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The Correction of Extension of Steffensen’s Inequality*
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" Abstract

- Richard Bellman pointed out an extgnsion of Steffensen’s inequality in [ 1]
~.and [ 2 ]. But its result and proof are wrong. In this paper, these mistakes are

corrected ,

The well-known Steffensen’s ineguality is the following .

Let (a) f(¢) be nonnegative an’d monotone decreasing in [a, b); (b) g(1)
satisfy the.constraint 0 <g(¢) <1, tre(a, b]. Then

b b a+c
[ fode<[ fngHrdr <[ florde,
b-¢ a a

.
where c=fg(t)dt.‘

Its prodf refers to [1] or [ 2]. Olkin’s inequality can be easily proved by
applying Steffensen’s inequality. _
R. Ballman raises an extensién in [ 2] as follows:
Theorem (Bellman) . Let (a ) f(r) be nonnegative and monotone decreasing
in [a,b), fel’la,b); (b) g(t) satisfy relation g(r) >0 in (a,b) and f:g"dt_<_l,

1

7° 1. Then

where p>1, —},—+ ’
| ([rwgwd <[ rrwadr,

where c= (ng(,t)dt)'}“;
Remark In {1] and [2 ],c=a‘+ (fabg(.t)dt ). But, from contéxt, it is clearly
a slip of the pen.
The following example shows that the theorem cannot be established.
Example | Let a=0,b=1, p=¢=2, ’

@n(1-m)'?  0<i<H
raer={ " | L
0 _n_gf__<__l9
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where is a real number greater than one. Again, let g(r) = f(z). So
.
b s .
I (g(r))'de =f0 2n(l—-nt)dr=1.
Then f(r) and g(r) satisfy Theorem’s conditions. thus

- L
c= (ng(t)dz )y = (jO"(Zn(1~nt)) 2dt)2:% ’

: 1
([ gwadn)= ([ @n-nndn’- 1,

8
a+e _ on - 1.2
L f"(t)dt—f0 2n(l-ndr=1-(gD",

theréfore .
([ fngnde)'> [ fAode,

which is contrary to Bellman’s Theorem, _
We give a correction of the theorem as follows.
In Bellman’s theorem '

f(a+0) r-1 b P
Crr—5) (] g(ode ), fb—=0)>0
c= { fb-0) -ra -

b-a fb=-0)=0.
Proof Applying Holder inequality

([0 gx)dx < ([f70dx) ([£°0dx ) "< [f*odx. (»)

Defining function u= u(r) itn {a,b]) determined by the following equation

\
u(t)
(Ltf(x)g(x)dx)”= _fa ’f”(‘x)dx,
clearly, u(r) satisfies relation u(¢)<r and u(a)=a. For this reason, differential
equation

Q= pf 8w ([ f0 g0 dx )

is .established almost everywhere.
If f(b-0)>0, we have

du
ar < »p(

)

fla+0)
fb-0)

Y7 e(e) ([elndx)™

§
i

as a result

u(®)<a+ (%Zf—gi)"“ (f;g(x)dx)p.

If f(b-0)=0, from expression ( =), we know u(s)<p is always held, while
example 1 shows that equality can be held. Thus our proof is complete.

Example 2 Let f)y=d>0 (constant),
g(t)=e>0 (constant),
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where eg(—_bia ) /q’ S0
_ , fla+0) \p- b _
©” (—7(5:75_), I(J;g“’)dt)p' (eCb=a))’, !

b
([ f(Hg(n)dr)’= (de(b-a))’,

3
[T de= (deh-a)),
therefore
b at+c
(ffwewdr)’=[  fAodr.
4 Example 1 and exampie 2 indicate that the expression of ¢ is optimal.
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