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#l1.1 %13,5) = (;:11),4,0”(:0) =z" B, Lp(z) R [4,5,6) FXHFTRY Pascal B
Me. XATAY Lp[l] = L, BER—M&H) Pascal HifE.

Bl 1.2 % 1,5) = (;2)), pal@) = 2™, % 1(5,5) = Lalz) B, Lafz] BEX [2) FFH
Pascal |7 SCEREUERE, HA A BZH

L z(x+A) - (z+(n-1N), WHE n>0. (1.3)
] 1, WHE n=0. ’

BI 13 % 1i,5) = (7)), gnle) RAHIRFHFHOETRARE 10 0, SR [7] B
] Pascal |~ SCERH0E B

Bl 1.4 413,75 (;i’;) wnlz] =z, H k ZIEBEET, FRI [11) BBFFEA4%.

#l1.5 H1i34,5)= ( ) B, BERSC [12] #5556 Lah HiRE.

2 Lnfz] —RtERAE R A

THEE Lalo] #— AR YA
I 2.1 Wooy BEFEEEH, » RIEER WE

Lnjz +y] = Ln[z]La[y) (2.1)
IEEA
)z] lek lk] l(l k)l(kvj)spi——k(x)sok—j (y)
k=j
- kz_:]zu 9, ’] ) ek(@lones0) =169 3 (327 )or@honssto
=1(6,7)pi-j(x +y) = (Lulz + y))is,
TEHE

Lulz +y] = Ln[z]Laly].

REIE L,[0) = Ly (n+1 BrEiAERE). BA:
#it 2.1 MEEZEH o, EREH n,m,i(n, 5 >0), H
(1) L3'[a] = L[]
(2) La[ma] = L7}z].
(3) (Lnlm/j]y = Lulm] = (La[1])™.
(4) {an(x)}n>0, {bn(2)}nz0 BFNEEFH, Lu(z) BREX 1.1, T

an(@) = Y luk(@)be(z) BHT bu(@) = Y lu(c)ar(a). (2.2)
k=0 k=0

B (2.2) K ERR ER—MEEN, AR IR — S S SR
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21 # l(o) = (14, bele) = (-DF 2 (’°)(”+')<y 1),

> tne@inte) = ("5 )

k=0

A B — A EEX:

2 (R - () (e

EH 2.2 WEEEIH 2, F

(1) L(2) L(")

Lyjz]l = Int1 + —1—'—17 + ;' 224+ T.’L‘ (2.3)

=
JEBR AN o j(@)6@,5 = 1,2,---,n+ 1) F z BBEKREY n, TREEX—TE 2=0
WRBFH (2 5): Lnleliy = (0i—s(0) + F(0imj (@)|a=0F + -+ + $7 (0is (@)|o=0Zp)I(E, 5)-
HIEE S 37 O
THEEE X 1.1 # B ST REL.
EX 2.1 F a(2), 0 (2), o () FWR (1.2), @ = {an}nz0,b = {bp}nz0 RFMIBF
B, EHEME L(l)[a: al,L L® [x;b], L [z; @, 5],L511)[x; a, y],LSLZ)[a:; b, z], Ln[z; @, y; b, 2] G-

k
Ko E (L), ={ a%g(w-j(:v))lnol(i,j) i (k=1,2,---,n).
0

(LD al) ={ Gimrpimj (@)(6,0) MR P25

0 e ’
(L B))i; = { gj—m-j(x)l(i,j) gﬁ i2]
(Lnlz; 8, B)ij ={ gi—lbf—m—j(x)l(z‘,j) i}gﬁ 2]
(Lﬁf’[x;a,ynm{ gz—l%—:(xw AOUCE) ﬁ i2j
(L e;5, ) ={ gj—l%—j(w)wﬁ’l(z)l(i,j) gﬁ i2j

. aim1bj10i- (@)D WS ()0, 5) T i 25
(Lolz; ,y;b, 2))i5 = { 0 I Z0 :
BI5 2.1 & z,y,z REAEE, @={an}tnz0,b = {bn}nzo RFMEEFF, NE
(1) L® [z; @] = diag(ag, a1, -+ -+, @n)Ln[z];
2) LP[w;b) = Ln[z]diag(bo, by, -+ bn);
@) Ln[x;a"l_)] = diag(ao, a1, -, an)L n[z]diag(bo, b1, - “ybn);
@) LP[ma,y)= diag(ao,awl ’(y), -, an 0 () Lalal;
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(5) L[w;5, 2] = Ly[z]diag(bo, bipl” (2), -+, b (2));

(6) Lnlz;3,y;b, 2] = diag(ao, a10{" (¥), - ,ansoS’(y))Ln[z]dlag(bo,blw”’( )y bl (2)).

EI 2.3 21,22,y 2 BEUNEH, &= {an}n>0,0= {dn}n>0 %W/\E%’fhﬂ =]

(1) Lﬁ,l)[xl + x9;a] = diag(ao, a1, -+, @n)La[T1]Ln[z2];

(2) LP 21 + 223 8] = LnJz1]Lafza]diag(bo, b1, -, bn);

(3) Lufz1 + z2; @, b] = diag(ao, ay,- -, an)Lg) [z1, 22;b]

= LV[e1 + 22 Jdlag(bo,bl, ybn) = L (21381 L0 (23 B);

@) L1 +zp38,9] = LT [xl,a WLnfea)

(5) L (21 + 2235, 2) = Lo[zi]L )[xg,b z);

(6) Lnfz1 + 22; 8,3 b, 2] = diag(ao, a10{” (1), -, aniot) (1)) LD (1 + 2235, 7

= Lﬁl)[zl + 43 @, y]diag(bo,blcplz)(z) bncp(z)(z)) = L(l)[xl,a, ]Ln [z2; b, 2].

TR, 32,7 PRI S SR IR S TR FRERIES. Bl (2] PR 2.2, B8 2.3.

513 2.2 IMERIEBEH n, B+l WK Aulz) = (@5 (%)) (1) (1) TRARAF: TR
i <j, M4 ay; =0, W

(1) (An(2)™ BRE (An(2)Zy 1, TTHERR 0 4N, HALHN 0; (2) (An(z))*H! = 0.

X (1), FTARERGESIE; ST (2), ATd (1) .

IR 2.4 IMEBESH n, T8 o, W (Lofe] — Lna)® = nlz™M,, £ M, BEHH n+1
IR (Mp)ng1y =1(n+1,1) 5b, HAFFEITEYN 0 7.

R X n REATECEIIgN

U=t Lil-h=( 0% 0 ) BRI BT 1R, SR By
£ n UL B Loz, Lofz] - Iy SSRIFOR A HEEGIT

R R

HA LY (2] = Lo [2] - Ln, Qnlz] = (((n+ 1, Dpn(x), ln+1, 2)pn_i (z), - - - JA(n+1,n)0 ().
TR

2] Loy = ( Daalel 0\ _ L) 0
(Lnz] L) '—( Qulz] O) ”<Qn[m](L§ll[x])n—1 0

N ( Qn[xMLS?.’l[an—l g ) N < ! l(nfl,l)x" 0 )

=nlz"M, (H51H# 2.2).
mamRE, XA

Qulz](LQ, [)) ! = (I(n+1 ,n)p1(z)(n — Wi(n, )z, 0,- -, 0).

MRERCE AR FREAS I MR ERY n BT
i3 2.2 n BIEEH, 1<p<n-1,N
(1) Z(-l "k (V) on(kz) = nlz™; (2.4)

Z( 1)*(R)ep(kz) = 0. (2.5)
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B H (Lnfe] = Lnp)™ = kZO(~1)""‘ (B Ln(kz) = nlz™ M, WEXMFTR, HRATE.

LR, (24),(2.5) H5EH 2.4 BEMH.
Bl 2.2 IME (2.4) FH on(z) = 2", IHEZEELHE =, BE

Z( 1)~ k( )k(k:z: +A)--- (kx4 (n = 1))) = nlz™1,

Z( 1" k( )k(kx+/\) c(kz+ (-1 =0 1<p<n-1)

LA=0K, H
S () =

n (—)F(")kP =0 (1<p<n-1).
S (3)
Gl 2.3 n HEBH, z,0 FEE, ¢n(z) =2z +ne)* !, RHEIEH
on(z+y) =), (Z) Pk (T)pn—k (¥)-
k=0

HiA
Z( 1)~k ( )k(k:c—{—na)"' =nlz" 1,

i(—l)”“" (Z) k(kz +pa)’™ =0 (1<p<n-—1),
k=1

Z( —1)n* () (k+na)" ! =nl.
BR, (212) 2 (2.8) S
3 L[z} BRAXNKHEEA

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

B+l M B (k+6,0)6 =1,2,---, k+ 1) 8EHR I(k+4,9) 5b HRETH

0(k=1,2,---,n). £EZF
Lyp[z] = Ing1 + @1(z) M1 + p2(2)Mz 4 - - + pn(2) M,
SIIE 3.1
MM = (k+ 1M (k=1,2,--,n—1), MM, =0,

(My)*

= =1,2,---,n, MM =0.

My = —+—
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FHE 3.1 n B—HEREE, W
Ln[.’L‘] = In+1 + QOI(-'L')M + f.zz_g_x_)Mz + .. + SO,:f'm)Mn,
M 1 M?2 1 M"
Ln,= n+1+ +§i ++;'_ ,

Heh My = M. AXPMRIFXBESZBH.
#it 3.1 (1) M 5 L, L|z] RT3 HAY;
(2) (Ln[z] = Int1)"™ = 3 (z)M™ = z™n!M,;
(3) Lafa] = Ing1)"* =0;
(4) ¥ n>2 W (Lufz] — Ing1 — Mz)* =0, 1%

S0+ (" ) glhe) = Sl - D2~2u(a)
k=0
Bl 3.1 £ (3.5) Fi& on(z) =2" 15
= kg (n—1 n_ nlin—1)
’;(—1) k 1( . )k =—5— (22)

B 3.2 IMEFEER 2, A, B (3.5) T} ¢alz) = 2" (n > 2), M

n_l(—l)"“k_1 nol k(kx 4+ A)---(kz+ (n —1)A) = ln'(n ~ Dz 2(z + N).
k=1 2

k
g 3.2 n+1 B Pascal [ P, B H:

(Pn)ij:{ (;:}) IR P2 (1,7 =1,2,---,n+1).

0 =
n+1 F)fl\jj‘M:‘ Mp %T (Mp)i+1,i =1+ 1('5 = 1v2: e 'an) 9?‘) ﬁ%ﬁ%jﬁ] 0. Dw
1 1
Pn=In+Mp+§M§+---+aM;}.
i 3.3 4 Y Pascal [ P; TJUIERN
1000 1000 0000
1100 010 0 1000
1210l loo1o0|Tloz200]"
1331 000 1 0030
000 0)\? 000 0)\®
1fro00] 1/1000
210200 0200
00 30 0030

iR 3.3 n+ 1B Lah 46FF L, EXH:

s mR ez
(Ln)z,—{oJ J e (6,i=12,.--,n+1).
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n+ 1AM My BT (ML)iy1s = (@ +1)i(E=1,2,---,n) SPHRELH 0, U
Ln=In+ML+%M§+---+E1!-ME. 3.9)

Bl 3.4 4B Lah #E[& Ly "JLARRHN

[l e e}

-+

li

1 0 0
2 1 0
6 6 1

—-_o oo
OO O
[ S Nl
oo o
—
[SV]

2 2

=

3

(=]
—

0 0
0| .12
o | T5| o
12 0 ) 0

g b, HEHRE (1.1) REY 16, 7) AR BRIy R
#it 3.4 "X n+1 W Pascal HifE Pofx], Poa[z] 2353 S

0
0
0

o000 OO Oo

CONO COCOMO
OO0 oo O
OO0 b o

(=R e B el ]

12

=1 g S
(Pn[x])ij———{ (()j—l)x ’ i;gﬁ v29 (4,7 =1,2,---,n+1);

=1\ . (i—5)[A s g
(Pn,A[$])ij={éj_1)x ’ gﬁzza (5,7 =1,2,---,n +1).

m

2

M2t S (3.10)
200°P n! P’

Pn[.’B] = Ip41 + .’l?Mp +
1A x2l)\ 2 mn])\ n
Pn,,\[x] =Ipn+z MP+TMp +"'+—n'!—Mp. (3.11)
it 3.5 "X n+1 B Labh 88 Ly[z], Lo a[z] 23 50E X

-1\ 4,45 . .
(Ln[IL‘])” ={ (()J'—l)ﬁ.’z,‘ 3 ;‘[\]ﬁ 7«2.7 (,]=1’2’,n+1)’

i1y il (i=5)|A P>
(.7‘—1 ik MR 2] (i,j=1,2,---,n+1).

(Lnalz))s = { 0 =

|
Ty 2 "
L[] = Iny1 +zML + —27M§ +ee M, (3.12)

N x2|A 2 xnIA "
Loz] = Inpa + z!! ML+—2TML+-"+—n!—ML. (3.13)
#it 3.6 TCHRPFEM Lolr,y] & SCH:

(Lafz, 4))i; = { gi"j(w)l(i’j)yi_j %Eﬁ 827 (3,j=1,2-,n+1).
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m HIEREER, =,y BEEZE, W
(1) Lnlz +y, 2] = Lulz, 2]Lafy, 2];
(2) Ln[mz,y] = (La[z,y)™;
(3) Lofz,y] = Int1 + o1 (z)yM + EEy2 M2 + ... 4 £2Bynppry
(4) (Lnlz,y] — Inp)™ = 0;
(5) (Lnlz,y] — Iny1)™ = nl(zy)"M,.
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The Properties of Lower Triangular Matrix Associated with
Polynomial of Binomial Type

TAN Ming-shu>?, WANG Tian-ming’
( 1. Dept. of Appl. Math., Dalian University of Technology, Liaoning 116024, China;
2. Dept. of Math., Chongging Three Gorges University, Chongqging 404000, China )

Abstract: The properties of the lower triangular functional matrix L, [x] associated with a polynomial of
binomial type are discussed in this paper, in which the entry-(i, ) of Lx [z} is equal to li; = wi—;(z)i(3, )
if £ > j and equal to 0 otherwise, with I(z, k)I(k, 7) = I(4,]) (,’cf_i) and gn(z+y) =3, (z)cpk(z)gan-k(y)
for integers n,k,%,j and real numbers z,y. Pascal matrix and its generalizations ‘are special cases of
L,[x]. More general results and some combinatorial identities are derived.

Key words: Pascal matrix; polynomial of binomial type; lower triangular matrix.
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