is an alternating seriesw ith

(I— 1) i o
2J(J+ 1) 2+ (G + 2)° i= 3,45

that
_ - 1,41 4 —j-1 1
8- & = Z{lZKZ(l KT et ) Z GG+ 1
)1 1,1y, 1,1 1y..
< Z{le(k+ 1y~ 12000 12607 )

_ _:L -1 1 _J_
- 122 “k+ 2 (o D ¢ )}

1 —1
1on < log(1+ 5°77), (forn> 10),

IA

Thus it isclear that & &> 0, and theLHSof (2) follow sfrom (6). M oreover, w e observe

) (<Y

)

w here the last inequality may be checked at once by the logarithm ic expansion in pow ers of

1/(12n- 1). Hence theRHS of (2) isproved via (1) and (6). O

3 A few remarks(i) It should be possible to transform the double summation involved in
RHS of (1) into the classical form containing Bernoulli numbers (ii) Proof of (1) mpliesthe

evaluation of z ax andz c, Viz

o

zz (- v;+: :1 2 - logd om,

They arewell- known series involving Riemann’s Zeta- function

Stirling
, 116024)

; Stirling
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Q Introduction The object of this note is to prove the identity
| = Nyn S _j=-1 - 1,
n! (e) { 21'mexp[zn ZZ 21 + 1)( K ) (1)
that mplies the useful asymptotic relation

(D fzm< < (D am@+ EJ:_l) @

for alln> 10 Theproof Iwill present isaby- product of my teaching in analysis at theN an-
jing U niversity of A eronautics and A stronautics in 1995

2 Proof of (1) Our proof iselenentary and simple in nature, and consists of theremain

steps of construction Throughout we shall enploy two convergent series z ax and z bx,
w here

oL L, 1
KTk a4k’ skt :
1 1 1

Ck—

D that 0< ax< 1/3k’ and 0< o< 1/2k? (k= 1,2,3, ). W e denote

3 3

Z ak = a, Z o= ¥ (Euler soonstant).
-1 -1

Starting w ith the expression
Di_ 2y1,3\2,4.3 N \n1

" Received D ecember 20, 1995, and supported by theN ational N atural Science Foundation of China
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and taking logarithm, we find

nlogn - logn! zk::n:llklog(1+ 'i‘)

= nii(l- _ZJI:)+ nilak

= (n- 1) - Iogn ZZ (- log k+Tl) + iiak
= n- ‘Jz‘logn— 1- ‘;‘Zloﬁ Zlak

d:efn- 'J‘Iogn+ &

2
. _ 1 _
Herewe have Imn&= - 1- 5 Yra=§

In order to detemine & let us take anti- logarithm of the above W e have

n"/nl = &n Y2eh,
nl = (n/e)"{ ne g (3)
Smilarly w e have
()1 = (2n/e)7{ 2ne 2 (4)

Since lMn&n= lmn &= § wemay substitute (3) and (4) into W allis product formula
lmnol (n1)222 A (2n)! =1 rtwo get
Iinrnne' = g f= { o (5)
Thus (3) may be rew ritten in the fom
nt = (/9" 2mexp (5- &). ®)
Finally, notice that
pe 3o pelv(ge 2o

e S

2.2 2] R

9 that (1) isobtained via (6) and the above relation O

1
5 %)

2 Proof of (2). Notice that

_ G- =1, L 1. 3
ZZ 2i(j+ 1) 12k* 12k*  40k*
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