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Abstract Let M™ be a totally real submanifold in a complex projective space CP™ P, In this
paper, we study the position of the parallel umbilical normal vector field of M™ in the normal
bundle. By choosing a suitable frame field, we obtain a pinching theorem, in the case p > 0,
for the square of the length of the second fundamental form of a totally real pseudo-umbilical
submanifold with parallel mean curvature vector.
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1. Introduction

Let CP™*? be a 2(n + p)-dimensional complex projective space endowed with the Fubini-
Study metric of constant holomorphic sectional curvature 4. Let M™ be an n-dimensional sub-
manifold in CP*™P. M™ is called totally real if each tangent space of M™ is mapped into the
normal space by the complex structure J of CP**P. In [1,2], in the case p = 0, a pinching theo-
rem and the corresponding rigidity theorem for totally real minimal submanifolds were obtained.
In [3], Du investigated the conditions under which totally real pseudo-umbilical submanifolds
must be minimal for p = 0. In this paper, we study the totally real pseudo-umbilical submani-
folds with parallel mean curvature vector in CP™*? for general complex codimension p. In order
to choose a suitable frame field, one should consider the position of parallel umbilical normal
vector field of totally real submanifold M™ in the normal bundle.

Let TM™ and T+M™ be the tangent bundle and the normal bundle of submanifold M™.
Write

V=] J(TMm).
rEM™
Obviously, V is a rank n subbundle of T+M", J : T,M™ — V, is an isomorphism. Denote by

V1 the orthogonal complement of V in T-M™. For parallel umbilical normal vector field, we
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first prove

Theorem 1 Let M™ be an n(> 2)-dimensional totally real submanifold in CP"*? and £ be a
parallel umbilical normal vector field of M™. Then ¢ must be in V*, ie., £ € O (V).

Remark In [3], it is proved that totally real pseudo-umbilical submanifolds with parallel mean
curvature vector in CP™ must be minimal. This result is a direct corollary of Theorem 1.
Furthermore, according to Theorem 1, by choosing a suitable moving frame, we get the

following pinching theorem for the square of the length of the second fundamental form.

Theorem 2 Let M™ be an n-dimensional compact totally real pseudo-umbilical submanifold
with parallel mean curvature in CP" P, n > 2, p > 1. If the square of the length of the second
fundamental form

S < 2(2 +5H?),

where H is the mean curvature of M, then either S = nH?, M" is totally umbilical, or S =
%(2+45H?). In the latter case, n = 2 and M? is locally isometric to the sphere S?(,/1%7z) of

. 3
radius ‘/W'
2. Basic formulas

Let M™ be an n-dimensional totally real submanifold in CP™*?. Choose a local field of

orthonormal frames

€1y--+3€ny, Ently ..y Cngp, €1x = Jelu sy Epx = Jenae(n+1)* = J€n+17 -+ E(ndp)*
= Jen-i—p (21)
in CP™*P_in such a way that, restricted to M™, {e1, ..., e, } are tangent to M™. For convenience,

we use the following convention on the range of indices:

AB,C,...=1,....,n+p, 1", ....(n+p)*;
Lk, ... =1,...,n;

a,B,9,...=n+1,....on+p, 1% ... (n+p)*;
ANiyoo.=n+1,....,n+p.

Let {wA} be the dual frames of {e4}. Then the structure equations of CP"*? are given by

dw? = E wB Awg, (2.2)
B
1
dwp = E wg/\wé+§ E Kapopw©® AwP, (2.3)
c C,D
wherel!]
i j* A A* ]* . i
W =wh, wi =wi, Wl =W,
P R v (2.4)
wi =wy, wh =wh., Wy =Wy :
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Kapcep =6acépp —dapdpc + Jcadpr — Jpade +2Jpadpe.

In (2.5), Jap is the component of the linear transformation J, i.e.,

0 ‘ Lty
JaB) = ‘ "
=\ 0 -
R e N

i A i* A*
where I,,4, denotes the identity matrix of degree n + p.

Restricting these forms to M™, we have

w* =0,
o a g _ a J
wi = g hi; Wy, h= g hi; W' @ w! ® eq,
J 0,5,

it k*
hjk_ ik_hij7

dw' =3 W Awj,
- .

dwj— = wa Awh + % > Riji w® AW
k k,l
Rijii = Kiji + Z( ikhG = hiih),
«
1
dwj = ng Awy + 3 ZRaﬁklwk Al
- kil

Ropij = Kapij + Z( ?khfj - h?khgi)a
K
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(2.5)

(2.10)

(2.11)

(2.12)

where h is the second fundamental form of M", and R;ji;, Rapi; are the components of the

Riemannian curvature tensor R and the normal curvature tensor R+ with respect to {e4}. The

mean curvature vector of M™ is defined as follows

C:%ZtrHa'eau

where trH, is the trace of the matrix H, = (hg;). We call H = [(| the mean curvature of M™.

Write
S = Z trH 2
Let p be the scalar curvature of M™. Then we havel!l
p=n(n—1)+n*H* - S.
Define the covariant derivative of hf‘j as follows

k I¢] ! !
> hgpwh =dh + > hwg = kel =Y gl
k B ! !

Then!4

@ a — . .
igk — Tikj = —Kaijk;

(2.13)

(2.14)

(2.15)
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B

m

Note that M™ is an invariant submanifold!*) in CP"*? i.e., Kaijr =0, so

ik = Pikj- (2.17)
From (2.16), (2.17), the Laplacian of h¢; is
ARG = i
k
= Bij + (W Rk + M Ronigh) = > 1 R (2.18)
k k,m B,k

For the frame field chosen above (see (2.1)), using (2.5), it is not difficult to obtain the following

lemma.

Lemma 2.1 Let M" be an n-dimensional totally real submanifold in CP™?. Then
(1) Kijerg = Kijr = 0i105 — 0i10k;
(2) Kxaij =0, Kx«a45 = 0;
(3) Kaijk =0, Kaxjr =0.

3. Position of parallel umbilical normal vector field in the normal bundle

Let M™ be a totally real submanifold in CP"*?. D+ denotes the normal connection of
T+ M"™. We can split T-M™ into the direct sum
T*M" =V eVt
where V and V+ are two subbundles of T+ M™ as we state in the introduction.

Proof of Theorem 1 Suppose the parallel umbilical normal vector field £ = & + &, where
& € C(V), & € C°(V1). Tt suffices to prove that & = 0. Choose local field of orthonormal
frames (2.1) such that

&1 =Giler, & =|&lent.

From that £ is umbilical, we have

&1lhi; + |€2|h?]‘+1 = By,
where B = (&, (). It is clear that the above formula is equivalent to

é1lw]” + |&|w] ! = Bw'.
On the other hand, ¢ is parallel, so

0 =D"¢ = D (| fer- + [alenta)
=(d[é1] + [2lwnt1) ® ers + (o] + &) @ enir+
> (Gl +[Glwiy) ® ea-

a#n+1,1*
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Therefore
dl& ] + [&2lwhy =0, (3.1)
dl&| + |G|t =0,
[&1|wis + [&2lwny =0, a #n+1,17

Taking exterior derivative of (3.3), we obtain
0 =(d[ér] + [€2lwniy) Awi + (dléa] + &) Awp i+
S (Gl +[€lwh ) Awi+
B#n+1,1*
> (&lws + [€alwl ) Awi+
J
B Kyt nwd + S g nw
2 L ’ 2 £ !
,] ]
a6l i el i i
:—BZw]/\wj +TZKQ1*UU} /\WJ—FTZKO”LJFMJ‘U} Aw. (34)
J i, ij
From Lemma 2.1, we know that Ky,41;; = 0. And we also have
0=dw*= ij AwF,
J
so (3.4) reduces to
[$4 in o
i,
ie.
|€1| K a1+4 = 0.

Setting a = 2* and using Lemma 2.1 gives

0= |§1|(52i51j — 523‘511-).

Setting ¢ = 2 and j = 1, we have |£1| = 0. This completes the proof. O
4. Pinching for the square of the length of the second fundamental form

According to Theorem 1, we can choose a local field of orthonormal frames

€ly--+3€ny,Ently .- Entp,
el =Jei, ... en = Jen, e(ni1)y = Jent1s -, nipp)r = Jentp,
in CP"*? in such a way that, restricted to M™, {ey,...,e,} are tangent to M™, and ¢ = Hey, 1.
It is easy to see that
nH, a=n+1
trH, = (4.1)
0, a#n+1.

Set
r=8—nH>.
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From (2.18), noting that M™ has parallel mean curvature vector and >, hi.. = 0, one gets

—AT— Z Z uk Z Z hs (g Rk + Dy Rmijr)—

a#n+114,j,k a#n+114,5,k,m
> hEh Ragjik. (4.2)
a#n+1 B,k
By using (2.5), (2.10), (2.12), (4.1) and the fact that M™ is pseudo-umbilical, we can get
S h(hg, Rk + Mgy Bimiji)

a#n+11,5,k,m

1
=n(l+H)r 45 Y t(HaHs — Holla)* = ) (tr(H, Hpg))?, (4.3)
a,B#n+1 a,B#n+1
>N hhy Ragjn
a#n+1 B,k

l\D|P—‘

= —ZtrHi% —
i

From (4.2), (4.3), (4.4), we have

Z r (HoHg — HgH,)> . (4.4)
,B#£n+

Lemma 4.1 For any real number a, the Laplacian of T is
_AT = Z Z 17k + Ztr}ﬂ — an(l 4 HQ)T—i—
a#n+11i,5,k
(t+a) Z Z i Rk + P Romijie) +

a#n+11,5,k,m

! ;a ST w(HoHp— HgHo) +a Y (tr(HaHg))".

a,B#n+1 a,B#n+1
Lemma 4.2 Let A;, Ay, ..., A, be symmetric (n x n)—matrjces m > 2. Then
> r(Aadp — AgAa)® = > (tr(Aa Ap))° > Z tr(A2))
a,f=1 a,f=1
and the equality holds if and only if one of the following cases occurs:
(1) Ay=---=A,, =0;
(2) Only two of the matrices As(a = 1,...,m) cannot be zero. Moreover, if A; # 0, Ay #
0,A3 =--- = A,, =0, then trA? = trA3, and there exists an orthogonal matrix T, such that
0 1 1 0
1 m
TAlT*:5 oA | 1 0 O JTAT ™ = = 0 -1 O
o=l 0 0 0 0
Proof of Theorem 2 Setting a = —1 in Lemma 4.1, from Lemma 4.2, one can get
3
—AT> ST S gy —i—Ztr (n(1+ H?) = 57). (4.5)
a#n+114,j,k

If S < 2(245H?), ie., 7 < gn(l + H?), then the right hand of (4.5) is nonnegative and 7 is

a subharmonic function on M™. By Hopf’s maximum principle, we know that 7 is a constant.
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Hence
h“k =0, Vi jka (4.6)
w =0, Vi (4.7)
T(n(l + H?) — gr) =0. (4.8)

(4.8) implies: if S < 2(2+5H?), i.e., 7 < 3n(1+ H?), then 7 =0, M™ is totally umbilical, and
if $=2(2+5H?),ie,7=2n(l+ H?), then

3
> tr(HoHg— HgHo)’ — > (tr(HoHp))® = —572.
a,B#n+1 a,B#n+1
From Lemma 4.2 and (4.7), there exist a1, a0 € {n+2,...,n+p,(n+ 1)*,...,(n+ p)*}, such
that

H., g 10 0 . H,, g : (4.9)
0 0
H,=0, a#n+1,a1,as. (4.10)

Using (4.6), (4.10) and noting that M™ has parallel mean curvature vector, wy,; = 0, we have
0=+ s - T - i

= dhgs + hiw, + hiPw Z hijwh — > gt
l

Setting a =a3,1=1, j >3 and a = as,i = 2,j > 3, we see that

w? =0, j>3, (4.11)
wi =0, j=>3. (4.12)
Taking exterior derivative of (4.11) and using (4.9)—(4.12) and Lemma 2.1 gives
0=w?Aw!, j>3.

This shows that n = 2. By Gauss equation, we compute the sectional curvature of M2

(D)2 - (L2

Ri212 = Ki212 + Z[hi‘lhé‘g — (hfy)* ] =1+ H* -

2 2
1
=—(1+H?).
S(1+ 1)
Since H is a constant, M? is locally isometric to the sphere 5’2(1 / H%) This completes the
proof. O

Remark From (2.13), Theorem 2 also gives a pinching constant n(n — 2)(1+ H?) for the scalar

curvature.
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