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F in ite Groups whose Abel ian Subgroup Orders Are
Con secutive In tegers
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Abstract　 In th is paper w e give a comp lete classificat ion of fin ite group s w ho se p roper a2
belian subgroup o rders are consecu tive in tegers.
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In [ 1 ] the fin ite group s a ll of w ho se elem en t o rders are con secu t ive in tegers have been
classif ied. Sh iW u jie [ 2 has determ ined all f in ite group s w ho se p roper subgroup o rders are con2
secu t ive in tegers. In [ 2 ], Sh i W u jie po sed the fo llow ing p rob lem : To classify a ll g roup s in
w h ich p roper abelian subgroup o rders are con secu t ive in tegers. In th is paper w e an sw er the
above quest ion and ob ta in the fo llow ing conclu sion:

Theorem　L et G be a f in ite g roup and Πa (G ) the set of p rop er abelian subg roup ord ers in G.
If Πa (G ) = {1, 2, . . . , n}, then nΦ 6 and one of the f ollow ing hold s.

(1)　 n= 1 and Gµ Z p , p p rim e.
(2)　 n= 2 and Gµ Z 2× Z 2, or Gµ Z 4.
(3)　 n= 3 and Gµ S 3, or Gµ Z 6.
(4)　 n= 4 and Gµ A 4, or Gµ S 4.
(5)　 n= 5 and Gµ A 5.
(6)　 n= 6 and Gµ S 5.

A ll g roup s d iscu ssed w ill be assum ed to be fin ite and all ou r no ta t ion is standard as can
be found in Go ren stein [ 3 ]. M o reover, A < G ind ica tes tha t A is a p roper subgroup of G and P q

deno tes a q2Sylow subgroup of G , w here q is a p rim e. Fo r conven ience, w e ca ll a group G

w ho se p roper abelian subgroup o rders are con secu t ive in tegers an OA n group , w here n is the
m ax im al in tegers in Πa (G ).

L emma 1　L et n be a p ositive in teg er and p i the i2th p rim e of the p rim e series, p k = m ax {p j ûp j

Φ n}. If nΕ 5, then f ollow ing inequa lities hold.
(1) 2p k- 1+ 1> p k. 　　 (2) p

2
k - 1> n.
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Proof　W e can imm edia tely check (1) and (2) fo r nΦ 20. Fo r n> 20 w e have p k- 1 > (p k -
1) ö2 by [2, L emm a 1 ] and (1) fo llow s. A gain by [2, L emm a 1 ] w e see tha t

p k > nö2

and
p 2

k - 1 > ( (p k - 1) ö2) 2 > n2ö16 - nö4 Ε n

and (2) fo llow s.

L emma 2　L et G be a 22g roup and ûG ûΕ 16. T hen G has an abelian subg roup of od er 8.

Proof 　L et A be a m ax im al abelian no rm al subgroup of G. T hen A = CG (A ) from [ 3, p.
185 ].
　　 If ûA û= 4, then

ûA u t (A ) û = (22 - 1) (22 - 2) o r 2 (2 - 1)

and
ûGöA û = ûGöCG (A ) ûûûA u t (A ) û ,

w e have
ûGû = ûA û o r ûG û = 2ûA û = 4 o r 8,

a con trad ict ion.

L emma 3　L et G be an O A n g roup. T hen G is solvable if and on ly if nΦ 4.

Proof　 If nΦ 4 , then G is obviou sly so lvab le.
If an O A n group G is so lvab le and n > 4, by L emm a 1 w e can suppo se tha t ûG û = 2Α1

3Α2. . . p
Αk- 2k- 2 p k - 1p k becau se a group of o rder p

2 (p p rim e) is abelian. Since G is so lvab le, there
ex ists a subgroup H of G such tha t ûH û= p k- 1p k. By Sylow ′s theo rem and L emm a 1, H is
cyclic and ûH û= p k- 1p k > p k- 1

2> n. T h is is a con trad ict ion again st the fact tha t G is an O A n

group.

Theorem 1　L et G be an O A n g roup w here nΦ 4. T hen one of f ollow ing hold s:
(1)　 n= 1 and Gµ Z p , p p rim e.
(2)　 n= 2 and Gµ Z 2× Z 2, or Gµ Z 4.
(3)　 n= 3 and Gµ S 3, or Gµ Z 6.
(4)　 n= 4 and Gµ A 4, or Gµ S 4.

Proof　 T he conclu sion s (1) and (2) are obviou s. Fo r n= 3 w e have ûG û= 6 and (3) ho lds.
Fo r n= 4, L emm a 2 im p lies tha t ûG û= 12 o r 24. F irst, w e sha ll show s tha t P 3öü G.

A ssum e tha t P 3ü G. Since G is an O A 4 group , obviou sly CG (P 3) = P 3. A s ûA u t (P 3) û=
2, w e see tha t ûGöP 3û= 1 o r 2 and hence ûGû= 3 o r 6. It is p la in ly im po ssib le.

Con sidering the m in im al no rm al subgroup N of G , w e have ûN û = 2 o r 4. If ûN û = 2,
then N P 3 is cyclic and ûN P 3û= 6, a con trad ict ion. T hu s ûN û = 4 and ûN P 3û = 12. A s N P 3

can no t have any elem en t of o rder 6, w e infer tha t N P 3µ A 4.
If ûGû= 12, then it fo llow s tha t

G = N P 3 µ A 4.
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If ûG û= 24, it is clear tha t ûG: N P 3û= 2 and hence N P 3ü G. It fo llow s tha t Gµ S 4.

Theorem 2　L et G be an O A n g roup and n> 4. T hen:
(1)　W e have nΦ 6.
(2)　 n= 5, then Gµ A 5 and if n= 6, then Gµ S 5.

Proof　W e first dea l w ith the case w here n = 5 and 6. If G ex ists, then by L emm a 2 and
L emm a 3 w e can suppo se tha t ûGû= 2kõ3 õ 5 (k< 4) and G is non so lvab le.

L et S be the m ax im al so lvab le no rm al subgroup of G and N öS a m in im al no rm al sub2
group of GöS. T hen N öS is a nonabelian sim p le group and

Π(N öS ) = {2, 3, 5}.

T herefo re S is 22group and S = O 2 (G ). F rom [4, p. 12 ] w e have N öS µ A 5. A lso , GöS is iso2
m o rph ic to a subgroup of A u t (N öS ). A nd GöS µ A 5 o r S 5.

By L emm a 2 it is clear tha t

ûS û = ûO 2 (G ) û = 1 o r 2.

If ûO 2 (G ) û= 2, then O 2 (G ) P 5 is a cyclic group of o rder 10. T hu s

O 2 (G ) = S = 1
and

G µ A 5 o r S 5.
(2) fo llow s.

L et G be an O A n group , w here nΕ 7,

ûGû = 2Α13Α2. . . p Αjj p j + 1. . . p k , 2p j+ 1 > n Ε 2p j ,

w here p i is the ith p rim e of the p rim e series. A s 9 does no t d ivide the o rder of SL (2, 5) , the
p roof of [1, L emm a 7 ] im p lies tha t G is neither F roben iu s no r 22F roben iu s and a p roof sim i2
la r to [1, L emm a 8 ] yields tha t G has a no rm al series w h ich con ta in s a nonabelian sim p le fac2
to r group G 1 such tha t p j+ 1, . . . , p k∈Π(G 1).

In the case w here 7Φ n Φ 10, the above descrip t ion im p lies tha t G has a nonabelian
sim p le facto r group G 1= G 1öS such tha t 5, 7∈Π(G 1). A cco rd ing to the first part of the p roof
of [ 1, L emm a 9 ], G 1 can on ly be isom o rph ic to A 7 o r PSL (3, 4). Since G is an O A n group
w here 7Φ n Φ 10, w e can suppo se tha t ûG û= 2Α13Α2õ 5 õ 7 and so Π(S ) Α {2, 3}. Becau se S
has a fixed2po in t2free au tom o rph ism of o rder 7, S is a n ilpo ten t {2, 3}2group.

A ssum e tha t 3 d ivides the o rder of S. Con sidering the 32Sylow subgroup Q 3 of S , w e
have Q 3 ü G 1 becau se S is n ilpo ten t. O bviou sly û Z (Q 3) û = 3 o r 9. By Sylow ′s theo rem Z
(Q 3) P 7 is abelian and ûZ (Q 3) P 7ûΕ 21 w here P 7 deno tes the 72Sylow subgroup of G 1, a con2
t rad ict ion. T hu s S is a 22group and S = O 2 (G 1).

A s Z (O 2 (G 1) ) is abelian, it is clear tha t ûZ (O 2 (G 1) ) ûΦ 8. W hen ûZ (O 2 (G 1) ) û= 2 o r 4,
from Sylow ′s theo rem w e can easily p rove tha t Z (O 2 (G 1) ) P 7 is abelian and

ûZ (O 2 (G 1) ) P 7û Ε 14,
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a con trad ict ion. W hen ûZ (O 2 (G 1) ) û= 8, w e sim ila rly have Z (O 2 (G 1) ) P 5 is abelian and

ûZ (O 2 (G 1) ) P 5û = 40,
w here P 5 deno tes the 52Sylow subgroup of G 1, a con trad ict ion. T hu s û Z (O 2 (G 1) ) û = 1 and
O 2 (G 1) = S = 1. T herefo re G 1 is a nonabelian no rm al sim p le subgroup of G and G 1 µ A 7 o r
PSL (3, 4).

A s G 1ü G and CG (G 1) = 1 w e infer tha t

A 7 Φ G Φ S 7 o r PSL (3, 4) Φ G Φ A u t (PSL (3, 4) ).

W hen A 7Φ GΦ S 7, w e conclude tha t

G µ A 7 o r S 7.

Bu t bo th A 7 and S 7 are no t O A n group s becau se A 7 con ta in s an abelian subgroup of o rder 9
and does no t con ta in any abelian subgroup of o rder 8 and S 7 con ta in s elem en ts of o rder 12.
W hen PSL (3, 4) Φ G Φ A u t (PSL (3, 4) ) , G is no t an O A n group becau se PSL (3, 4) has a
subgroup w h ich is isom o rph ic to Z 4× Z 4. T herefo re there does no t ex ist any O A n group w ith
7Φ nΦ 10.

Fo r nΕ 11 w e can also p rove tha t there does no t ex ist any O A n group u sing an argum en t
sim ila r to [1, L emm a 10 ].
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Abel 子群的阶为连续整数的有限群

冯 衍 全
(北方交通大学数学系, 北京100044)

摘　　要

本文给出了所有有限群它的A bel 子群的阶为连续整数的分类.
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