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Abstract: A transforination formula containing four independent bases is found by a
special inversion formula and it is applied to derive a few summation formulas for basic
hypergeometric series only by elementary method. The hypergeometric series, the limits
of those formulas are also obtained.
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All the notation and terminology is adopted from [3, p1-6]. The (generalized) hyper-
geometric series is defined by

al y . y ar ; Z > (al )11, . e s (ar )n
r Fr = n’
" [bl,---,ba } 2 i) (b

where the shifted factorial (a),, is given by (a), := a(a + 1} {a + 2)---(a + n - 1),n >
1,(a)o := 1. We shall also use the compact Gasper-Raman notation

(a1,a2,...,a:)n = (a1)n(@2)n - (ar)n-

Given a (fixed) complex number ¢ with | ¢ |< 1, the basic hypergeometric series is defined
by

a1, ,4, 34,2 > (11, e '(ar; Q)n n (") s—r+l_n
-1 2/ )" z,
bl,""bs g q q"(b17 ) (b-"’q)"(( ) ! )

where the g-shifted factorial (a;g),, is given by

(3;@)n:=(1—-a)l-ag) (1 —ag" ),n>1,(a;q):=1.
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The infinite g-shifted factorial (a;¢)ec = []0Z4(1 — ag™™!) can be used to extend
(finite) g-shifted factorial by defining (a;¢)s := (a;¢)o0/(aq”;¢)oc, 8 arbitrary. A basic
hypergeometric series , ¢, is called very well-poised if a;b; = qag for ¢ = 1,2,...,7, and
among the parameters a; occur both ¢,/ay and —g¢,/ag. We use the standard abbreviation
for very well-poised basic hypergeometric series,

aO’Q\/QOa"Q\/GOyaSaOAa"',ar 14,2
Va0, —/@u,qa0/ a3, qao /a4, - - ,qao/a,

We use short notation in the basic hypergeometric context which is analogous to the
hypergeometric ones.

All identities in our paper are subject to suitable conditions on the parameters such
that the involved hypergeometric or basic hypergeometric series converge. We shall not
state these conditions for each identity. The reader should consult [3, p4-5]. We also use
some elementary identities in {3, Appendix I} to prove the identities in our paper.

Recently, the authors!! got a pair of inverse series relation including two independent
bases:

r+1We(ag;as,aq, -+, ar3¢,2) i=r 41 @r

g(k),

[ } (1 — Aq**/B)(Apg*, Bpg™*;p)n-1
(Aq /BaQ)n+1

[ ] (1 - Ap*g¥)(1 — Bp*q~*)(Ag™/B; q)ig("?")
(Apq™, Bpg~™;p)i

PP
i f(k), (1)

where p and ¢ are independent bases and A, B are arbitrary parameters. It was shown
that this formula could be used in the formula in [2, (2.8)] to derived the inverse form

(a,6iphn  _ § (~1*(L = d)(1 — ad/b)(1 — ad’q®/b)(ad? /b g)u(add", b/dg*; p)ng("+)
(dg,adq/b;q)n = (1 —dg*)(1 - adg*/b)(q; )i(g; Dn—k(ad?/b; @)nsrt1 ’
n=0,1,2,.... (2)

Moreover, this formula could be used to derive some summation formulas and transfor-
mation formulas.
In this paper we use (1) to derive the transformation formula

(1 - AP"Q™)(1 - BP"Q ™)
(1 - apngn)(1 - bprg—)(1 - A)(1 - B)
(A,B; P),(C,A/BC;Q).Q" (ap/c,bep; p)u(g; O)n
(Q AQ/B'Q) (AP/C BCP;P),  (c,a/bcig)n
_ Z k(apg®, bpg™*; p)n-1(cq, ag/be; g)i(1 - ag*/b)q™
O)r(ag®/b; @)nr1(c, a/be; hi(1 — apg®)(1 — bpg= )
Z (1- ap’“q )(1 = bp?*1q77)(q7*, ag" /b;q);(ap/c, bep; p) ;¢
iz (ap?q*,bp?q=*;p);(cq, ag/bc;q);

(CQ,AQ/BC;Q);(AP,BP; P); (3)
(AP/C,BCP; P);(Q,AQ/B;Q);’

X

n(k+1)—k
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where p,q, P and Q are independent bases and a,b,c, A, B,C are arbitrary parameters.
Formula (3) is the inverse form of [1, (2.10)].
Observe that if C = 1, then formula (3) can be summed by [2, (2.8)], giving formula

(1—a)(1 - b) i )a(apg®, bpg*; p)u—1 (1 — ag?/8)(~1)kq"* () @

(q q) (q q)n k(aqk/b Q)n+1 -

— 0n 0y

where n = 0,1,..., and &, is the Kronecker delta function. By switching p and ¢ in (4)
and replacing a,b by a/q¢,b/q, we find that

—a _ (p; p)n(ap ,bp~ ,Q)n 1(1 - apzk/b)( )kp"+(:) _
(1~ a/a)(1 ~b/g) ,Z% (P; P)x (p; P)n-r(ap*/b; P)ns1 = oy (5)

which is equivalent to Gasper’s formula [1, (3.5)].

2. Derivation of (3)

Take F(n) = (1 — ap™¢™)(1 — bg™"p")¢" f(n) and G(n) = q_("-:)g(n) in (1) and then
replace Ap and Bp by a and b to get
F(n) =(1-ap" '¢")(1 - bp""'q™")x
(a7 k(1 — ag®/b)(ag*, bg™*; p)n1g™t!
k};, (g5 9)r(ag"/b; g)ns1 G,
- ol e o

= (q q aqn bq—n )

By replacing a,b,c by 1/ap™¢™,1/bp™q"™,1/cq™ in [1, (2.10)], we find that

Z p 1 _ apn kqn—k)(l _ bpn—kq—n—i—k)

(1 —ap"q")(1 - bp*g™")
(1/ap™q", 1/bp"q ";p)i(1/cq", be/ag"™; g)u
(9,b/ag®" 15 q)r(c/ap™=1,1/cbp™~1; p)i
(APr=t+1/C BCP™*+1; P)(Q "1, BQ"**1/A; Q)"
(CQr—++1,4Q" ‘“/BC Q)i(AP"—F+1 BPr—k+1; p),
_ (1/ap" ! q",1/bp"™~ 1 ,p),l(l/cq” l,bc/aq vQ)nX
(g, b/aqz” L q)n(C/ap”“1 ,1/ebp™=1; p)n
(Q:AQ/B;Q)n(AP/CaBCP;P)n
(AP,BP; P),(CQ,AQ/BC;Q)x
i (1- AP*QM(1 - BP*Q™%) (A, B; P)i(C,A/BC;Q)s
~= (1 - A)(1 - B) (Q,AQ/B;Q).(AP/C,BCP; P);

(a/c,be;p)r(g™", ag"/b; ¢)p Q"
(¢,a/be; q)i(ag™, bg="; p)i

X
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Let

1 _ -k n k _ pn—k, ,—n+k
n)—Zp ap” )1 —bp" ™)
(1~ apmqr)(1 - bp"q—™)

(l/ap q",1/bp"q" " p)r(1/cq™, be/ag™; q)x

(g,b/ag® 1 q)r(c/ap™1,1/cbp™ 1 pl
(AP"_k+l/C,BCP"_k+1; P)k(Q"_k+1,BQ"_k+1/A; Q)qu

(CQn—k+1 AQ""“H/BC; Q)k(AP"‘k+1,BP"‘k+1; P)k ’
(1/ap™ 'q",1/bp" ¢ ,p)n(l/cq"‘l,bC/aq"“l;q)nX

An) = (q,b/aqz" ‘,q)n(C/ap"‘l,l/cbp"‘l;p)n
(Q,AQ/B;Q).(AP/C,BCP; P),
(AP,BP; P),(CQ,AQ/BC;Q),’
F(n) (- AP"Q")(1 - BP"Q™") (a/¢, be; P)u(¢;@)n
(1-A)(1-B) (c,a/be;q)n

(A, B; P)n(C,A/BC; Q). Q"
(Q,AQ/B;Q)n(AP/C,BCP; P),’

Then, we have

w(n)/h(n jf: a0 gy

i=o (4 ulag™, bg™™; p)i
If applying inverse relation (6) to (8), we can get
F(n) =(1—ap™'g")(1 - bp" "¢ ")x
n(k+1)

" (g7 @k(L - ag?*/b)(ag”, bg ™% p)n1g
k§0 (q’Q)k(aq /va)n+l U)(k)/h(k)

By straight forward calculations we can obtain

F(n)/ (1 - ap"'l ¢")(1-bp""1q™")
_ Z (aq’c bg™*; p)n-1(cq, ag/be; g)i(1 — ag?* /b)g*+D)~*
0)k(ag®/b; @)nt1(c, q/be; g)i(1 — ag)(1 — bg*)
(1 - ap]q’)(l - bp'q ) (g, ag" /b g)i(a/e, beip);
(apg®,bpg=*;p);(cq, ag/be; q);
(AP BP; P);(CQ,AQ/BC;Q);
(Q,AQ/B;Q);(AP/C,BCP; P);

H'M

(9)

The formula (3) follows from above formula by replacing a, b by ap, bp, respectively.

3. Some consequences of formula (3)

When P=Q =p=¢q,A=a,c=dand n=0,1,..., after some simplification, (3)
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reduce to the summation formula
(B,C,a/BC,aq/d,bdq,aq/b; q).
(aq/B aq/C,BCq,d,a/bd,b; q)x
3 Z (a/b,aq/bd,dg, g™, aq™,1/bg; q) (1 — ag?* /b)¢*
T = (¢,d,a/bd,ag"1,1/bg""1, ag?; q)i(1 ~ a/b)
10Wo(ag; Bg,Cg,bdg, ag/d,aq/BC,ag"/b,qa7%; q,q). (10)

If letting n — oo in (10) , then we get a summation formula
(B,C,a/BC,ag/b,aq/d,bdg; 9)
(aq/B aq/C,BCq,b,d,a/bd; q)o

_ Z (a/b, l/bq,dq,aq/bd Q)(1 — ag®*/b)b*
= (g,aq%,a/bd,d; q)x(1 — a/b)

ng(aq; Bg,Cq,bdg,aq/d,aq/BC,ag*/b,q7%; q,q). (11)

X

Formula (3) can also be used to derive a summation formula containing two indepen-
dent bases and shifted factorials by replacing A, B,C by P4, PB P¢, setting P = Q*,
and letting Q@ — oo to get

(A+n+n/u)(B+n-—n/p)(ap/c,bep; p)u(g; On
(1 —apnqn)(1 — bpnq—")AB (c,a/be; q)n
(A)n(B)n(Cp')n(A# - B/‘ - Cﬂ)n
n'(Au+ 1-Bu)(A+1-C)u(B+C+1),
apq‘ bpg™*; p)a-1(1 — e¢*)(1 — ag®/be)(1 — ag?*/b)g 1)+
1 0)i(ag®/b;¢)nia (1 — €)(1 = a/be)(1 — apg*)(1 - bpg~*)
(1- ap’“qj)( — bp*1q™7)(ag" /b; q)(ap/c, bep; p)i(a™"; 9)id’
0 (ap?q*,bp?q=*;p);(cq, ag/be; q);

A+1);(B+1);(Cu+1)j(Ap+1 - Bpu - Cp);
JAp+1-Bu)j(A+1-C);(B+C+1); ’

X

=
I
o

M»

X

~—~,

(12)

which is the reverse form of the transformation formula in [1, (2.12})].
Similarly, replacing a,b,c in (12) by p%,p¥, p°, setting p = ¢*, and letting ¢ — oo, we

obtain
(A+n+n/u)(B+n-n/u) (a+1-cllb+ct )

AB(a+n+n/A)b+n —n/A) (cA).(AX— BA - CA),
(A)n(B)n(C/")(AH — Bu— Cp),
(A;t+1—B,u) (A+1-C)(B+C+1),
Z (—n)(L+ k/cA) A+ k/Aa—b—c))(aX —bA+ 2k} (1 +a+k/A)n_1(1 + b= k/N),

K'(aA + A+ k)(BA+ A — k)(ah — bA + £)nis

Z(a/\+]/\+]+/\)(b/\+]/\—]+/\)(a/\-b/\+k)l(a+1-c) (b4 1+ ¢)j(—k);
fur (eA+1);(ad=bA~cA+1);(24+ a+k/A);(2+ b~ k/N);

X
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(A+1);(B +1);(Cp+1);(Ap + 1 - Bu—Cp),;

F(Ap+1-Bu);(A+1-C)j(B+C+1); '’
which is the reverse form of the rather strange looking ;0 Fy transformation formula in [1,
(2.13)].

(13)
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