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Abstract　T he to tal ch rom atic num ber ςT (G ) of a graph G is the least num ber k such that G adm its a to2
ta l co lo ring w ith k co lo rs. In th is paper, it is p roved that ςT (G ) = ∃ (G ) + 1 fo r all graph s w ith an u2
n ique m ajo r vertex of degree 4.
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1. In troduction

A ll graph s in th is paper are fin ite and sim p le. U ndefined sign s and concep ts can be found in

[1 ].

Given a graph G , N G (v ) , d G (v ) and ∃ (G ) deno te the neighbou r set of a vertex v in G , the

degree of v in G and the m ax im um degree of vert ices of G , respect ively. Fo r any tw o elem en ts u

and v in V (G ) ∪ E (G ) , w e say tha t u and v cover each o ther if u and v are ad jacen t o r inciden t,

and say tha t u and v are independen t to each o ther o therw ise. A sub set S ofV (G ) ∪E (G ) is ca lled

an independen t set of G if a ll elem en ts of S are m u tua lly independen t. A sub setM of E (G ) is ca lled

a perfect m atch ing of G ifM is an independen t set of G and covers a ll vert ices of G . W e say a ver2
tex v of a graph G is a k - vertex in G if d G (v ) = k and say v is a m ajo r vertex of G if d G (v ) = ∃ (G )

.

Fo r an edge uv ∈ E (G ) and a vertex w ∈öV (G ) , g raph H = G - uv + uw + vw is ca lled an

edge- subdivision of G . If tw o graph s G 1 and G 2 can be con structed from a sam e graph G by a seri2
a ls of edge2subdivision, then w e say tha t G 1 and G 2 are hom em o rph ic to each o ther.

A k 2to ta l2co lo ring of a graph G is an assignm en t of k co lo rs to V (G ) ∪ E (G ) such tha t no ad2
jacen t elem en ts o r inciden t elem en ts receive the sam e co lo r. L et Ρ be a k 2to ta l co lo ring of a graph

G and v be a vertex of G , w e u se C Ρ (v ) to deno tes the set of co lo rs assigned to v o r the edges inci2
den t w ith v in Ρ. T he to ta l ch rom atic num ber ςT (G ) of a graph G is the least num ber k such tha t G
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adm its a k 2to ta l co lo ring. A fam ou s con jectu re nam ed to ta l co lo ring con jectu re [ 2 ] cla im s tha t

∃ (G ) + 1 Φ ςT (G ) Φ ∃ (G ) + 2 fo r any graph G .

In [3 ], Zhang Zhongfu and W ang J ianfang p ropo sed a new con jectu re abou t to ta l co lo ring.

Con jecture 1　 ςT (G ) = ∃ (G ) + 1 f or a ll g rap hs w ith an un ique m ajor vertex.

Given a graph G , if w e add a new edge to E (G ) by jo in ing a vertex v ∈öV (G ) to a m ajo r vertex

of G , then the new graph has an un ique m ajo r vertex. So , th is con jectu re 1 im p lies to ta l co lo ring

con jectu re.

It is very easy to verify tha t Con jectu re 1 ho lds fo r graph s of m ax im um degree 3 and b ipart ite

graph s. In th is paper, it is p roved tha t Con jectu re 1 a lso ho lds fo r graph s of m ax im um degree 4.

Fo llow ing lemm a is needed in the p roof.

L emma 1. 1[1 ]　 E very 22connected 32reg u la r g rap h has a p erf ect m a tch ing.

2. Results and Proof s

L et G be a graph of m ax im um degree 3. A 4 2to ta l co lo ring of G is ca lled perfect if a ll the 32

vert ices of G receive a sam e co lo r, co lo r Αsay, and each of the 22vert ices and 12vert ices of G re2

ceive a co lo r d ifferen t from Α. W e refer to a perfect 4 2to ta l co lo ring as 4 2PTC.

(F irst, let u s show som e u sfu l lemm as. )

L emma 2. 1　 L et G be a 22connected 32reg u la r g rap h and H be a g rap h obta ined by subd iv id ing

each ed g e of G once a tim e. T hen , H adm its a 42P T C.

Proof　By the defina t ion of H ,

V (H ) = V (G ) ∪ E (G ) ,

E (H ) = {uv ûu ∈ V (G ) , v ∈ E (G ) , u and v are inciden t in G }

and each 22vertex of H co rresponds to an un ique edge of G .

By L emm a 1. 1, G has a perfect m atch ingM . L et V m deno te the set of 22vert ices of H w h ich

co rrespond to the edges ofM . Since G2M con sists of cycles C 1, C 2, ⋯, C l , then, H 2V m con sists of

even cycles C′1, C′2, ⋯, C′l . L etM i be a perfect m atch ing in C′i , i = 1, 2, õõõ, l . T hen

S 1 = ∪
l

i= 1
M i ∪ V m

and

S 2 = {v ∈ V (H ) : d H (v ) = 3}

are tw o independen t sets of H .

Since each com ponen tB of H 2∪
l

i= 1
M i is isom o rph ic to a pa th P = v 1v 2v 3v 4v 5 of leng th 4 and the

vertex of B w h ich co rresponds to v 3 in P is a 32vertex in H , so , the set of edges of H 2∪
l

i= 1
M i can be
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part it ioned in to tw o independen t sets of H , S ′3 and S ′4 say. Becau se a ll the 22vert ices of H are in2

dependen t to each o ther and fo r any 22vertex v of H 2V m , exact ly one of S ′3, ; S ′4 uncovers v , so ,

a ll the elem en ts of S ′3 ∪ S ′4 ∪ { 22vertex of V (H ) 2V m } can be part it ioned in to tw o independen t

sets, S 1 and S 2 say. C learly, if w e co lo r the elem en ts of S i w ith co lo r i fo r each i ∈ {1, 2, 3, 4} ,

then, th is is a 4 2PTC of H . 　□

L emma 2. 2　 L et G be a 22connected g rap h of m ax im um d eg ree 3 and a ll m ajor vertices of G a re

ind ep end en t to each other. T hen , G adm its a 42P T C.

Proof　By induct ion on the num ber of 22vert ices of G . L et

V 2 (G ) = {v ∈ V (G ) ÷d G (v ) = 2}.

　　 If there is a sub set S ofV (G ) such tha t G [S ] is a cycle and there are on ly tw o 32vert ices u and

w of G in S , then ςT (G ) = 4w h ile G con ta in s exact ly tw o 32vert ices and it is no t d iff icu lt to verify

tha t ςT (G ) = ςT (G2E (G [S ]) + uw ) w h ile G has a t least th ree 3- vert ices.

W ithou t lo ss of genera lity, suppo se tha t there is no t such a sub set S inV (G ) , i. e, there are

a t least th ree 32vert ices on each induced cycle of G . T hen, G m u st be hom em o rph ic to a 22connect2
ed 32regu lar graph H and ûV 2 (G ) û Ε ûE (H ) û = l .

By L emm a 2. 1, ςT (G ) = 4 w h ile ûV 2 (G ) û = l . Suppo se tha t G adm its a4 2PTC w h ile

ûV 2 (G ) û = k Ε l .

L et G be a 22connected graph of m ax im um degree 3, a ll 32vert ices of G are m u tua lly indepen2
den t and ûV 2 (G ) û = k + 1 > l . Given a 22vertex v of G such tha t N G (v ) = {u 1, u 2} , d G (u 1) = 3

and N G (u 2) = {v , u 3} , let G 1 = G2v + u 1u 2 . T hen by the induct ion hypo thesis, G 1 adm its a 4 2
PTC Ρ0 such tha t a ll the 32vert ices of G receive a sam e co lo r, co lo r 1 say, and each 22vertex of G

receives a co lo r d ifferen t from co lo r 1.

W h ile Ρ0 (u 3) = 1 , let Ρ(u 1v ) = Ρ0 (u 1u 2) , Ρ(vu 2) = 1, Ρ(u 2) = i ∈ {2, 3, 4}2{Ρ0 (u 2u 3) } and

Ρ(v ) = j ∈ {2, 3, 4}2{ i, Ρ(vu 1) } .

If Ρ0 (u 3) ≠ 1 , then u 3 is a 22vertex of G , supppo se N G (u 3) = {u 2, u 4}.

F igu re 1:

　　W h ile Ρ0 (u 3) = Ρ0 (u 1u 2) = i (see figu re 1 (a) ) , let Ρ(u 1v ) = Ρ0 (u 1u 2) , Ρ(vu 2) = 1, Ρ(u 2) = j

∈ {3, 4}2{ i} if Ρ0 (u 3u 4) = 1 and Ρ(u 2) = Ρ0 (u 3u 4) if Ρ0 (u 3u 4) ≠ 1 , Ρ(v ) = j ∈ {2, 3, 4}2{ i, Ρ(u 2) }

and Ρ(u 2u 3) = j ∈ {2, 3, 4}2{ i, Ρ0 (u 3u 4) } .

W h ile Ρ0 (u 3) = j ≠ Ρ0 (u 1u 2) = i and Ρ0 (u 2u 3) = 1 (see figu re 1 (b) ). L et Ρ(u 1v ) = Ρ0 (u 1u 2) ,

Ρ(vu 2) = 1, Ρ(u 2) = h ∈ {3, 4}2{ i} if Ρ0 (u 3u 4) = 1 and Ρ(u 2) = Ρ0 (u 3u 4) if Ρ0 (u 3u 4) ≠ 1 , let Ρ(v )

= k ∈ {2, 3, 4}2{ i, Ρ(u 2) } and Ρ(u 2u 3) = h ∈ {2, 3, 4}2{ i, Ρ0 (u 3u 4) } .

W h ile Ρ0 (u 3) = j ≠ Ρ0 (u 1u 2) = i and Ρ0 (u 2u 3) ≠ 1. L et Ρ(u 1v ) = Ρ0 (u 1u 2) , Ρ(vu 2) = 1, Ρ(v )
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= Ρ0 (u 3) , Ρ(u 2) = k ∈ {2, 3, 4}2{Ρ0 (u 2u 3) , Ρ0 (u 3) } .

O ther elem en ts no t m en t ioned above receive the sam e co lo r as in Ρ0 . C learly, Ρ is a 4 2PTC.

T h is com p lete the p roof. 　□

L emma 2. 3　 L et G be a sep erable g rap h of m ax im um d eg ree 3 and a ll 32vertices of G a re ind e2
p end en t to each other. T hen , G adm its a 42P T C.

Proof　W ithou t lo ss of genera lity, suppo se tha t ∆(G ) = 2. It is very easy to p rove th is lemm a

by induct ion on the num ber of cu tvertex of degree 2 in G . 　□

N ow , w e have the m ain theo rem of th is paper.

Theorem 2. 4　 L et G be a g rap h w ith an un ique m ajor vertex of d eg ree 4. T hen , ςT (G ) = 5.

Proof　 L et G be a graph w ith an un ique m ajo r vertex u of degree 4. In case tha t G does no t con2
ta in s m atch ingM w h ich covers u and each 32vertex of N (u ) , w e can verify tha t ςT (G ) = 5 direct2
ly. W ithou t lo ss of genera lity, suppo se tha t M is a m ax im um m atch ing of G w h ich covers u and

each 32vertex ofN (u ) , and let H = G2M . T hen ∃ (H ) = 3 and allm ajo r vert ices of H are m u tu2
a lly independen t. By L emm a 2. 3 and L emm a 2. 4, H adm its a 4 2PTC Ρ0 w ith co lo r set C = {1, 2,

3, 4} and all 32vert ices receive co lo r 1. It is clearly tha t fo r each 22vertex v of H , the elem en ts ad2
jacen t to v o r inciden t w ith v receive a t m o st 3 co lo rs in Ρ0 . W e shall con struct a 52to ta l co lo ring Ρ
of G from Ρ0 .

F irst, let Ρ(w ) = Ρ0 (w ) fo r each w ∈ V (H ) ∪ E (H ) , and let Ρ(x y ) = 5 fo r each edge x y

ofM havingΡ0 (x ) ≠ Ρ0 (y ) .

If each edge ofM has received a co lo r, then Ρ is a 52to ta l co lo ring of G , o therw ise, let e = x y

be an edge ofM and Ρ0 (x ) = Ρ0 (y ) = l . L et N H (x ) = {x 1, x 2} and N H (y ) = {y 1, y 2}. W ithou t

lo ss of genera lity, suppo se tha t l = 4 and bo th {x 1, x 2, x x 1, x x 2} and {y 1, y 2, y y 1, y y 2} receive

exact ly 3 co lo rs.

F igu re 2:

　　Ca se 1　 Ρ0 (y 1) = Ρ0 (y 2) = k≠ 4, Ρ0 (yy 1) = i≠ 4 and Ρ0 (yy 2) = j≠ 4.

In th is case, if bo th y 1 and y 2 are 32vert ices of H , then a t least one of them , y 1 say, is no t u

, let Ρ(y 1) = 5, Ρ(y y 1) = k , Ρ(y ) = i and Ρ(x y ) = 5 ; if y 1 is a 22vertex in H and 4 ∈öC Ρ0
(y 1) ,

then let Ρ(y y 1) = 4, Ρ(y ) = i and Ρ(x y ) = 5 ; if y 1 is a 22vertex in G , w e can m odify Ρ0 such tha t

y 1 and y y 2 receive a sam e co lo r, co lo r j say, and y and y y 1 receive co lo r i and k respect ively, then

w e have Ρ0 (x ) ≠ Ρ0 (y ) . So w e assum e tha t bo th y 1 and y 2 are 22vert ices in H , 4 ∈ C Ρ0
(y 1) ∩

C Ρ0
(y 2) (See figu re 2) and y iz i ∈M ( i = 1, 2 ).

If one of y 3 and y 4 , y 4 say, is a 32vertex in H , let Ρ(y 2) ∈ { i, j }2{Ρ0 (z 2) } , Ρ(y 2y ) = k ,
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Ρ(y ) ∈ { i, j }2{Ρ(y 2) }, Ρ(y y 1) = Ρ(y 2) and Ρ(x y ) = 5. T herefo re, w e assum e tha t bo th y 4 and

y 3 are 22vert ices in H (Seefigu re 3, w here the slan ted edges y 1z 1 and y 2z 2 are edges ofM ).

F igu re 3:

　　A cco rd ing to the set of co lo rs assigned to z 1, y 3, y 3y 5, z 2, y 4, and y 4y 6 in Ρ0 , w e can reassign

co lo rs to y 4y 2, y 2, y 2y , y , y y 1, y 1y 3 and y 3 such tha t y receives a co lo r d ifferen t from co lo r 4. fo r

exam p le, if Ρ0 (z 1) = j , Ρ0 (y 3) = j and Ρ0 (y 3y 5) = i , then let Ρ(y 1) = i, Ρ(y y 1) = k , Ρ(y ) = j ,

Ρ(y y 2) = i and Ρ(x y ) = 5.

Ca se 2　 Ρ0 (y 1) = Ρ0 (yy 2) = j and Ρ0 (x 1) = Ρ0 (x x 2) = i.

If one of x 1 and y 1 , say y 1 , is 22vertex in H ( see figu re 4 ) , then let Ρ(y y 1) ∈ {4,

Ρ0 (y 2) }2{Ρ0 (y 1y 3) }, Ρ(y ) = Ρ0 (y y 1) and Ρ(x y ) = 5.

F igu re 4:

　　Ca se 2. 1　O ne of x 1 and y 1, y 1 say , is a 3- vertex in H w h ich is not u (see f ig u re 5 (a) ). In

th is case, if one of x 1 or x 2, x 1 say , is a lso a 3- vertex in H w h ich is not u , then M ′= M - xy + x x 1

+ yy 1 is a m a tch ing of G w h ich covers u and each 3- vertex in N G (u ) and ûM ′û> ûM û , a con tra2
d iction. S o, w e can assum e tha t both Ρ0 (x 1) ≠ 5 and Ρ0 (x 2) ≠ 5 hold , let Ρ(x ) = 5, Ρ(xy ) = 4, Ρ
(y ) = k , Ρ(yy 1) = 5, and let H = H - yy 1+ xy , M = M - xy + yy 1.

F igu re 5:

　　Ca se 2. 2　 y 1= x 1= u. W ithou t loss of g enera lity , supp ose tha t Ρ0 (ux ) = 3 and Ρ0 (uy ) = 2 (see

f ig u re 5 (b) ). A ccord ing to the set of colors assig ned to yy 2, y 2, x x 2 and x 2, it is very easy to reas2
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sig n the colors to x , y , yy 2, y 2, x x 2 and x 2 such tha t x and y receive d if f eren t colors. F or ex am p le,

w h ile Ρ0 (x x 2) = 2 and Ρ0 (x 2) = 3, w e can reassig n colors as f ollow ing : L et Ρ(x x 2) ∈ {1, 4}- {C Ρ0

(x 2) }, Ρ(x ) = 2 and Ρ(xy ) = 5.

L et Ρ0 be the rest rict ion of Ρ to H , repea t the above p rocess t ill each edge of M receive a co l2
o r. Ρ is a 5- to ta l co lo ring of G. 　□
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具有唯一4度最大度点的图的全色数

许　宝　刚
(山东大学数学系, 济南　250100)

摘　要

　　一个图G 的全色数 ςT (G ) 是使得V (G ) ∪ E (G ) 中相邻或相关联元素均染不同颜色的最少颜

色数. 文中证明了, 若图 G 只有唯一的一个4度最大度点, 则 ςT (G ) = ∃ (G ) + 1.
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