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Abstract Let Mn be a totally real submanifold in a complex projective space CP n+p. In this

paper, we study the position of the parallel umbilical normal vector field of Mn in the normal

bundle. By choosing a suitable frame field, we obtain a pinching theorem, in the case p > 0,

for the square of the length of the second fundamental form of a totally real pseudo-umbilical

submanifold with parallel mean curvature vector.
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1. Introduction

Let CPn+p be a 2(n + p)-dimensional complex projective space endowed with the Fubini-

Study metric of constant holomorphic sectional curvature 4. Let Mn be an n-dimensional sub-

manifold in CPn+p. Mn is called totally real if each tangent space of Mn is mapped into the

normal space by the complex structure J of CPn+p. In [1,2], in the case p = 0, a pinching theo-

rem and the corresponding rigidity theorem for totally real minimal submanifolds were obtained.

In [3], Du investigated the conditions under which totally real pseudo-umbilical submanifolds

must be minimal for p = 0. In this paper, we study the totally real pseudo-umbilical submani-

folds with parallel mean curvature vector in CPn+p for general complex codimension p. In order

to choose a suitable frame field, one should consider the position of parallel umbilical normal

vector field of totally real submanifold Mn in the normal bundle.

Let TMn and T⊥Mn be the tangent bundle and the normal bundle of submanifold Mn.

Write

V =
⋃

x∈Mn

J(TxMn).

Obviously, V is a rank n subbundle of T⊥Mn, J : TxMn → Vx is an isomorphism. Denote by

V ⊥ the orthogonal complement of V in T⊥Mn. For parallel umbilical normal vector field, we
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first prove

Theorem 1 Let Mn be an n(≥ 2)-dimensional totally real submanifold in CPn+p and ξ be a

parallel umbilical normal vector field of Mn. Then ξ must be in V ⊥, i.e., ξ ∈ C∞(V ⊥).

Remark In [3], it is proved that totally real pseudo-umbilical submanifolds with parallel mean

curvature vector in CPn must be minimal. This result is a direct corollary of Theorem 1.

Furthermore, according to Theorem 1, by choosing a suitable moving frame, we get the

following pinching theorem for the square of the length of the second fundamental form.

Theorem 2 Let Mn be an n-dimensional compact totally real pseudo-umbilical submanifold

with parallel mean curvature in CPn+p, n ≥ 2, p ≥ 1. If the square of the length of the second

fundamental form

S ≤ n

3
(2 + 5H2),

where H is the mean curvature of M , then either S = nH2, Mn is totally umbilical, or S =
n
3 (2 + 5H2). In the latter case, n = 2 and M2 is locally isometric to the sphere S2(

√
3

1+H2 ) of

radius
√

3
1+H2 .

2. Basic formulas

Let Mn be an n-dimensional totally real submanifold in CPn+p. Choose a local field of

orthonormal frames

e1, . . . , en, en+1, . . . , en+p, e1∗ = Je1, . . . , en∗ = Jen, e(n+1)∗ = Jen+1, . . . , e(n+p)∗

= Jen+p (2.1)

in CPn+p, in such a way that, restricted to Mn, {e1, . . . , en} are tangent to Mn. For convenience,

we use the following convention on the range of indices:

A, B, C, . . . = 1, . . . , n + p, 1∗, . . . , (n + p)∗;

i, j, k, . . . = 1, . . . , n;

α, β, γ, . . . = n + 1, . . . , n + p, 1∗, . . . , (n + p)∗;

λ, µ, . . . = n + 1, . . . , n + p.

Let {ωA} be the dual frames of {eA}. Then the structure equations of CPn+p are given by

dωA =
∑

B

ωB ∧ ωA
B, (2.2)

dωA
B =

∑

C

ωC
B ∧ ωA

C +
1

2

∑

C,D

KABCD ωC ∧ ωD, (2.3)

where[1]

ω
j
i = ω

j∗

i∗ , ωλ
i = ωλ∗

i∗ , ω
j∗

i = ωi∗

j ,

ωλ∗

i = ωi∗

λ , ω
µ
λ = ω

µ∗

λ∗ , ω
µ∗

λ = ωλ∗

µ ; (2.4)
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KABCD = δACδBD − δADδBC + JCAJDB − JDAJCB + 2JBAJDC . (2.5)

In (2.5), JAB is the component of the linear transformation J , i.e.,

(JAB) =




0 In+p

−In+p 0





} i

} λ

} i∗

} λ∗

︸︷︷︸

i

︸︷︷︸

λ

︸︷︷︸

i∗
︸︷︷︸

λ∗

(2.6)

where In+p denotes the identity matrix of degree n + p.

Restricting these forms to Mn, we have

ωα = 0, (2.7)

ωα
i =

∑

j

hα
ij ωj , h =

∑

α,i,j

hα
ij ωi ⊗ ωj ⊗ eα,

hi∗

jk = h
j∗

ik = hk∗

ij , (2.8)






dωi =
∑

j

ωj ∧ ωi
j,

dωi
j =

∑

k

ωk
j ∧ ωi

k + 1
2

∑

k,l

Rijkl ωk ∧ ωl,
(2.9)

Rijkl = Kijkl +
∑

α

(hα
ikhα

jl − hα
ilh

α
jk), (2.10)

dωα
β =

∑

γ

ω
γ
β ∧ ωα

γ +
1

2

∑

k,l

Rαβkl ω
k ∧ ωl, (2.11)

Rαβij = Kαβij +
∑

k

(hα
ikh

β
kj − hα

jkh
β
ki), (2.12)

where h is the second fundamental form of Mn, and Rijkl , Rαβij are the components of the

Riemannian curvature tensor R and the normal curvature tensor R⊥ with respect to {eA}. The

mean curvature vector of Mn is defined as follows

ζ =
1

n

∑

α

trHα · eα ,

where trHα is the trace of the matrix Hα = (hα
ij). We call H = |ζ| the mean curvature of Mn.

Write

S =
∑

α

trH2
α.

Let ρ be the scalar curvature of Mn. Then we have[1]

ρ = n(n − 1) + n2H2 − S. (2.13)

Define the covariant derivative of hα
ij as follows

∑

k

hα
ijk ωk = dhα

ij +
∑

β

h
β
ij ωα

β −
∑

l

hα
lj ωl

i −
∑

l

hα
il ωl

j. (2.14)

Then[4]

hα
ijk − hα

ikj = −Kαijk, (2.15)
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hα
ijkl − hα

ijlk =
∑

m

(hα
miRmjkl + hα

mjRmikl) −
∑

β

h
β
ijRαβkl. (2.16)

Note that Mn is an invariant submanifold[1] in CPn+p, i.e., Kαijk = 0, so

hα
ijk = hα

ikj . (2.17)

From (2.16), (2.17), the Laplacian of hα
ij is

∆hα
ij =

∑

k

hα
ijkk

=
∑

k

hα
kkij +

∑

k,m

(hα
imRmkjk + hα

kmRmijk) −
∑

β,k

h
β
kiRαβjk. (2.18)

For the frame field chosen above (see (2.1)), using (2.5), it is not difficult to obtain the following

lemma.

Lemma 2.1 Let Mn be an n-dimensional totally real submanifold in CPn+p. Then

(1) Ki∗j∗kl = Kijkl = δikδjl − δilδjk;

(2) KλAij = 0, Kλ∗Aij = 0;

(3) Kαijk = 0, Kαλjk = 0.

3. Position of parallel umbilical normal vector field in the normal bundle

Let Mn be a totally real submanifold in CPn+p. D⊥ denotes the normal connection of

T⊥Mn. We can split T⊥Mn into the direct sum

T⊥Mn = V ⊕ V ⊥,

where V and V ⊥ are two subbundles of T⊥Mn as we state in the introduction.

Proof of Theorem 1 Suppose the parallel umbilical normal vector field ξ = ξ1 + ξ2, where

ξ1 ∈ C∞(V ), ξ2 ∈ C∞(V ⊥). It suffices to prove that ξ1 = 0. Choose local field of orthonormal

frames (2.1) such that

ξ1 = |ξ1|e1∗ , ξ2 = |ξ2|en+1.

From that ξ is umbilical, we have

|ξ1|h1∗

ij + |ξ2|hn+1
ij = Bδij ,

where B = 〈ξ, ζ〉. It is clear that the above formula is equivalent to

|ξ1|ω1∗

i + |ξ2|ωn+1
i = Bωi.

On the other hand, ξ is parallel, so

0 =D⊥ξ = D⊥(|ξ1|e1∗ + |ξ2|en+1)

=(d|ξ1| + |ξ2|ω1∗

n+1) ⊗ e1∗ + (d|ξ2| + |ξ1|ωn+1
1∗ ) ⊗ en+1+

∑

α6= n+1,1∗

(|ξ1|ωα
1∗ + |ξ2|ωα

n+1) ⊗ eα.



On totally real pseudo-umbilical submanifolds in a complex projective space 425

Therefore 





d|ξ1| + |ξ2|ω1∗

n+1 = 0, (3.1)

d|ξ2| + |ξ1|ωn+1
1∗ = 0, (3.2)

|ξ1|ωα
1∗ + |ξ2|ωα

n+1 = 0, α 6= n + 1 , 1∗ (3.3)

Taking exterior derivative of (3.3), we obtain

0 =(d|ξ1| + |ξ2|ω1∗

n+1) ∧ ωα
1∗ + (d|ξ2| + |ξ1|ωn+1

1∗ ) ∧ ωα
n+1+

∑

β 6= n+1,1∗

(|ξ1|ωβ
1∗ + |ξ2|ωβ

n+1) ∧ ωα
β +

∑

j

(|ξ1|ωj
1∗ + |ξ2|ωj

n+1) ∧ ωα
j +

|ξ1|
2

∑

i,j

Kα1∗ij ωi ∧ ωj +
|ξ2|
2

∑

i,j

Kαn+1ij ωi ∧ ωj

= − B
∑

j

ωj ∧ ωα
j +

|ξ1|
2

∑

i,j

Kα1∗ij ωi ∧ ωj +
|ξ2|
2

∑

i,j

Kαn+1ij ωi ∧ ωj . (3.4)

From Lemma 2.1, we know that Kαn+1ij = 0. And we also have

0 = dωα =
∑

j

ωj ∧ ωα
j ,

so (3.4) reduces to
|ξ1|
2

∑

i,j

Kα1∗ijω
i ∧ ωj = 0,

i.e.

|ξ1|Kα1∗ij = 0.

Setting α = 2∗ and using Lemma 2.1 gives

0 = |ξ1|(δ2iδ1j − δ2jδ1i).

Setting i = 2 and j = 1, we have |ξ1| = 0. This completes the proof. 2

4. Pinching for the square of the length of the second fundamental form

According to Theorem 1, we can choose a local field of orthonormal frames

e1, . . . , en, en+1, . . . , en+p,

e1∗ = Je1, . . . , en∗ = Jen, e(n+1)∗ = Jen+1, . . . , e(n+p)∗ = Jen+p,

in CPn+p, in such a way that, restricted to Mn, {e1, . . . , en} are tangent to Mn, and ζ = Hen+1.

It is easy to see that

trHα =

{

nH, α = n + 1

0, α 6= n + 1.
(4.1)

Set

τ = S − nH2.
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From (2.18), noting that Mn has parallel mean curvature vector and
∑

k hα
kkij = 0, one gets

1

2
∆τ =

∑

α6=n+1

∑

i,j,k

(hα
ijk)2+

∑

α6=n+1

∑

i,j,k,m

hα
ij(h

α
imRmkjk + hα

kmRmijk)−

∑

α6=n+1

∑

β,k

hα
ijh

β
kiRαβjk. (4.2)

By using (2.5), (2.10), (2.12), (4.1) and the fact that Mn is pseudo-umbilical, we can get
∑

α6=n+1

∑

i,j,k,m

hα
ij(h

α
imRmkjk + hα

kmRmijk)

= n(1 + H2)τ +
1

2

∑

α,β 6=n+1

tr(HαHβ − HβHα)2 −
∑

α,β 6=n+1

(
tr(HαHβ)

)2
, (4.3)

∑

α6=n+1

∑

β,k

hα
ijh

β
kiRαβjk

= −
∑

i

trH2
i∗ −

1

2

∑

α,β 6=n+1

tr (HαHβ − HβHα)
2
. (4.4)

From (4.2), (4.3), (4.4), we have

Lemma 4.1 For any real number a, the Laplacian of τ is

1

2
∆τ =

∑

α6=n+1

∑

i,j,k

(
hα

ijk

)2
+

∑

i

trH2
i∗ − an(1 + H2)τ+

(1 + a)
∑

α6=n+1

∑

i,j,k,m

hα
ij (hα

imRmkjk + hα
kmRmijk)+

1 − a

2

∑

α,β 6=n+1

tr (HαHβ − HβHα)
2
+ a

∑

α,β 6=n+1

(
tr(HαHβ)

)2
.

Lemma 4.2
[5] Let A1, A2, . . . , Am be symmetric (n × n)-matrices, m ≥ 2. Then

m∑

α,β=1

tr(AαAβ − AβAα)2 −
m∑

α,β=1

(
tr(AαAβ)

)2 ≥ −3

2

(
m∑

α=1

tr(A2
α)

)2
,

and the equality holds if and only if one of the following cases occurs:

(1) A1 = · · · = Am = 0;

(2) Only two of the matrices Aα(α = 1, . . . , m) cannot be zero. Moreover, if A1 6= 0, A2 6=
0, A3 = · · · = Am = 0, then trA2

1 = trA2
2, and there exists an orthogonal matrix T , such that

TA1T
−1 =

1

2

√
√
√
√

m∑

α=1

trA2
α






0 1

1 0 0
0 0




 , TA2T

−1 =
1

2

√
√
√
√

m∑

α=1

trA2
α






1 0

0 −1 0
0 0




 .

Proof of Theorem 2 Setting a = −1 in Lemma 4.1, from Lemma 4.2, one can get

1

2
∆τ ≥

∑

α6=n+1

∑

i,j,k

(hα
ijk)2 +

∑

i

trH2
i∗ + τ

(
n(1 + H2) − 3

2
τ
)
. (4.5)

If S ≤ n
3 (2 + 5H2), i.e., τ ≤ 2

3n(1 + H2), then the right hand of (4.5) is nonnegative and τ is

a subharmonic function on Mn. By Hopf’s maximum principle, we know that τ is a constant.
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Hence

hα
ijk = 0, ∀i, j, k, α (4.6)

Hi∗ = 0, ∀i (4.7)

τ
(
n(1 + H2) − 3

2
τ
)

= 0. (4.8)

(4.8) implies: if S < n
3 (2 + 5H2), i.e., τ < 2

3n(1 + H2), then τ = 0, Mn is totally umbilical, and

if S = n
3 (2 + 5H2), i.e., τ = 2

3n(1 + H2), then

∑

α,β 6=n+1

tr(HαHβ − HβHα)2 −
∑

α,β 6=n+1

(tr(HαHβ))2 = −3

2
τ2.

From Lemma 4.2 and (4.7), there exist α1, α2 ∈ {n + 2, . . . , n + p, (n + 1)∗, . . . , (n + p)∗}, such

that

Hα1
=

√
τ

2






0 1

1 0 0
0 0




 , Hα2

=

√
τ

2






1 0

0 −1 0
0 0




 , (4.9)

Hα = 0, α 6= n + 1, α1, α2. (4.10)

Using (4.6), (4.10) and noting that Mn has parallel mean curvature vector, ωα
n+1 = 0, we have

0 = dhα
ij +

∑

β

h
β
ijω

α
β −

∑

l

hα
ljω

l
i −

∑

l

hα
ilω

l
j

= dhα
ij + hα1

ij ωα
α1

+ hα2

ij ωα
α2

−
∑

l

hα
ljω

l
i −

∑

l

hα
ilω

l
j .

Setting α = α1, i = 1, j ≥ 3 and α = α2, i = 2, j ≥ 3, we see that

ω2
j = 0, j ≥ 3, (4.11)

ω1
j = 0, j ≥ 3. (4.12)

Taking exterior derivative of (4.11) and using (4.9)–(4.12) and Lemma 2.1 gives

0 = ω2 ∧ ωj, j ≥ 3.

This shows that n = 2. By Gauss equation, we compute the sectional curvature of M2

R1212 = K1212 +
∑

α

[hα
11h

α
22 − (hα

12)
2] = 1 + H2 −

(
√

τ

2

)2 −
(
√

τ

2

)2

=
1

3
(1 + H2).

Since H is a constant, M2 is locally isometric to the sphere S2
(√

3
1+H2

)
. This completes the

proof. 2

Remark From (2.13), Theorem 2 also gives a pinching constant n(n− 5
3 )(1+H2) for the scalar

curvature.
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