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Several Derivatives of Adjoined Distributions *
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Abstract: A representation theorem for (z + i0)* In*(z + i0) is proved and then
the derivatives (In* z1)’, (z} In* 2. ), (zz" In* 21 ), (d/dz){(z % i0)* In*(z + i0)} and
(d/dz){(z £ i0)~" In*(z £ i0)} are given.
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Let’s denote by I the set of all integers and let
I, ={ielli>0},I_={i€Ili<0},I2 = {0}uU I.

Let C denotes the field of complex numbers.
The following adjoined distributions were defined in [1], [2]

In(z £ 40) = ul_i}'(x)l+ In(z £ iy) = In|z| £ irH(—2), 1)
(z £ i0)* In*(z £ i0) = (8¥/0XF)(z £ i0)™ |a1=1, (2)
(z £i0) " In*(z £ i0) = Alingn(ak/a,\k)(acﬁ, + eFAmgA)y (3)

for A € C\I_ and k,n € I, H(z) denotes Heaviside’s function. Further we havel?!

k

(z£i0)°In*(z £i0)=In*zy + ) (f) (2ix)* I 1In? z_ = In*(z £ i0) (4)
=0

for k € I, where n°2_ = H(-z).
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Theorem 1 (Representation theorem) The distributions (z £ i0)* lnk(:c + i0) are entire
functions in X and

(z £ i0)* InF(z + i0) = 2} In* 2, + " i (f) (tir)rier miz_, (5)
3=0
(2 £i0) " In*(z £i0) =z "ln* 2, + (-1)" i (';) (i) Tz " Inf 2_+
3=0
(—1)"(£im)*+160D(2)/{(k + 1)(n — 1)!} (6)

for A € C\I_,k € I and n € I where we assume that
A2y =z}, (z+0)*1n°(z +i0) = (= £ i0)?,
ei"In%zy = 23", (2 £40)""In%(z £i0) = (z £i0)™".

Proof The distributions (z + 40)* are entire functions in the variable A, and so (z +
i0)*In*(z + 0) with k € I, are also entire functions by differentiating the functions
(z £ 490)* in X with k times respectively.

We write the Taylor-series expansions of the functions (z440)*, a:;\t and e*** in powers
of A — Ag on a neighborhord of the point A = Ag.

(z £i0)* = 3" (A = XY (= £ i0)* In (= + i0) /5,

3=0

zg\: = E(x\ — /\o)jzi" 1n’ z4/7,
J=0
eEFA = N (A = MY eFhom(Lim) /5!
3=0
for A € C\I_, by substituting the above expansions into the relation
(2 £i0)* = 2} + et 22 (7)

the equality (5) follows by comparing the coeflicients of the terms with the same degree
in (7) and then replacing A¢ by A.

To prove the equality (6) we write the Taylor-series expansions of the functions (z+i0)*
and e***" and the Laurent-series expansions of the functions :ci and z?, in powers of
(A + n) on a neighborhood of the point A = —n

(z £i0)* = Y "(A + n)(z £i0)"" In?(z + i0)/5!,
J=0
et = Z(—l)"(/\ + n) (ir)? /5!,

i=0

2} = (F1)" (A + ) 260D (@) /(n = 1)+ S (A + nYizg" Ind 24 /51
7=0
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for n € I, by substituting the above expansions into the relation (7) the equality (6)
follows by comparing the coefficients of the terms with the same degree in (7). This
completes the proof.

Theorem 2 Let k € I,. Then
(d/dz)(In*z,) = kz ' In* 1z, (8)

Proof If k =1, (8) becomes (d/dz)(Inz) = 27! which was proved in [1]. Suppose that
k > 1, for any test function & € D we have

(n*2.), &) = —(ln* z4,8") = — /0°° In* 28/(2)dz
= - 11_1::(1) :o In* z2d®(z) = !]:.i_I’I(l){Q(O) In*e + /:o kz~'In*! z&(z)dz}.
by using that In* ¢{®(¢) — $(0)} — 0 as ¢ — 0. Further
3(0)In* e = —3(0) /1 d(In* z) = —<§(o)/1 kz~lIn*! zdz
- /°° kz~ 110k 28(0)H(1 - z)dz,
where H(z) denotes Heaviside’s function. Consequently
(n* 2, &) = /0°° ke~ In*~1 2[8(2) — B(0)H(L — 2)]dz = (k23 In*1 2y, )
by the regularization of the divergent integral (see [1]).
Corollary 1 Let k € I;. Then .
(d/dz)(In*z_) = —ke'ln*1z_, (9)

(d/dz)(In* |z|) = kz~ In*? |2|. (10)
Theorem 3 Let A € C\I° and k € I;. Then

(d/dz)(z} InFzy) = Az} Inf 2y + k2 In* T2y, (11)
Proof If Rel > 0 then for any &(z) € D we have
(@A In*z,, ¥ (2)) = ~(Ae}  InF 2y + kel T InF 2y, B(2))

for k € I. This means that (11) is true for ReA > 0. By the analytical continuation the
equality (11) holds on the whole complex plane except A = 0,—1,—2,:-- in virture of the
uniqueness of the analytic continuation.

Corollary 2 The equality
(d/dz)(z* nFz_) = -2z} ' In*Fz_ — k22T In* 12 (12)
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holds for A € C\I° and k € I,. The equality
(d/dz)(|lz]* In* |z[) = A2[*~* In* |z|sgnz + k|z|*~* In*~? |z|sgnz (13)
holds for A € C\{-1,-3,---} and k € I,. The equality
(d/dz)(|z|* 1n* |2[sgnz) = Alz|* " In* |z| + k|z|*1 1n*~ |2 | (14)
holds for A € C\{0,—-2,-4,---} and k € I,. In particular we have
(d/dz)(z " In* [z|) = —nz ™ In* |z| + ke "1 InF! [z (15)
fornely andk € I,.
Theorem 4 Let n € I. Then (see [1])

(d/dz)(23") = —ne3™ ™! + (-1)"6)(z)/n!, (16)
(d/dz)(z=") = nz=""! — §")(z)/n!, (17)
(d/dz)(z™™) = —nz™""1, (18)

Theorem 5 Letn€ I, and k € I,. Then
(d/dz)(z3"In* z4) = —nz;" 'InFz, + k27" 1InF e, (19)

Proof By the regularization of the divergent integral [1] we have
((d/dz)(z3" In* 24), ¥(2)) = — (23" 0" 24, ¥'(2))

- /0 T 2 Ik 2{8'(2) — $'(0) — 28P(0) — - - — 2" 1EM(0)H (L = 2)/(n — 1)!}dz

- /01 2~ In* 2d{®(z) — &(0) — - -- — 2" &™) (0)/n!} -

/1°° 2" In* 2d{&(z) — $(0) — --- — 2" &1 (0)/(n — 1)1}
- /0 T{3(z) = 8(0) - - - — 2"E™(0)H(1 — z)/nl}d(z " In* z) + In* z]oy 8™ (0)/n!
= /om(—nz‘"‘1 In* z + k27" InF1 2){$(2) - #(0) — --- — 2"¥((0)H(1 - z)/n!}dz

for any ¢ € D. Hence (19) holds.

Corollary 3 Let n,k € I,. Then
(d/dz)(z-"W*z_)=nz " 'Infz_ — kz_" 'In*1z_, (20)
(d/dz)(z"In* |z]) = —nz2~""1In* |2| 4+ k2 "1 10k 2| (21)

which agrees with (15).
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Theorem 6 The equality
(d/dz){In*(z £ i0)} = k(z + i0)"! In*~1(z + i0) (22)
holds for k € I,. In particular if k = 1 we have
(d/dz){ln(z £ i0)} = (= £ i0)~ 1. (23)
Proof Using (4),(8),(9) and Theorem 1 for k € I; we have

(d/dz){In*(z £ i0)} = (In*z, ) + E ( )(:l:ur)k in?z_)
= kel 'n*te, i ( ) tir )i (—jz It 2_) — (Lin)*6(z)
k—

=k{e7'In* 12, - > (k j 1) T'In? z_ — (+in)*6(z)/k)}

= k(z £ 0)"! n* (= + i0).

Similarly the following two theorems can be proved by using (11),(12),(19),(20) and The-
orem 1.

Theorem 7 Let A € C\I° and k € I,. Then
(d/dz){(z £i0)* In*(z £ i0)} = A(z £40)** In*(z £ 0) + k(z £ i0)*~! In*~ (2 £ 50). (24)
Theorem 8 Let k,n € I,. Then

(d/dz){(z + 70) " In*(z + 70)}
= —n(z £ i0) " In*(z £ i0) + k(z £ i0) """  In* (= % 40). (25)
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