Journal of Mathematical Research & Exposition
Vol.21, No.1, 69-75, February, 2001

Meromorphic Functions Share One Value with
Their Derivatives *

Amer H. H. Al-Khaladi
(Dept. of Math., Shandong University, Jinan 250100, China)

Abstract: In this paper we will improve Briick’s result and give other results.
Key words: Meromorphic function; sharing value; uniqueness theory.
Classification: AMS(1991) 30D/CLC 0174.52

Document code: A Article ID: 1000-341X(2001)01-0069-07

1. Introduction

In this paper a “meromorphic function” will mean that is meromorphic in the whole
complex plane. We say that two non-constant meromorphic functions f and g share a
value ¢ in the extended complex plane provided that f(zp) = c if and only if g(z) = c.
We will state weather a share value is by CM (counting multiplicitics) or by IM (ignoring
multiplicities). We denote Ek)(c, f) the set of zeros of f(z)—c with multiplicities less then
or equal to k (ignoring multiplicity), N k)(:f-l:g) denotes the counting function of c-points of
f with mulliplicities less than or equal to k and N(r, ﬁ) denotes the counting function
of c-points of f, where a p-fold c-point is connted with multiplicity min(p,2). Finally we
will use the standard notations and results of the Nevanlinna theory (see {1] or [4] for
example).

In [2] Mues and Steinmetz proved the following:

Theorem A Let f be an entire function which is not constant. If f and f’ share the two
distinct finite complex numbers, then f = f'.

In general, this theorem is false if f and f’ share only one value. This may be seen by
the example f(z) = e°” [ e™*'(1 — e*)dt. In this case, we have f' ~ 1 = e*(f — 1), so that
f and f’ share the value 1 (even CM), but f # f'.

In 1996 R.Briick [3] proved the following:

Theorem B Let f be an entire function which is not constant. If f and f' share the
value 1 CM, and if N(r, %) = S(r, f), then
f_]-:c(f,_l)’
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where ¢ € C\{O}.

2. Lemmas

Lemma 1 Let f be a non-constant meromorphic function, k be a positive integer, then

N(r, ))<N(T 2) + kN (r, £) + S(r, ).

i
Proof See [4, P. 41]

Lemma 2 Let f be a non-constant meromorphic function. Then for any k > 1 we have

T(r£) < N(r,75) 4 N (s =) + H (1) + 50, 1),

f(k)
where a(# 0) and b are constants.

Proof Cleary

1 1
78— a) < m(",m) + m("am) +5(r, f)
< mir, 557) + S(5. 1)

And hence

T(r,£)+ 0, f9) N () 4 NG =) = N i)+
T(r, fEV) + S(r, ). (2.1)
By Milloux inequality (see (1] or [4] we have
T(r, f5*) <T(r, f¥) + R )+ 5(r ). (2:2)

Clearly

1
N(T,m)—N(T

From (2.1),(2.2) and (2.3) we finshed the proof of lemma 2 O

1 1
,?(-H—g) < N(r, }W:_a)' (2.3)

Lemma 3 Let f be a non-constant entire function and f and f' share the value 1 CM.

If f —1# ¢c(f —1),c € C\{0}, then

1

N(r, f,) Ny(r, )+S( f)-

fl
Proof Set , ;
ot (24)

T f-1 -1

— 70 —

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



From the fundamental estimate of the logarithmic derivative it follows that

m(r, H) = 5(r, f)- (2.5)
Since f and f’ that share 1 CM, therefore N(r, H) = 0. Form this and (2.5) we find
T(r, H) = S(r, f). (2.6)

If H=0,then f—1=c¢(f —1),c € C\{0}. This is contradiction. We now suppose
H #£0. Since f and f’ that share 1 CM, therefore all zeros of f — 1 are simple, from this
and (2.4), (2.6) we find Ny(r, f’) <2N(r, &) <2T(r,H) + O(1) = S(, f). From this we
finished proof of lemma 2. O

3. Theorems

Theorem 1 Let f be a non-constant meromorphic function, and E'n)(l, f) = E,(1, f®)),
n is a positive integer or oo, k > 1. If

1
{k) f ) + N(2(r (k)) N(Z(rs f_——_l)

< (A4 0)T(r, M), (r— co,r ¢ E),
for some real number A € (0,1), where E is a set of finite measure. Then

f—].:C(f(k)—l),

2N(r, f) + N(r, =) + N(r,

where ¢ € C\{0}.

Proof Set (k32) er1)
_f " f f
= 1) f/+2f_1_2f(k)._1'

From the fundamental estimate of the logarithmic derivative it follows that
m(r,A) = S(r, f). (3.2)
Since En)(l, f)= En)(l,f(k)), therefore from (3.1) we find

N(rA) S F(r ) + Fr ) + F (),
From this and (3.2) we get
T(r,A) < N(r, %) + N(r, sgy) + NS(r, £) + S(r. 1), (3.9)

k+1)

S

Let zy be a simple zero for f — 1 and f(*) — 1, then from (3.1) we get A(zp) = 0. Thus if
A # 0, then from (3.1) we find

Nl)(r f(k - 1) S N(T’z]i)+ N(2(7‘a'f—_1___i)
< T(r,8) + Nolr, 7—5) + 0(1).

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



From this and (3.3) we get

Ny ) < Fr5) + Flr o) + H 1)+ Nalr,5—5) + S(r 1)

f(k) f(k+1)

From this and the second fundamental theorem we find
- 1 -
( f(k)) < N( f(k))+N(2(1' f(k) )+N(1‘ ,)+ N(z(r, "f—j)+2N(T,f)+S(7‘,f)

This is contradiction with condition of Theorem 1. Therefore A = 0 and hence by inte-
grating of (3.1) we get
f+1) fk) 1 .
= A4
e = (0, (5.4)

where ¢ is a nonzero constant.
Again integrating of (3.4) we find _I'T_ = 727 + b, where a(# 0) and b are constants.

From this easy to see f and f(¥) share the value 1 CM.
We assume L(;i—) is not constant. From (3.4) we find

fle+1)

N(r,—— 7

) = 8(r, f)- (3-5)
Clearly from (3.4) we find

f(k+1)

Nl)(r ) < N(r, ) <T(r,——)+0(1)

1
E+1)
£

And hence Nyy(r, 7;-1)_—1) = S(r,f). From this and the second fundamental theorem for
f*) we find

T(r, £9) < B(r, 557) + Rl =) + () + 50, 5).

This is contradiction with condition of Theorem 1. Therefore fT— is a constant, and so
the proof of Theorem 1 is finished. O

Corollary 1 Let f be a non-constant meromorphic function, and E’,,)(l, )= E,,)(l, ®),
n is a positive integer or co,k > 1. If

N(r )+ F(r,£) = 5(r. ). - (39)

Then
f-1=c(f® -1,

—_ T2 —
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where ¢ € C\{0}.
Proof From (3.6) and lemma 1 we get N(r, }(:Tx)) = S(r, f). From this and (3.6) we find

Na(r, (k) ) S(r,f) and N(z(r )— S(», f). 3.7

Again by lemma 1 and (3.6) we find
Nir ) < N 5) + (6= DR (1) = 5. 5.

From this and (3.7) we find the conditions of Theorem 1 is statisfied. Therefore f —1 =
(f® -1),ce C\{0}.O

Remark 1 The condition (3.6) in corollary 1 is necessary condition. For example. Let

(1 -4)e¥ + (1 +4)b

f(z) = T , (3.8)
where b € C\{0}. Clearly f and f’ share the value 1 IM and,
( f,)+N(7‘,f) T(r,f)+ S(r, f) # S(r, f)-

But f—1# ¢(f —1),c € C\{0}.

In Corollary 1, if n = oo, then the condition En)(l )= n)(l f®) becomes f, f(¥)
share the value 1 IM and 1f f is entier function, then N(r, f) = 0. Thus we have the
following corollary :

Corolary 2 Let f be non-constant entire function and f, f(*) share the value 1 IM and
if, N(r,4) = S(, f),then

f—lIC(f(k)—-l),
where ¢ € C\{0}.

Remark 2 Clearly the corollary 2 is improve the Theorem A.

Corollary 3 Let f be a non-constant entire function, and f, f' share the value 1 CM. If

Ny(r, A+ o(I)T(r, f), (r— oo,r ¢ E),

)<
for some real number A € (0, }), where E is a set of finite measure. Then

f—-1=c(f -1), (3.9)
where ¢ € C\{0}.

Proof Since f and f’ share the value 1 CM, therefore all the zeros of f — 1 and f' -1

are simple, and hence
1

1
Na(r, }',_—1) = Na(r, 71

)=0. (3.10)
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From (3.10), lemma 3 and Theorem 1 can be get immediately (3.9).0

Remark 3 Clearly Ny(r, ?1;) < N{r, }1—,), therefore the corollary 3 is also improve the
Theorem A.

Corollary 4 Let f be a non-constant meromorphic function, and f and f' share the
value 1 IM. If

AN (r, £)+ 38 (r, %) + N(r, }17) < A+ 0Q)T(r, ), (r — 00,7 & E),

for some real number A € (0,1), where E is a set of finite measure. then (3.9) is satisfies.

Proof If % is a constant, then f' = ¢;f + ¢2, where ¢;(# 0) and ¢; are constants. From
lemma 2 we see N(r, f—il—) # S(r, ). Therefore ¢ + c; = 1 and hence (3.9) is satisfied.

"

We now suppose % is a non-constant.Clearly

1 1 fl/

N(Z(rw ﬁ) S 2N(7', —{;') S 2T(Tv 7;7) + 0(1)
< 2N (r, %) +2N(r, f)

From this and Theorem 1 can be get immediately (3.9). O

Theorem 2 Let f be a non-constant meromorphic function and f, f' share the value 1
IM.If

Nar, )+ Ma(r, 3)+ 3, £) 4 Nialr, ) = mir

<A+ o()T(r,f), (r— oo,r ¢ E),

1
71

for some real number A € (0,1), where E is a set of finite measure. Then f = f'.
Proof From (3.1)(take k¥ = 1) we find

1 _ 1 = 1
,F)+N(2(7‘, o1 1)+N(7', f)+ No(r, 7
where Ny(r, }17) refers the counting function of the zeros of f’ which is not come from f or
f -1, and Ny(r, #) is defined analogusly.Since f and f’ share the value 1 IM,therefore

N(r,A) < N(z(r,})JrN(z(r )+No(r,?1—;), (3.11)

_ 1 - 1 - 1 1 1
N(T‘, ﬁ) + N(r, ﬁ) = 2N(7‘, *f—;—_—i) < Nl)(T, }7?) + N(’I’, fT———I) (312)
If A # 0, then (3.1) we find
1 1
Nyy(r, f,—_l“) < N, K) <T(r,A)+0(1). (3.13)
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From (3.2),(3.11),(3.12) and (3.13) we get

2N(r,f,1_1)<1v(r )+N( f)+N(2(7‘ )+ Nalr ) + N(r, )+

fl/

From the second fundamental theorem for f and f’ we have

T(r,f)+ T(r,f') <N(r, —)+N(r )+2N(r 1)+
2N( f) NO( ;) No(r f”)+S(7' )

From this and (3.14) we find

T(r, f) + T(r, f') <H (r, %) + F(r, ) + F(r, ) T W, )

1 1

3N(r, f) + Na(r, )+N( ' F )+S( » f)-

Tf -
And hence

1 1

Y+ N. _-
np g -1
This is contradiction with condition in Theorem 2.Therefore A = 0. The same way as

Theorem 1 we get f — 1 = ¢(f’ — 1), where ¢ is a nonzero constant.
By solve this equation we find

T(r, f) < Ny( 2)+3N(r, ) + Nio(r, ) —m(r,

-1 )+ S(r, f).

f(z) = Ae” — (¢~ 1), (3.15)

where A is a nonzero constant.
If ¢ # 1, then from (3.15) we see T(r, f) = N(r, %) + S(r, f). From the condition of
Theorem 2 we get T(», f) = S(r, f). This is impossible. Therefore ¢ = 1 and hence f = f'.

Remark 4 The condition in Theorem 2 is necessary condition see examples (3.15) and
(3.8).
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