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Abstract: In this paper, a class of linear neutral differential system with distributed
delay is considered. Sufficient conditions for the zero solution of the system to be uni-
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1. Introduction

Consider the linear neutral differential system with distributed argument

dt zi(t) - / zi(t — 8)das(t, 0)] +Z/ 2;(t — 8)dBis(t,8) = 0, i=1,2,---,n, (1)

J=1"¢
where a;, b;,¢;j,d;; € (0,00),(4,5 = 1,2,---,n), are nonnegative constants, a; < b;,¢;; <
dij, ai(t,8) and B;;(t, s), (ij=1,2,...,n), are continuous functions for every fixed 4 and s in
t >ty > 0, and for every t € [tp, 00) they are positive bounded variations in 8 and s.

In recent years, many authors (see[l — 7]) have probed the problem of stability of zero
solution of first order neutral and delay differential equations

%[z(i) + p(t)z(t — )] + Q(t)z(t — 6) = 0 (@)

and

d
E:»:(t,) + Q(t)z(t—8) =0. (3)
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In this paper, we will extend the discussion to the system (1) and develope the results in
[1] to system (1).
Denote N = {1,2, cee ,n}, 6,'j = d,'_.,' — €ij,

r= xmn{b a;,d;j — ¢ij}, p= max{b; — a;,d;; — c;;}, 6 = max{&a},
i,jEN 1.JEN

and \/2__ f(t) means the total variation of f(t) on [a,b], and

b;
Zi(t) = zi(t) - / zi(t - 8)das(t,0), i€ N.

ai

2. Main results

Theorem 1 If

b; 1
V ai(t,8) <a; < 3,
2
6=a;
t+68 dij 3
20i(2 — ;) + E/ V Bii(6,5)8 < 5,62 to, i=1,2,. (4)
8=¢;; ’

where ai,i € N, are constants, then the zero solution of system (1) is uniformly stable.

Proof Let z;(t,to,¢:) be the solution of system (1) satisfying the initial condition
zi(s,to, ¢;) = ¢i(s) for s € [to — p,to]. For convenience, we denote that z;(t) = zi(t, to, ).
Now choose a positive integer [ such that Ir > 2§, and for any ¢ > 0, define 7, =
(1 — a)g/(1 + ai)(2a; + 2),i = 1,2,---,n. In the following we show that for any ¢;
and any t > to, if ||¢:|| < 7, then we have

ei(t,5 80 < =, t2 (5)
In faCta define Pi1 = (20,‘ + %)T’u *yPik = (2ai + %)pik-—l,k = 2,3, al' Then Pik =

(20; + g)kn,-,k =1,2,---,5,i€ Nyand % < piy < pia < --- < pig < £, for i € N. At first,
we have that

j2i(t,E, 6] < pix, £ € [k —r B4 krl, k=1,2,00,0 (6)

Actually we have that for t € [t — p,t + 7]
b; _ e _ _
les(t)] = |/ zi(t — 0)das(t, 8) + 2:(Fo) — / 2:(F — 0)da(Z, 6)—

Z/ / (s — 6)dB:;(s,0)ds|
5
<7i(2a; + 1) + Z/ V Bi;(s,0)ds < m(2a; + 5) = pi1-

b=c;;
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Which shows that (6) holds for k = 1 and hence
|zi(t)|<Pi1, for tE[t_‘p,{+r], i:1’2,...,n

Now we replace 7; with p;; and repeate the above procedures, we have that
5 — _
|z:(t)] < [2a: + E]Piz, teft+rt+2r]

Hence by induction we can show that (6) holds.

By contradiction, we assume that (5) is not true. Then by (6) there exists some
T >t + Ir such that |2;(T)| = £ and |2;(t)| < £ for ¢ € [£,T). Without loss of generality,
we assume that z;(T') = £, and we have

b;

Z{(T) = 2(T) - /b 2T - O)da(T,0) 2 S(1- \ «u(T,0)) > Z(1-ai). (1)

f=a;
On the other hand, since
b;
Zit+1Ir)y = z;(t+1Ir) - / z;(t + Ir — 0)do;(t + Ir,6)
£
<pa(l+ i) = ~(1 - o) < Zi(T). (8)
Thus by (7) and (8), there exists £ € [t + Ir, T'] such that

Zi(&) = t+lr£1<atx<TZ i(t), and Z;j(€) > Zi(t), for te (t+Ir¢).

and b
24)+ [ el€ - Odas(60) 2 2T - £V (6,0
f=a;
> Zi(T) - a;— > -—-(1 — ai) — a,—f- = -6—(1 - 2(!,') > 0.
n_n n n

Next, we will show that z;(£ — §;;) < 0. Otherwise z;(§ — §;;) > 0, thus there must be a
left neighbor of £ — §;;, say (£ ~ 6;; — h,€ — &;;) for some h > 0, such that z;(t) > 0,t €
(€ — &;; — h,€§ — &;;). This implies that z;(t — §;) > 0, for t € (£ — h,£), and therefore by
system (1) we know that Z;(t) is not increasing on (£ — k, £), this contridicts the definition
of £, and so z;(£ — 6;;) < 0. Hence there exists T; € [£ — §;;, ) such that z;(T;) = 0, by
system (1) we have

<Z/ —dﬂ,,ts)< ZVﬂ,Jts t<t<T. (9)

=1 8=cij

Since t € [T;, £] implies that t — ¢ < T;, 9 € [0, 8;;], so from (9) we have

Z(T:) - t—w<—2/ V@ﬂs

~¥ g
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that is

_zi(t- ) < — /b‘ 2i(t — % — 6)da(t — ¥,0) + /ab 2i(T; — 8)deu(T:, )+

a;

—E/ V B:;(6, 5)d8

—Y g=¢;

T, i
_[20“ + Z/ \/ Bi;(0,s)dd], te [Ty €] (10)
Jj=1 ’-Cu

Substituting (10) to (1), we obtain that

Zi(t) < - Z / [2a.+2 / V Bix(8,8)d01dBi;(t, %), te[TiE], ¥ €085,

5—clk
(11)
since { — T; < §;; and (4), we have

£ 3

204(2 - ;) +Z/ \/ Br(0,9)80 < 5, te(T:é. (12)
5=1 7T s=cix

Now we show that c

Zi(T) < Z:i(€) < (1 - 204)~ (13)

holds, so it leads a contradiction to (7). We devide the proof into two cases.

Case 1 If 2a; + 37,4 fT. ’_‘-‘u B:;(6,s)dd < 1, then integrating (11) from T; to ¢,

Zi6) < Z(T) + & 2 / / [2a; + Z / \/ Bix(6,5)d0)aB:;(t, ¥)dt

.s_c.,

:_/m 2:(T; — 8)doy(T;, 8) + = }:/ / 204+

[ (8, 5)d0)dB;; (¢, ¥)d
>, /)Vﬂk( )d0)dBis(t, V)t

T; s=c;j

<ot —2/ / v -?i-za, 1- a,)— / \/ Bix (6, 3)d6]dBs;(¢, )dt
d;; -
< Slait+ —2a,(1—a,))2/ \/ Bis(t, s)dt — = Z/ \/ Bij (2, 8)dt)?].

On the other hand, we know that function a; + (5 - 20(1 — ;) — %a:z is increasing on

€ (0,1 - 2¢;). Hence

2:(6) < Sloa +1(E — 20i(1 - a)(1 - 200) - 3(1 - 20:F] < (L - @S, (19)
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So the first case is complete.

Case 2 If2a,- + X0 f'_,e" fgc,.j Bii(6,8)dd > 1, since 2a; < 1, there must be Tj; € (T3, €)
such that

n ¢ dij
2a; + Z/ \/J Bi;(6,3)do = 1.
Jj=1

Tix s=cqj

Integrating (9) from T; to T;; and (11) from T} to £, then merge them together, we have

€ n T;y d:’j € n ¢ dij
ZO<zE)+ 2 [V Bataat+ ZX [V Bitt,o)2act
i=1 4 7=1

8=cij i1 s=c;;

n T,' dij
) / \/ Bix(6,5)d0dt
k=1 t"'/’a:c.'j

il s=c;; j— 8=¢;;

P PR IY: di; n .1, %
<ifq+ iy / V Bit,s)dt S / \/ B:(6, 5)do+
n N 521 YTh s=c; j=1"T 5

d;: di;
e Oy [T B noore i
2=y [TV patat+ 3 [0 gt st
niadT M j=17T a=cy;

s=cij i1 g=¢;;
n T; dij
20: 3 / \/ Bi(6,5)d0
k=1 t—y 8=Cij

n di;
< %[(3 - 40;) + 20i(—1 + 20 + Z/ V Bii(t,s)dt)+

F=1"4% a=cy;

Til 8=cy; s=cij

n d;; n - dij
5 /E V ﬂij(t’s)dt(g —20i(2 - a;)) - ,z=:1/T-T \ B:;(8,s)de]

J=1

< o + 2a,~(-§— — 204(2 - @)1 — 205) + (g — 204(2 — o)) - %(1 — 2a5)
=(1- a,-);el-.

That is ¢
Zi(&) < (1- a,-)—r;. (15)

Thus by (14) and (15), we lead to a contradiction to (7). Therefore we obtain that
z(e)ll =Y lei(t) <&, for te€ [f, ).
i=1

So the proof of Theorem 1 is complete.

Theorem 2 Under the condition (4) in the theorem 1 and if

n e Gij
Z/ V Bij(6,s)dd = 00, i=1,2,---,n, (16)
Jj=1

to 8=c;j
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then the zero solution of system (1) is asymptotically stable.

Proof In view of theorem 1, the zero solution of system (1) is unformly stable, hence there
exists an 7 > 0 such that z;(t) = z;(¢, o, ¢) is bounded for ¢ € C([to — p,t0),(—n,7))-

Without loss of generality, we assume that z;(t),¢ € N, is eventually positive, hence
Zi(t) = zi(t) — f:: z;(t — 0)da;(t,0) is eventually nonincreasing function. Set

K; = tlim Z,'(t),
it is obvious that K; € R, then
_— — fbi R
Tmzi(t) = Ki+ tm&/ zi(t — 0)do(t,0) < K: + o T zi(t).

Thus K
fmzit) < 17—

this implies that K; > 0. If K; > 0, consider the following inequallity

bi
z;(t — e)da,'(t,e) > K; — a; lim :ci(t) -
t— oo '

ag

K; _1—20[,‘
1-a; 1-—q;

lim z;(t) = K; + lim
t— 00 t—oo

> K; — «; K;=a>0. (17)

By (17), we conclude that there is a large enough T such that z;(t) > § for t > T'. Thus
by system (1) we have

n dij
Zi(t) < —~% Z \/ ﬂij(t,s), t>T.
j=1s=cij
Hence from condition (16), we get
tlim Zi(t) = —o0,

this contradiction to K; > 0. So lim;_,o z;(t) = 0, that is lim;_, ||z(t)|| = 0. Thus the
proof is completed. O
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