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Abstract　 L et V be a 2- d im en siona l vecto r space over the rea l f ield R w ith an affine o r

indefin ite symm etric b ilinear fo rm. T he infin ite d ihedra l group W can be view ed as a

subgroup of GL (V ) . In the p resen t paper w e w ill classify a ll crysta llograph ic group s

associa ted w ith W up to con juga t ion in the affine group A (V ).
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1. In troduction

L et V be an n - d im en siona l vecto r space over the rea l f ield R. W e endow V w ith a symm etric

b ilinear fo rm (, ) such tha t V has abasis a1, a2, ⋯, an sa t isfying the fo llow ing condit ion s:

i). (a i, a i) ≠ 0 fo r i = 1, 2, ⋯, n ;

ii). the m atrix B = (bij ) n× n w ith bij = 〈a j , a i〉is an indecom po sab le genera lized Cartan m atrix
[ 1 ], w here w e deno te2 (a i, a j ) ö(a j , a j ) by〈a i, a j〉.

T he vecto r space V endow ed w ith such a symm etric b ilinear fo rm ( , ) isca lled Euclidean,

aff ine o r indefin ite if the co rresponding m atrix B is off in ite, aff ine o r indefin ite type. A sub set +
of V is ca lled a la t t ice, p rovided there ex ists a basis v 1, v 2, ⋯, v n of V such tha t += Ý n

i= 1Zv i. Fo r

any subgroup W of GL (V ) , a la t t ice + is ca lledW - invarian t if w (v ) ∈ + fo r any w ∈W and v

∈ + . By A (V ) w e deno te the affine group ofV con sist ing of a ll elem en ts (a , A ) , w here a ∈V

and A ∈ GL (V ) , w ithm u lt ip lica t ion (a , A ) (b, B ) = (a + A b, A B ) , and w e iden t ify the sub2
group T (V ) ofA (V ) con sist ing of a ll elem en ts (a , I ) , a ∈V , w ith V it self. It is clear tha t there

ex ists a hom om o rph ism p : A (V )→GL (V ) g iven by p (a , A ) = A . L etW be a subgroup of GL

(V ) . A subgroup G of A (V ) is ca lled a crysta llograph ic group associa ted w ith W if the hom o2
m o rph ic im age p (G ) co incides w ith W and the kernel of p , + = G ∩ T (V ) is a la t t ice of V . W e

also ca ll G the ex ten sion of W by + . It is an in terest ing p rob lem to classify a ll crysta llograph ic

group s in the affine group A (V ). W hen V is an n - d im en siona l Euclidean space and W is the
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W eyl group of an irreducib le roo t system , the classif ica t ion of crysta llograph ic group s associa ted

w ith W is w ell know n [ 2 ], [ 3 ]. W hen V is an n - d im en siona l indefin ite space, W is an infin ite Cox2
eter group and the Coxeter graph is sim p le- laced, the resu lts on th is sub ject have been given by

L i [ 4 ]. In the p resen t paper w e are go ing to classify a ll crysta llograph ic group s associa ted w ith the

infin ite d ihedra l group W in the affine group A (V ) , w here V is an affine o r indefin ite 2- d im en2
siona l space and the Coxeter graph is no t sim p le- laced. T he group W w ith s1 and s2 as a set of

genera to rs, sub ject on ly to rela t ion s s1
2 = s2

2 = 1 , is ca lled the infin ite d ihedra l group. L et V be

a 2- d im en siona l vecto r space over the rea l f ield Rw ith a symm etric b ilinea l fo rm (, ) such tha t V

has a basis a1 and a2 sa t isfying (a i, a i) ≠ 0 fo r i = 1, 2 and the co rresponding Cartan m atrix

2 〈a2, a1〉

〈a1, a2〉 2
=

2 - m

- n 2
,

w here m and n are po sit ive in tegers. It is clear tha tB is of aff ineo r indefin ite type if and on ly ifm n

= 4 o r m n > 4. Fo r i = 1, 2 w e can definereflect ion s Ρg i by the ru le

Ρi (Κ) = Κ- 〈Κ, a i〉a i,

w here w e deno te 2 (Κ, a i) ö(a i, a i) by〈Κ, a i〉. A n easy ca lcu la t ion show s tha t Ρg i p reserves the

fo rm (, ) .

Proposit ion 1. 1　 T here ex ists a un ique hom om orp h ism Ρ: W →GL (V ) , send ing si to Ρi. M oreover,

Ρ is f a ithf u l if and on ly if B is of af f ine or ind ef in ite typ e.

Proof　 It is clear tha t Ρ is fa ithfu l if and on ly if Ρ1Ρ2 is no t of fin ite o rder. W ith respect to the ba2
sis {a1, a2} Ρ1Ρ2 can be exp ressed as the m atrix

- 1 m

0 1

1 0

n - 1
=

m n - 1 - m

n - 1
,

w ho se characterist ic po lynom ia l is Κ2 - (m n - 2) Κ+ 1. It is easy to see tha t Ρ1Ρ2 is of f in ite o rder

if and on ly if Ρ1Ρ2 has tw o differen t com p lex eigenvalues, w h ich is equ iva len t to the fact tha tm n <

4. So W acts on V fa ithfu lly if and on ly if B is of aff ine o r indefin ite type.

P ropo sit ion 1. 1 show s tha t the infin ite d ihedra l group W can be view ed as a subgroup of GL

(V ) w hen V is an affine o r indefin ite 2- d im en siona l space. In o rder to com p lete the classif ica t ion

of crysta llograph ic group s associa ted w ith the infin ite d ihedra l group W in GL (V ) , w hereV is an

affine o r indefin ite 2- d im en siona l space, w e shou ld p roceed in the fo llow ing w ay: F irst of a ll,

w e w ill determ ine a ll la t t ices w h ich areW - invarian t; then, w e w ill ca lcu la te the first cohom o lo2
gy group H 1 (W , V ö+ ) fo r everyW - invarian t la t t ice + ; F ina lly, w e w ill f ind the im po rtan t no r2
m alizer ofW in GL (V ) . Fo r the ou t line of the theo ry of crysta llograph ic group s and all no ta t io2
nand term ino logy, w e refer the readers to [5 ] .

2. W - Invar ian t la tt ices +
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　　L etW be the infin ite d ihedra l group and letW act on a 2- d im en siona l aff ine o r indefin ite rea l

vecto r space V in the w ay ind ica ted in P ropo sit ion 1. 1. W e assum e tha t V has the basis {a1, a2}

such tha t the Cartan m atrix

〈 a1, a1〉〈 a2, a1〉

〈 a1, a2〉〈 a2, a2〉
=

2 - m

- n 2
,

w here m , n are po sit ive in tegers and m n Ε 4.

L emma 2. 1　A ssum e tha t + is a W - inva rian t la ttice in V . F or i= 1, 2 there ex ists a un ique p osi2
tive rea l bi such tha t

+ ∩ Ra i = Zbia i.

Proof　 See [4 ], P ropo sit ion 2. 3

L et Βi = bia i fo r i = 1, 2. T he set B = {Β1, Β2} of po sit ive m u lt ip les of the a1 and a2 is ca lled

a basic system ofW if there ex ists aW - invarian t la t t ice + such tha t

+ ∩ Ra i = ZΒi.

D ef in it ion 2. 2　 Tw o la ttices + 1 and + 2 a re ca lled equ iva len t if there ex ists som e c ≠ 0 such tha t c+ 1

= + 2 .

W hen the sp ace V is ind ef in ite, a llW - inva rian t la ttices in V have been d eterm ined easily. W e

just reca ll the resu lts d ue to L i
[ 4 ].

Theorem 2. 3　 A ssum e tha t V is a 2- d im ensiona l ind ef in ite rea l vector sp ace. F or every W - in2
va rian t la ttice + in V , d enote by + 3

the f ollow ing la ttice:

+ 3 = {v ∈ V û si (v ) - v ∈ + f or i = 1, 2}.

　　i)　E very W - inva riav t la ttice + in V is such tha t Q (B ) Α +Α P (B ) f or som e basic sy stem B

= {Β1, Β2} of W , w here Q (B ) = ZΒ1 Ý ZΒ2 and P (B ) = Q (B ) 3 . Conversely , every la ttice of th is

f orm is W - inva rian t.

ii)　T he num ber of equ iva len t classes of W - inva rian t la ttices in V is f in ite.

W e focu s now on the classif ica t ion ofW - invarian t la t t ices in an affine space V . It is clear

tha t V is aff ine if and on ly if m n = 4. W e can rep lace a1 and a2 by their po sit ive m u lt ip les w ithou t

a ltering the act ion of s1 and s2 . therefo re w e m ay assum e, w ithou t lo sing genera lity, tha t V has

the basis {a1, a2} such tha t the Cartan m atrix

〈a1, a1〉〈a2, a1〉

〈a1, a2〉〈a2, a2〉
=

2 - 2

- 2 2
.

L et ∆ = a1 + a2 . By direct ca lcu la t ion w e have

s1s2 (Κ) = Κ- 〈Κ, a2〉∆

fo r any Κ∈ V . N ow w e m ay give an exp licit descrip t ion of inequ iva len tW - invarian t la t t ices in

the affine space V . A t th is po in t the resu lts a re d ifferen t from tho se g iven in the indefin ite space

V . Inequ iva len t W - invarian t la t t ices in the affine space V depend upon a param eter k and the

num ber of inequ iva len t la t t ices is infin ite.
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Theorem 2. 4　 A ssum e tha t V is a 2- d im ensiona l rea l af f inesp ace, hav ing a basis {a1, a2} such

tha t the Ca rtan in teg ers〈a1, a2〉=〈a2, a1〉= - 2. L et k d enote any p ositive in teg er. T he rep resen2
ta tiveelem en ts + of inequ iva len t W - inva rian t la ttices in V a re exp licitly listed as f ollow s:

+ = Z Β1 Ý Z (
Β1

2
+

∆
2

) ,

w here Β1 = ka1 , o r

+ = Z Β1 Ý Z∆,

w here Β1 =
k
2

a1 .

Proof　 Since ∆ is f ixed by the act ion ofW and s1 (Β1) = - Β1 ,

s1s2 (Β1) = Β1 - 〈 Β1, a2〉∆,

it is easy to see tha t the above la t t ices are a llW - invarian t. Conversely, suppo se tha t + is aW -

invariian t la t t ice. W e have

v - s1s2 (v ) = 〈 v , a2〉∆∈ + ,

fo r any v ∈ V . Since the vecto r a2 is non iso trop ic,〈 v , a2〉≠ 0 fo r som e v ∈V . It fo llow s tha t

there ex ists som e rea l b > 0 such tha t+ ∩R∆= Zb　∆. R ep lacing + by b- 1+ w ithou t a ltering the e2
qu iva len t class of + , w e m ay assum e tha t +∩R∆= Z∆. Sim ila rly, w e have +∩Ra1 = Zb1a1 fo r

som e b1 > 0. L et Β1 = b1a1 . Since

Β1 - s1s2 (Β1) = 〈Β1, a2〉∆ = - 2b1∆∈ + ,

it fo llow s tha t 2b1∈Z and b1=
k
2 fo r som e po sit ive in teger k . Every elem en t v ∈ + can be w rit ten

un iquely as v = x Β1 + y ∆ fo r som e x , y∈R. Fo r any v = x Β1 + y ∆∈ + , w e have

s1 (v ) = - x Β1 + y ∆∈ + ,

w h ich m ean s tha t 2x ∈Z and 2y∈Z. It is clear tha t x and y m u st take in tegers o r ha lf in tegers si2

m u ltaneou sly, o therw ise w e w ou ld have
1
2

Β1 ∈ + o r
1
2

∆∈ + , w h ich is a con trad ict ion. T here2

fo re, if
1
2

Β1 +
1
2

∆ | , x , y∈Z fo r any x Β1 + y ∆∈ + , and w e have += ZΒ1Ý Z∆. If
1
2

Β1 +
1
2

∆

∈ + , then += ZΒ1Ý Z (
Β1

2
+

∆
2

) , and b1∈Z since

s1s2 (
Β1

2
+

∆
2

) - (
Β1

2
+

∆
2

) = - 〈
Β1

2
+

∆
2

, a2〉∆ = b1∆∈ +.

3. The f irst cohom ology group H 1 (W , V ö+ )

L et + be aW - invarian t la t t ice in V . T he connect ion betw een classif ing a ll crysta llograph ic

group s G , the ex ten sion ofW by + , and ca lcu la t ing the first cohom o logy group H 1 (W , V ö+ ) has

been em phasized by M ax sw ell[ 5 ]. SinceW is genera ted by s1 and s2 , sub ject on ly to rela t ion s s1
2 =

s2
2 = 1 , a m app ing c: W →V ö+ ex tends toacocycle ofW if and on ly if c (si) + sic (si) = 0 fo r i =

1, 2. In ca lcu la t ing the cohom o logy group H 1 (W , V ö+ ) w e m u st d ist ingu ish tw o differen t cases,
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in w h ich the space V is indefin ite o r aff ine.

Ca se 1　 A ssum e tha t V is ind ef in ite. L et + is a W - inva rian t la ttice in V , hav ing the basic sy stem

{Β1, Β2} such tha t the Ca rtan in teg ers〈Β1, Β2〉= - n ,〈Β2, Β1〉= - m , w here m , n> 0,m n> 4.

Proposit ion 3. 1　 A m app ing b: W →V ö+ ex tend s to a cobound a ry of W if and on ly if there ex ist

x i∈R such tha t b (si) = x iΒi (mod+ ) fo r i = 1, 2.

Proof　A s in P ropo sit ion 3. 4 of M ax sw ell [ 5 ]

Fo r v 1, v 2 ∈V , it is clear to see tha t c (si) = v i (m od+ ) ex tends to a cocycle ofW if and on ly

if

2v i = 〈 v i, Βi〉Βi (m od + )

fo r i = 1, 2. W rite v = x Β1 + y Β2 , 2v = 〈 v , Β1〉Β1 (m od + ) if and on ly if

2y Β2 = - m y Β1 (mod + ).

T h is yields tha t 2y ∈Z and m y ∈Z. Sim ila rly, 2v = 〈 v , Β2〉Β2 (mod + ) if and on ly if 2x ∈Z and

nx ∈Z. T hen,

c (s1) = x 1Β1 + x 2Β2 (mod + ) , 　c (s2) = y 1Β1 + y 2Β2 (m od+ )

ex tends to a cocycle ofW if and on ly if the fo llow ing condit ion s are sa t isf ied: 2x 2∈Z, m x 2∈Z,

2y 1∈Z and ny 1∈Z. T ak ing in to accoun t the fo rm of coboundaries ofW given by P ropo sit ion 3. 1,

w e have the cen tra l resu lt.

Theorem 3. 2　 F or the f irst cohom ology g roup H 1 (W , V ö+ ) w e have

i)　H
1 (W , V ö+ ) = 0 if m and n a re both od d ;

ii)　H
1 (W , V ö+ ) µ F 2, m ore p recisely , the cocy cle, as a g enera tor of H

1 (W , V ö+ ) , is d e2
f ined by

c (s1) =
1
2

Β2 (m od + ) , 　 c (s2) = 0 (mod + )

if m is even and n is od d. S im ila rly , if m is od d and n is even , H
1 (W , V ö+ ) is g enera ted by the

cocy cle d ef ined by

c (s1) = 0 (mod + ) , 　 c (s2) =
1
2

Β1 (mod + ).

　　iii)　H
1 (W , V ö+ ) µ F 2× F 2, m ore p recisely , tw o cocy cles, as g enera tors of H

1 (W , V ö+ ) ,

a re d ef ined by

c (s1) =
1
2

Β2 (m od + ) , 　 c (s2) = 0 (mod + )

and

c′(s1) = 0 (mod + ) , 　 c′(s2) =
1
2

Β1 (mod + ) ,
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if m and n a re both even.

Ca se 2　A ssum e tha t V is af f ine, hav ing the basis {a1, a2} such tha t the Ca rtan in teg ers〈a1, a2〉=

〈a2, a1〉= - 2. L et + be a W - inva rian t la ttice w ith +∩R∆= Z∆.

Proposit ion 3. 3　 A m app ing b: W → V ö+ is a cobound a ry if and on ly if there ex ists som e x ∈R

such tha t

b (s1) = x a1 (m od + ) , 　 b (s2) = - x a2 (mod + ).

Proof　 It is clear tha t any coboundary ofW has the ind ica ted fo rm since

〈 v , a1〉= - 〈 v , a2〉

fo r any v ∈ V . To conclude, w e no t ice tha t fo r any x ∈R there ex ists v =
1
2

x a1 ∈V such tha t〈

v , a1〉a1 = x a1 and〈 v , a2〉a2 = - x a2 .

In indefin ite case the first cohom o logy group H 1 (W , V ö+ ) is f in ite, as w e see in T heo rem 3.

2, bu t in affine case the group is infin ite.

Theorem 3. 4　 T he f irst cohom ology g roup H
1 (W , V ö+ ) is g enera ted by the f ollow ing cocy cles,

w h ich a re d ef ined by

i)　 c (s1) = x a1 (m od + ) , c (s2) = 0 (m od + ) f or any x ∈R;

ii)　c (s1) = 0 (m od + ) , c (s2) = y a2 (m od + ) f or any y∈R;

iii)　c (s1) =
1
2 ∆ (m od + ) , c (s2) = 0 (m od + ) ;

iv )　c (s1) = 0 (m od + ) , c (s2) =
1
2 ∆ (m od + ).

Proof　 It is easy to see tha t

c (s1) = x 1a1 + x 2∆ (mod + ) , 　 c (s2) = y 1∆ + y 2a2 (mod+ )

ex tends to a cocycle ofW if and on ly if 2x 2∈Z and2y 1∈Z. Since Z∆Α + , w e have the requ ired re2
su lt.

4. The norma l izer of W in GL (V )

To so lve the classif ica t ion p rob lem , it is necessary to find the nom alizer ofW in GL (V ) , as

ind ica ted by M art ina is[ 3 ].

L emma 4. 1　L etW be the inf in ite d ihed ra l g roup w ith g enera tors s1 and s2, subject on ly to s1
2= s2

2

= 1. T he ou ter au tom orp h ism g roup O u t (W ) is of ord er 2 and O u t (W ) is g enera ted by the au to2
m orp h ism Ηg iven by Η(s1) = s2 and Η(s2) = s1.

Proof　 Fo r any w ∈W deno te by Ρw the inner au tom o rph ism ofW induced by w , w h ich m ean s

tha t

Ρw (s) = w sw - 1.

A ssum e tha t Σ is any au tom o rph ism of W . L et A be the subgroup genera ted by s1s2 . It is clear

tha t A is an infin ite cyclic group and A con sists of a ll elem en ts of o rder infin ity. T hen A is a char2
acterist ic subgroup of W , and Σ(s1s2) = s1s2 o r Σ(s1s2) = (s1s2) - 1 . If Σ(s1s2) = (s1s2) - 1 , then
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Ρs2Σ(s1s2) = s1s2 . So w ithou t lo sing genera lity, w e m ay assum e tha t Σ(s1s2) = s1s2. L et Σ(s1) =

s1 (s1s2) m . If m is even, there ex istsw ∈A such tha t w s1w
- 1 = s1 (s1s2) m . It fo llow s tha t Σ= Ρw .

If m is odd, there ex istsw ∈A such tha tw s1w
- 1 = s1 (s1s2) - (m - 1). T hen Ρw Σ(s1) = s2 and Ρw Σ(s2) =

Ρw Σ(s1s1s2) = s2s1s2 . It fo llow s tha t Ρw Σ= Ρs2Η.

N ow w e can easily find the no rm alizer ofW in GL (V ) . L et V be avecto r space, having the

basis {a1, a2} such tha t the Cartan m atrix

〈 a1, a1〉〈 a2, a1〉

〈a1, a2〉〈 a2, a2〉
=

2 - m

- n 2

w here m , n are po sit ive in tegers and m n Ε 4.

Theorem 4. 2　D enote by H the g roup of hom otheties of V . L et N (W ) be the norm a liz er of W in

GL (V ). T hen N (W ) öH W is the g roup of ord er 2 g enera ted by the elem en t Η, w here w ith resp ect to

the basis {a1, a2}, Η=
0 m

n 0
.

Proof　W ith respect to the basis {a1, a2} w e have

s1 =
- 1 m

0 1
, 　s2 =

1 0

n - 1
.

A n easy ca lcu la t ion show s tha t Ηs1Η- 1 = s2 and Ηs2Η- 1 = s1 . T hen Η∈N (W ) . By L emm a 4. 1 w e

on ly need to p rove tha t any elem en t ΣofN (W ) is a hom o thety ofV if the con juga t ion of Σleaves a ll

elem en ts ofW f ixed. Bu t th is is clear by H um ph reys [ 6 ].
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同无限二面体群关联的晶体群的分类
查建国　程相国

(同济大学应用数学系, 上海200092)

摘　要

设V 是实数域 R} 上的一个2- 维向量空间, V 带有一个仿射的或不定的对称双线性型. 无限

二面体群W 能够被看作 GL (V ) 的一个子群. 在本文中, 在仿射群A (V ) 中共轭的意义下将分类

同W 关联的所有晶体群.
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