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Abstract: In this paper, the pointwise pseudo-orbit tracing property is defined on a compact
metric space, and it is a generalization of pseudo-orbit tracing property. As applications,
we prove the following results: (i) If f has pointwise pseudo-orbit tracing property, for any
k € Z4, and f* is chain transitive, then for any k € Z4, f* has open set transitive ; (ii)
If f has pointwise pseudo-orbit tracing property, and for any n € Zy, f™ is chain transitive,
then f has sensitive dependence on initial conditions; (iii) If f is open set mixing and has
pointwise pseudo-orbit tracing property, then f has property P; (iv) Let f : (X,d) — (X,d)
be a homeomophism, then f is pointwise pseudo-orbit tracing property if and only if the shift
map oy is pointwise pseudo-orbit tracing property.

Key words: sensitive dependence; pseudo-orbit tracing property.
MSC(2000): 58F08, 26A18
CLC number: 0175.1

1. Introduction

From now on, we will always suppose that (X, d) is a compact metric space and f : X — X
is a continuous map.

By using three conditions as the essential features of chaos, Devaney established a chaotic
dynamical systems =4, Let oy denote the shift map of the inverse limit spaces. The concept
of pseudo-orbit has firstly appeared in the work of Anosovi®=® and is closely related with
the property of stability!). Chen and Li defined the asymptotically shadowing property and
proved that asymptotically shadowing property and shadowing property are equivalent if f is
continuous and ontol®. A general discussion on the dynamical properties of the inverse limit
spaces is contained in [{9]. Mai investigated pointwise recuuent dynamical systems with psendo-
orbit tracing property, and proved that each pointwise recurrent C°-flow on a chain-connected
space having the pseudo-orbit tracing property must be a minimal flow, i.e., the whole space
must be a (unique) minimal set of F110],

In this paper, the pointwise pseudo-orbit tracing property is defined on a compact metric
space, and it is a generalization of pseudo-orbit tracing property. As applications, we prove the
following results: (i) If f has pointwise pseudo-orbit tracing property, and for any & € Z,, Fi
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is chain transitive, then for any k € Z, f* has open set transitive ; (i) If f has pointwise
pseudo-orbit tracing property, and for any n € Z,, f is chain transitive, then f has sensitive
dependence on initial conditions. (iii) If f is open set mixing and has pointwise pseudo-orbit
tracing property, then f has property P; (iv) Let f : (X,d) — (X, d) be a homeomophism, then
f is pointwise pseudo-orbit tracing property if and only if o is pointwise pseudo-orbit tracing

property.
2. Pointwise pseudo-orbot tracing property

Let Z; denote the positive integer number set, and Orbs(z) = {f™(z)|n > 0} denote the

orbit of f in z.

Definition 2.1 Let f : X — X be a continuous map. We say f has pointwise pseudo-orbit
tracing property if for any € > 0 there exists a real number > 0 such that for any §-pseudo-orbit
(zo, 21, ), (TN, ZN41, - ) Is e-traced for some integer N > 0 .

Lemma 2.2 If f has pointwise pseudo-orbit tracing property, then for any k € Z, f* has also
pointwise pseudo-orbit tracing property.

By the definition, the tracing property of f implies the asymptotically tracing property of f,
and the asymptotically tracing property of f implies the pointwise pseudo-orbit tracing property

of f.

Definition 2.3 A continuous map f : X — X is said to be open set transitive if for any
nonempty open sets U,V , there exists n > 1 with f*(UY(\V # 0. f is said to be open set
mixing if for any two nonempty open sets U and V in X, there exists N € Z,, such that
FEUYNV # 0 for any k > N.

We say (9,21, -+, %p) is an e-chain from z to y if z,y € X,e > 0, there exists a sequence
(xo, 21,y Ts) such that d(zit1, f(z;) €6,0<i<n—1,z; = 2,2, =y. n+ 1 is called the
length of the e-chain.

Definition 2.4 f is said to be chain transitive if for any ¢ > 0,Vz,y € X, there exists an -chain
from z to y.

Theorem 2.5 If f has pointwise pseudo-orbot tracing property, k € Z., f* is chain transitive,
then f* is open set transitive.

Proof Forany z,y € X, let B(z,e1) ={z € X : d(z,2) < e1}, B(y,€2) = {z € X : d(y, 2) < £2},
respectively. Assume that f has pointwise pseudo-orbit tracing property. By using Lemma
2.2, for any k € Zy, f¥ has also pointwise pseudo-orbit tracing property. Therefore, for any
0 < & < min{e;, €3}, there exists § > 0 such that for any §-pseudc-orbit (zo,;, - - -) of f¥, there
exist an integer N € Z, and a point z € X such that (zn,Zn41,- ) is e-traced by the orbit
of f¥ on 2. As f* is chain transitive, there exist a é-chain & = (yo = , 41, , Ym = y) from
z to y and a é-chain B = (Y = Y, Ym+1, -, ¥n) from y to . Let @ = (yo = 2,91, *, Ym—1),
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B = (ym =Y, Ym41, 'syn-—l)’ and A = (aa Baa—’ﬁa"') = (ZO)zI) "')' Thena A is a 5-pseud0-
orbit of f*, and (zn, 2N+1,- ) is e-traced by some point w € X. Then there exist i < j < Zy,
such that zy4; = z, 2y = y satisfying:

d(fki(z), ZN+i) <&,

d(fkj(z), zN—H') <E.

So
R (B(z,e,)) N B(z,e2) # 0.

Hence, f* is open set transitive.

3. Sensitive dependence on initial conditions

Definition 3.1 A continuous map f : X — X is sensitive on initial conditions if there exist
é > 0 such that for any neighhood U of z, there exist a point y € U and an integer n > 0 such

that d(f™(z), f*(y)) > 4.

Definition 3.2 A continuous map f : X — X is called to be orbit topological transitive if there
is some = € X such that {f™(z)jn > 0} = X.

Lemma 3.3 The following statements are equivalent for a continuous map f : X — X with
fX=2X.

(i) f is orbit topological transitive.

(ii) Whenever E is a closed subset of X and E C T~'E then either E = X or E is nonwhere
dense (equivalently whenever U is an open subset of X and f~1U C U then U = § or U is dense).

(iii) Whenever U,V are nonempty open sets, there exist n > 1 with f~"U NV # 0.

(iv) Whenever U,V are nonempty open sets, there exist n > 1 with f"UN\V # 0.

(v) The set of points z with {f™(z) | n > 0} dense in X is a dense Gj.

In 1989, Devany proposed the following mathematical definition of chaos!l.

Definition 3.4 Let f be a continuous map from a metric space X into itself. f is said to be
chaotic in the sense of Devenay if

(1) f is transitve,

(2) the periodic points of f are dense in X , and

(3) f has sensitive dependence on initial conditions.

Sensitive dependence on initial conditions is usually understood to be the main character of
chaos. Banks et al. prove that if f is transitive and the periodic points of f are dense in X, then
f has sensitive dependence on initial conditions®!. In the following theorem, we give a sufficient
condition for sensitive dependence on initial conditions for f with pointwise pseudo-orbit tracing

property.

Theorem 3.5 Suppose X is a compact metric space, f has pointwise pseudo-orbit tracing
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property, and for any n € Z, f™ is chain transitive. Then, f has sensitive dependence on initial

conditions.

Proof For any n € Z,, f™ is chain transitive, then X is a space with infinite points or with
a single point. If X is a space with a single point, then we have our result. In the following,
we suppose X is a space with infinite points. Then there exist € > 0 and z € X, such that
X \ B(z,¢) has infinite points.

If f has no sensitive dependence on initial conditions, then there exists a stable point y € X.
That is to say, there exists 0 < 8; < § such that for any n € Z,, w € X, if d(w,y) < &1, then
d(f™(z), f*(y)) < §. As f has pointwise pseudo-orbit tracing property, then there exists 0 < d2 <
&1 such that for any do-pseudo-orbit (zg, x1, - - -) of f then (zn,zN11,- ) is §;-traced by the orbit
of a points w € X for some integer N € Z,. By Theorem 2.4, f is open set transitive, then there
exists k € Z, such that f*(B(z, %)) B(z, %) # 0. Let z € B(z,4d2), and f*(2) € B(z, %).
As f* is chain transitive, then there exists do-chain (y = yo, %1, ,yn = 2) of f¥ from y to z
and do-chain (yn = 2,Ynt1, -, Ym = y) of f* from 2 to y. Let I, = {ys, fFlvi), -, F* 1 (w:)},
0<i1<m I=IlyulhU---Ul, 1, then T = (1,I,-+-) = (zo,21,---) I8 a dx-pseudo-orbit of f.
Therefore, there exist N € Z; and w € X such that (zy,Tn41,--) is d1-traced by the orbit of
w.

In fact, we can suppose that u = fP(w) for some lg,p € Z, such that d(u,y) < §;. Then

A(fO*(y), 2) < dFOH ), d(FOR @) + d(F V() 2) < S+ = =
and .
d(f O (), ) < d(FDH(),2) + dle,z) < 5+ 2= 22
for all I > lg. Therefore, m\ B(z,¢) is a finite points set, and m # X. Then there
exist ¢y’ € X and 0 < 7 < 41, such that

B(y',n) € X \ Orbx(y). ™)
On the other hand, y is a stable point of f. Then, for n > 0, there exists 0 < § < 5 such that
forany n € Z,, w € X, if d(y,w) < 6, then d(f™(y), f*(w)) < L. By Theorem 2.4, f* is open
set transitive, and by using Lemma 3.3, there exists an u such that m = X. Therefore,
there exists § > o > 0, such that d(f7*(u),y) < o for some j € Z,. Then, there exists i > j > 0
such that d(f*(u),y) < 2. As d(f*(u), f=9*(y)) < 1, then

AR (y),y) < d(FEIR (), £ (w) + d(F* (u),¥') <

It is contradictory to the assuption of (*). The theorem is proved.

no13
+
|
i
3

4. On property P

Definition 4.1 We say f has property P, if for any two nonempty open set Uy, U; in X, there
exists N > 2, for any finite sequence {V1,---, Vi }, there exists = € X such that f¢~UN(z) ¢ V;,
where V; € {Up, U1}, 1 <7 < k.
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Generally, property P is relative to the positive entropy system[']. The following theorem
shows the relations between property P and pointwise pseudo-orbit tracing property.

Theorem 4.2 Suppose X is a metric space and f : X — X is a continuous map. If f is open
set mixing and has pointwise pseudo-orbit tracing property, then f has property P.

Proof In fact, we can assume that U.(z;) is any sphere neighborhood with radii € and center in
z;,1 = 1,2. If f has pointwise pseudo-orbit tracing property, then there exists 6 > 0 such that
any d-pseudo-orbit (2o, 1, ) of f, there exists | € Z such that (21,2141, --) is §-traced for
f. As f is open set mixing, there exists N > 0 such that for any U,V € {Ug(z;) : i = 1,2}, we
have fN(U)V # 0, where &' = min{§, £}. For any finite sequence

I= {Uo,Ul, oo Ug, U1 = Uo},Ui S {UE(.’L‘]') 1j= 1,2},0 <i<k.
Let
I' ={Ug, Uy, U, Ugyy =Ug}, U € {Ues(z5) : 5 =1,2},0< i <k,

where U! C U;,1 < i < k. Then, fN(U)NUL;, # 0. Take =} € U] such that fV(z}) € UJ,,,
0<i<k. Let
Ti, = {Z;’f(x',l,)’ R fN_l(xg)}’

and
T'=A{Ty, - Ty Typ1 - - = {vo, 01, - -}

such that T}, ;. = T7, 0 <i < k,n € Z;. Then, T’ is a §-pseudo-orbit of f. Therefore, there
exists w € X such that {vj,v;,,,---} is §-traced by the orbit of w for some l € Z,. Let p > 0
such that vj4p = vo = zo. Then

‘ , €
d(FH (W), viypis) = A (FP W), ) < 5
for any ¢ > 0. On the other hand, d(vjy,z;) = d(z},2;) < § for any 0 < j < k. Then
d(f @) (w), ;) < €. Therefore, fUVN(fN+P)(y)) € U for any 0 < j < k. This implies that
f has property P.
5. The shift map of the inverse limit space
Let (X,d) be a compact metric space and f : X — X be continuous.

Definition 5.1 The inverse limit space im{X, f) of f is a metric space defined by the sequence

xtl xL...x L

whose element T = (o, 1, - - -) satisfy f(ziy1) = x; and the metric is defined by

—- 2d iy Ui
a@n =), 2w,
=0
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The shift map 3 ¢ el X, ) sl (X, f) is defined by 3~ ;((z0, 71, - -)) = (f(z0), %o, T1, ***)
and the i-th projection ; of &2 (X, f) is defined by m;(zy, 21,---) = z; for eachi =0,1,---. A
general discussion on the dynamical properties of the inverse limit spaces is contained in [9].

Let M = sup{d(z,y) : z,y € X} be the diameter of X. If f is onto, for any z, € X,
there exist preimages y, 2, - - satisfying f(z;11) = z; for all ¢ > 0. By using the definition,
(zo,z1,--+) €— (X, f). In this case, we will use the notation (zp,---, s, *) to denote the
element (zg,---,Zg,--) of Am (X, f).

The following Theorem 5.2 shows the relations between a homeomorphism and its shift map.

lim

Theorem 5.2 Let (X,d) be a compact metric space and f : X — X be continuous. If f is
homeomorphism, then f has pointwise pseudo-orbit tracing property if and only if the shift map

o¢ has pointwise pseudo-orbit tracing property.

Proof Suppose that f has pointwise pseudo-orbit tracing property. For any € > 0, let m >
log(2M/e)/log 2, then
1 €
— e,
2m — 2M
As (X, d) is a compact metric space and f : X — X is uniform continuous, there exists 0 < 7 < £
such that for any z,y € X, if d(z,y) < 7, we have

d(f¥(z), f*(y)) < )

NS

for any 0 < j <m. As f has pointwise pseudo-orbit tracing property, for T > 0, there exists a
real number § > 0 such that for any —pseudo-orbit (zg,z1,---) , (TN, TN41, ) is T-traced for
some integer N > 0.

Suppose that {y(0),y(1),---,y(n),---} is any 6/2™-pseudo-orbit of o in fim (X, ), then

d(y(n+1),05(y(n)) < o **)

for any n > 0. Illustratively we write y(n) = (yF,y},---), then from (x*) we get

n4l ,n
ﬂl{__j;ty_m__l_) (y(n+1),c7f(y(n))) _(En;

or
Ay, Flym)) = d(ytt yn_y) < 6.

Thus, {¢%,,---,yk,---) is a &-pseudo-orbit of f. By the choice of 8, there exists zo € X such
that {y, ..., yN+1 ...) is 7-traced by the orbit of . Then

d(f*(zo), ym ) < 7

for any ¢ > 0. By using of (x), we have

£

d(F*(f* (o)), FFym ™) < <

;JA
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for any 0 < k < m. Let Z = (f™(z0o), f™ *(x0)," -+, T0, *) cdim (X, f). Then
z m
= 2\ o N+i mei4j N+iy 94 4 €
d(;(z),y )< J;(f T @)y P+ 5

< STFR(Fiwo)), b ) /2m R + g <Z+ g e
k=0

This implies {y(N),y(N+1),- -} is e-shadowed by the orbit of Z. That is to say, o has pointwise
pseudo-orbit tracing property.

On the other hand, if ¢ has pointwise pseudo-orbit tracing property, then for any € > 0 there
exists a real number 7 > 0 such that for any 7-pseudo-orbit {y(0),y(1), - - -}, {y(N), y(N+1),---}
is e-shadowed for some integer N > 0. Let m € Z, satisfying m > log(2M/7)/log 2. Then

M/2™ < 7/2.

As (X, d) is a compact metric space and f is homeomorphism, there exists § > 0 such that

S d(f T (@n), F (@) /2 <

=0

=3

for any 6-pseudo-orbit (zp,z1,---) of f and any n > 0. Let
_ —m lim
y(n) = (.’L‘n,f l(fl:n),---,f (.’En),) €— <X7f>

for any n > 0. Then

E(of(y(n)), y(n + 1)) < Z(f"i(mn_,_l)’ f—i-i-l(xn))/zi + g_
=0

<, T
4 2

=T
This implies {y(0),y(1),---} is 7-pseudo-orbit. Therefore, there exists Z = (zo,21,-") cdn
(X, f) and N € Z; such that

d(y(N +1i),04(z)) < €

for any 7 > 0. That is to say
dyl, fi (=) <

for any 7 > 0. Then, f has pointwise pseudo-orbit tracing property.
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