z a ∈ Γn.

(1) Q f ∈ C1(Ω3, Cln+1,0(R)), J
D[af(axa)] = |a|2(a)′(Df)(axa), (4.2)

H [af(axa)] = |a|2(a)′(Hf)(axa). (4.3)

(2) Q f ∈ C1(Ω3, Cln+1,0(R)) 
 Ω3 T/ hypergenic \k�J af(axa) 
 Ω1 T/
hypergenic \k�� (1) �Z&���V a = a1e1 + · · · + anen. ' a0 = 0. :1` (2.2), ,Q

axa = 2(a, x)a + |a|2x, (4.4)
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eiaei = −2aiei − a. (4.5):*k/!`;J�*s (4.4)–(4.5), �-
D[af(axa)] =

n
∑

j=0

eja

n
∑

i=0

∂f

∂xi

(axa)(−2ajai + |a|2δji)

= −
n

∑

j=0

eja

n
∑

i=0

∂f

∂xi

(axa)2ajai +

n
∑

i=0

eiaei|a|
2ei

∂f

∂xi

(axa)

=

n
∑

i=0

2aiei|a|
2ei

∂f

∂xi

(axa) +

n
∑

i=0

(−2aiei − a)|a|2ei

∂f

∂xi

(axa)

= |a|2(a)′(Df)(axa).G:1� 2.2, �-
Q0[af(axa)] = (a)′Q0(f(axa)),

Q0(axa) = |a|2x0.0�
H [af(axa)] = |a|2(a)′

[

(Df)(axa) −
n − 1

x0|a|2
Q0(f(axa))

]

= |a|2(a)′(Hf)(axa).

(2) :1` (4.3) �T�)���q� 4.3 V Ω4 = {x−1 | x ∈ Ω1}.

(1) Q f ∈ C1(Ω4, Cln+1,0(R)), J
D[x−1f(x−1)] =

(n − 1)f(x−1)

|x|2
−

x

|x|4
(Df)(x−1), (4.6)

H [x−1f(x−1)] = −
x

|x|4
(Hf)(x−1). (4.7)

(2) Q f ∈ C1(Ω4, Cln+1,0(R)) 
 Ω4 T/ hypergenic \k�J x−1f(x−1) 
 Ω1 T/
hypergenic \k�� :1� 2.3, *k/!`;J_ xejx = 2(x, ej)x − |x|2ej (j = 0, 1, · · · , n), �-

D[x−1f(x−1)] = (Dx−1)f(x−1) +
n

∑

i=0

eix
−1

n
∑

j=0

∂f

∂xj

(x−1)
(−2xixj

|x|4
+

δij

|x|2

)

=
n − 1

|x|2
f(x−1) +

n
∑

i=0

eixix
−1

n
∑

j=0

∂f

∂xj

(x−1)
−2xj

|x|4
+

n
∑

j=0

ej

x−1

|x|2
∂f

∂xj

(x−1)

=
n − 1

|x|2
f(x−1) +

n
∑

j=0

(−2xjx + ej |x|
2)

x−1

|x|4
∂f

∂xj

(x−1)

=
n − 1

|x|2
f(x−1) −

n
∑

j=0

xejx
x−1

|x|4
∂f

∂xj

(x−1)

=
n − 1

|x|2
f(x−1) −

x

|x|4
(Df)(x−1).
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Q0[x

−1f(x−1)] = (x−1)′Q0(f(x−1)) + (Q0(x
−1))f(x−1)

= −
x

|x|2
Q0(f(x−1)) +

x0

|x|2
f(x−1),

Q0(x
−1) =

x0

|x|2
.0�

H [x−1f(x−1)]

=
n − 1

|x|2
f(x−1) −

x

|x|4
(Df)(x−1) −

n − 1

x0

[

−
x

|x|2
Q0(f(x−1)) +

x0

|x|2
f(x−1)

]

= −
x

|x|4
(Hf)(x−1).

(2) : (4.7) �T�)���q� 4.4 Q g(x) = (ax + b)(cx + d)−1, >Z g =
(

a b
c d

)

∈ GL(Γn), −c−1d /∈ Ω1,

f ∈ C1(g(Ω1), Cln+1,0(R)) 
 g(Ω1) / hypergenic \k�J F (x) = (cx + d)−1f(g(x)) 

Ω1 T/ hypergenic \k�� (1) Q c = 0, :4� 3.3 - g(x) = 1

λ
axa + bd−1. ' g1(x) = axa, g2(x) =

1
λ
x, g3(x) = x + bd−1, J g = g3 ◦ g2 ◦ g1.0| f 
 g(Ω1) / hypergenic \kB H(f(x + β)) = (Hf)(x + β), >Z β ∈ Γn ∪ {0}
�k�q* f ◦g3 
 g2(g1(Ω1)) T/ hypergenic\k�:4� 4.1T f ◦g3 ◦g2 
 g1(Ω1)T/ hypergenic \k�:4� 4.2 T af ◦ g3 ◦ g2 ◦ g1 
 Ω1 T/ hypergenic \k�>0|

λ = ad = da ∈ R \ {0}, q* d−1 = a
λ
, S λd−1f ◦ g3 ◦ g2 ◦ g1 
 Ω1 T/ hypergenic \k�0� F (x) = d−1f(g(x)) 
 Ω1 T/ hypergenic \k�

(2) Q c 6= 0, :4� 3.3 �- g(x) = ac−1 + λ(c)−1(x + c−1d)−1c−1. ' g1(x) =

x + c−1d, g2(x) = x−1, g3(x) = (c)−1xc−1, g4(x) = λx, g5(x) = x + ac−1, J g = g5 ◦ g4 ◦

g3 ◦ g2 ◦ g1.0| f 
 g(Ω1)T/ hypergenic\k�q* f◦g5 
 g4(g3(g2(g1(Ω1))))T/ hypergenic\k�:4� 4.1 T� f ◦ g5 ◦ g4 
 g3(g2(g1(Ω1))) T/ hypergenic \k�:4� 4.2 T
c−1f ◦g5◦g4◦g3 
 g2(g1(Ω1))T/ hypergenic\k�:4� 4.3T x−1c−1f ◦g5◦g4◦g3◦g2
 g1(Ω1) T/ hypergenic \k�0� (x + c−1d)−1c−1f ◦ g5 ◦ g4 ◦ g3 ◦ g2 ◦ g1 
 Ω1 T/
hypergenic \k�t F (x) = (cx + d)−1f(g(x)) 
 Ω1 T/ hypergenic \k��Æ G�WHKt�/�X�/�n � } � � � 
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