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1. m n
oqpsrutqvqwqxzy

∆ABC { vq|q} ∆, ~q�q{q�q�q� } BC = a, CA = b, AB = c, �q�q�� { Weitzenböck �q�q�q�q�q�
a2 + b2 + c2 ≥ 4

√
3 ∆, (1)

�q�q�q�
∆ABC

}q� ~q�q�q�q�q�q�q�q�� �q�q�
∆ ≤

√
3

4
(abc)

2
3 (2)

�q�q�q�
∆ABC

}q� ~q�q�q�q�q�q�q�q��q� �q�q� (1), � [1] �q�q�q�q�q q¡ n ¢ psru£q¤q¥ �q{q¦q§q�z¨q©qªq�q«q¬q��q�q 
¡q® v ~q�q�q{q¦q§ xz¯qy ® v ∆ABC {q~q�q�q� } a, b, c, ° �q±

∆s =
√

sin p sin(p − a) sin(p − b) sin(p − c),

²q³
p = 1

2 (a + b + c) ∈ (0, π). �q�
sin2 a + sin2 b + sin2 c ≥ 6∆s, (3)

�q�q�q�q´ ® v ~q�q�q{q~qµq�q¶ }q· �q�q�q�q�q�q�
¸º¹�»½¼
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�qÞ x ¨q©qßq«q¬q� (2) �q q¡q® v ~q�q�q{q¦q�q� ²q³ ¨q©áàãâqäqå xãæqç �q«q¬q�qèq©
�q q¡ n ¢q® vq£q¤séuêqëáìuíuîqæqïqð {q�
2. ñ)ò)ó)ô)õ÷ö÷ø÷ùûú
o � [2]

éuxzüqýqþsÿ������q}
1 �q{q® v ∆ABC { ���qð�� �

sin a

sinA
=

sin b

sin B
=

sin c

sin C
=

sin a sin b sin c

2∆s

, (4)

� é ∆s {�����	 (3)
é {�
 � �o ²����q³ x ¨q©q�q�q� (4) �q q¡ ÿ��q} K { n ¢q® vq£q¤ Sn(K)

éuê � }�qx ¨q©üqý���� {��� y
A
}

n ¢q® vq£q¤ Sn(K)
é { ¥ � x ������� } {A1, A2, · · · , An+1}, ����� Ai

	 Aj � � { n − 1 ¢q® vq¥ �q{�� v ��� {���� v � } θij(1 ≤ i, j ≤ n + 1),
±

Q =

∣

∣

∣

∣

∣

∣

∣

∣

1 − cos θ12 · · · − cos θ1,n+1

− cos θ21 1 · · · − cos θ2,n+1

· · · · · · · · · · · ·
− cos θn+1,1 − cos θn+1,2 · · · 1

∣

∣

∣

∣

∣

∣

∣

∣

, (5)

����� � Q {�� i
� 	�� i

� 
� �!q{�"�#q{�$�%q� } Qii, ��& arcsin
√

Qii

} ® vq¥ � A {
��� Ai(1 ≤ i ≤ n + 1) { n ¢ £q¤ �q�yq¥ � A {���� Ai 	 Aj ' ¤ {q® v�(�)q} aij ,

¯ _

AiAj= aij , ° � �

A =

∣

∣

∣

∣

∣

∣

∣

∣

1 cos
√

Ka12 · · · cos
√

Ka1,n+1

cos
√

Ka21 1 · · · cos
√

Ka2,n+1

· · · · · · · · · · · ·
cos

√
Kan+1,1 cos

√
Kan+1,2 · · · 1

∣

∣

∣

∣

∣

∣

∣

∣

, (6)

y
Aij

}
A
é 
�*�"�#q{�+�,�$�%q� x �q� [3]

cos θij = − Aij
√

AiiAjj

. (7)

-
(5)–(7) ¨q©q«q¬ üqý���� {��.

1
y

A
}

n ¢q® vq£q¤ Sn(K)
¥ � x ������� } {A1, A2, · · · , An+1}, �q�

sin
√

KS1

sin A1
=

sin
√

KS2

sin A2
= · · · =

sin
√

KSn+1

sin An+1
=

(n − 1)! ·
n+1
∏

i=1

sin
√

KSi

(n · sin
√

KV )n−1
, (8)

� é sin
√

KSi = 1
(n−1)! ·

√
Aii (1 ≤ i ≤ n + 1) , sin

√
KV = 1

n! ·
√

A ./�0 ²q³ ¨q© � ¬ sin An+1

}�1qxz}� � (7) +�2 Qn+1,n+1 �u«�3

sin2 An+1 =

∣

∣

∣

∣

∣

∣

∣

∣

1 − cos θ12 · · · − cos θ1n

− cos θ21 1 · · · − cos θ2n

· · · · · · · · · · · ·
− cos θn1 − cos θn2 · · · 1

∣

∣

∣

∣

∣

∣

∣

∣
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=

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 A12√
A11A22

· · · A1n√
A11Ann

A21√
A22A11

1 · · · A2n√
A22Ann

· · · · · · · · · · · ·
An1√

AnnA11

An2√
AnnA22

· · · 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
1

n
∏

i=1

Aii

·

∣

∣

∣

∣

∣

∣

∣

∣

A11 A12 · · · A1n

A21 A22 · · · A2n

· · · · · · · · · · · ·
An1 An2 · · · Ann

∣

∣

∣

∣

∣

∣

∣

∣

=
An−1

n
∏

i=1

Aii

=
(n! · sin

√
KV )2(n−1)

n
∏

i=1

((n − 1)! · sin
√

KSi)2
,

¯
sin An+1 =

n!n−1 · (sin
√

KV )n−1

(n − 1)!n ·
n
∏

i=1

sin
√

KSi

.

-  3
sin

√
KSn+1

sin An+1
=

(n − 1)! ·
n+1
∏

i=1

sin
√

KSi

(n · sin
√

KV )n−1
,

� � «�3q�qè�8q�q� 2o
(8)
éuxu�

n = 2
�sÿ��

K = 1 � ¯q} (4), 9 (8) «�& } n ¢q® vq£q¤ { ���qð�� � -ð��
1 ¨q©q�q«q¬�3q¡ ��� {:�;

1 <�=�	 ð�� 1
é {�
 � x �q�

(

sin
√

KV
)n−1

=
(n − 1)!

nn−1
·







n+1
∏

j=1

j 6=i

sin
√

KSj






sin Ai. (9)

��.
2
y

m1, m2, · · · , mn+1

} ��> ��? , x A
}

n ¢q® vq£q¤ Sn(K)
é { ¥ � x ���

��� } {A1, A2, · · · , An+1}, �q�
n+1
∑

i=1







n+1
∏

j=1

j 6=i

mj






sin2 Ai ≤ (n + 1) ·

(

1

n + 1
·

n+1
∑

i=1

mi

)n

, (10)

�q�q�q��@�A
Q(m) { � ��B�C�Dq¶�
q�q�q�q�q�q�q�z� é

Q(m) =









m1 −√
m1m2 cos θ12 · · · −√

m1mn+1 cos θ1,n+1

−√
m2m1 cos θ21 m2 · · · −√

m2mn+1 cos θ2,n+1

· · · · · · · · · · · ·
−√

mn+1m1 cos θn+1,1 −√
mn+1m2 cos θn+1,2 · · · mn+1









.

/E0 y
m = (m1, m2, · · · , mn+1), ° �� m = 1 � xzy 1 = (1, 1, · · · , 1), FEGEHEI

rankQ(1) = n + 1,
�

Q(1)
æ

n + 1 J �ð Hermite
@EAx - �

mi > 0(1 ≤ i ≤ n + 1),
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� ¬ Q(m) ß æ n + 1 J �qð Hermite
@�A �LK y I

}
n + 1 J ¥�M�Aqx � @�A Q(m) {�B�CN�Oq}

|Q(m) − xI | = 0, �q��P�Q�3
xn+1 − q1x

n + · · · + (−1)kqkxn+1−k + · · · + (−1)nqnx + (−1)n+1qn+1 = 0, (11)

� é

q1 =

n+1
∑

i=1

mi,

qk =
∑∑

· · ·
∑

1≤i1<i2<···<ik≤n+1

mi1mi2 · · ·mik
sin2 θi1i2···ik

,

qn =

n+1
∑

i=1







n+1
∏

j=1

j 6=i

mj






sin2 Ai.

R y
x1, x2, · · · , xn+1

}�N�O
(11) { n + 1 µ ��? ,�S x � - S�	�T�, ' ¤EU Tq{ Vieta

ð��
Iq�

n+1
∑

i=1

xi = q1,

n+1
∑

i=1







n+1
∏

j=1

j 6=i

xj






= qn,

K - Maclaurin �q�q� [4] «�3
n+1
∑

i=1

mi

n + 1
≥

















n+1
∑

i=1





n+1
∏

j=1

j 6=i

mj



 sin2 Ai

(

n+1
n

)

















1
n

,

�q�q�q��@�A
Q(m) { � ��B�C�Dq¶�
q�q�q�q�q�q�q��  ��V � '�W 3q¡ (10). 2

3. XZYZ[Z\Z]_^_`_acb_d_e
�f.

3
y

A
}

n ¢ ® v £ ¤ Sn(K)
é { ¥ � x �f�f�f� } {A1 , A2, · · · , An+1}, m1, m2, · · · ,

mn+1

} ��> ��? , x ��$ ± ��	 ð�� 1
é {�
 � x �q�

(

n+1
∑

i=1

mi

)n

·

n+1
∏

i=1

sin2
√

KSi

mi

n+1
∑

i=1

sin2
√

KSi

mi

≥ n2(n−1) · (n + 1)n−1

(n − 1)!2
· sin2(n−1)

√
KV, (12)

�q�q�q�
mi

n+1
∑

i=1

mi

=
cos θjk

(n + 1) · (cos θjk + cos θij cos θik)
,

(

1 ≤ i, j, k ≤ n + 1

i 6= j 6= k

)
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�q�q�q�q�q�/�0 -
(8) I

sin Ai =

(

n · sin
√

KV
)n−1

(n − 1)! ·
n+1
∏

i=1

sin
√

KSi

· sin
√

KSi, (13)

� (13) +�2 (10) ��g�V � W «�3 (12).h �q�q�q�q{�iqä�<�= - (10)
é �q�q�q�q{�iqä�<�=q«�I xj@�A Q(m) { � ��B�C�Dq¶�


� x y� � � �q{�B�C�D } x1 = x2 = · · · = xn+1 = α, � - Vieta
ð�� I x (n+1)α =

n+1
∑

i=1

mi.
R

yf@fA
Q(m) { �lknmfofp } β1 , β2, · · · , βn+1,

- �
rankQ(m) = 1, � ¬ rank{β1, β2, · · · , βn+1} =

1, q h I x k�m β1, β2, · · · , βn+1 { � *q� m ��r 1qx -  ¨q©q«�3
−√

mimj cos θij

mj − α
=

mi − α

−√
mjmi cos θji

=
−√

mimk cos θik

−√
mjmk cos θjk

,

(

1 ≤ i, j, k ≤ n + 1

i 6= j 6= k

)

,

� é α = 1
n+1 ·

n+1
∑

i=1

mi.-  ¨q©q� ¯ «�3q�q�q�q�q{�iqä�<�=q{q�q�q� 2

�q�q� (12)
æ � µ�s�t � *�u�sq q{q�q�q� xL��� ¬q��vq{q�q� üqý èq{�*Euq�:�;

2
y

A
}

n ¢q® vq£q¤ Sn(K)
é { ¥ � x ������� } {A1, A2, · · · , An+1}, ��$ ±��	 ð�� 1

é {�
 � x �q�
n+1
∑

i=1

sin2
√

KSi ≥
n2 · (n + 1)

n!
2
n

·
(

sin
√

KV
)2− 2

n

, (14)

�q�q�q� ® vq¥ � A { � � n ¢q�q¶ }q· �q�q�q�q�q�q�/�0 w ?qwqxLx�yqo
(12)

é �
mi = sin2

√
KSi (1 ≤ i ≤ n + 1), â�z�K�{�u�|�} t ¶�	~�� t ¶ ' ¤ {q�q�q� W «q¬�3q¡ (14).��������� �q�q�q�q{�iqä�<�= x -u� o (12)
é �

mi = sin2
√

KSi (1 ≤ i ≤ n + 1)
h 3

¡q{ (14) {�� Oséux � ý�� {q�q�q�q�
n+1
∏

i=1

sin2
√

KSi ≤









n+1
∑

i=1

sin2
√

KSi

n + 1









n+1

,

é �q�q�q�q{�iqä�<�= æ sin2
√

KS1 = sin2
√

KS2 = · · · = sin2
√

KSn+1. � qx - (12)
é �q�

�q�q{�iqä�<�=q«�3q�
1

n + 1
=

cos θjk

(n + 1) · (cos θjk + cos θij cos θik)
,

-  3 x �q� � �q{ i, j, k, �q� cos θij cos θik = 0, � ¯ cos θij = 0, (i, j = 1, 2, · · · , n + 1, i 6= j).

q h I x� �q{ @�A Q(1)
?��qw��qæ

n + 1 J ¥�M�A ��9  �q�q�q�q�q{�iqä�<�= æ sin Ai =

1, (1 ≤ i ≤ n + 1),
¯ ® vq¥ � A { � �q�q¶ }q· �q� 2
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:�;
3
�q�

n ¢q® vq£q¤ Sn(K)
é { ¥ � A, �

sin
√

KV ≤
(

n!

nn

)
1

n−1

·
(

n+1
∏

i=1

sin
√

KSi

)
n

n2−1

, (15)

�q�q�q� ® vq¥ � A { � � n ¢q�q¶ }q· �q�q�q�q�q�q�?��qwqxzo
(12)

é �
mi = 1 «�3

n+1
∏

i=1

sin2
√

KSi

n+1
∑

i=1

sin2
√

KSi

≥ n2n

(n + 1) · n!2
·
(

sin
√

KV
)2(n−1)

, (16)

�q�q�q� ® vq¥ � A { � � n ¢q�q¶ }q· �q�q�q�q�q�q��
(16) {q����K�*�u�|�} t ¶�� � � � ~�� t ¶q{q�q�q��g�V � W «�3 (15).:�;

4
y

hi

}
n ¢q® vq¥ � A {���� Ai � � { n− 1 ¢�� vqw {�� x ��$ ± ��	 wqv

{�
 � x �q�
n+1
∑

i=1

1

sin2
√

Khi

≥ n + 1

n!
2
n

· 1
(

sin
√

KV
)

2
n

, (17)

�q�q�q�
1

sin2
√

Khi

n+1
∑

i=1

1
sin2

√
Khi

=
cos θjk

(n + 1) · (cos θjk + cos θij cos θik)
,

(

1 ≤ i, j, k ≤ n + 1

i 6= j 6= k

)

�q�q�q�q�q�?��qwqx -
[3]
é { (6.1.13) ���q� ð�� 1

é { ± � x � ¯ «�3 ��� {��q�q�
sin

√
KV =

1

n
· sin

√
KSi sin

√
Khi, (1 ≤ i ≤ n + 1). (18)

q h o (12)
é �

mi = 1

sin2
√

KSi

(1 ≤ i ≤ n + 1), K�{�u (18) W «�3 (17).y
Mk

} � � sin
√

KVi,(k) { ~�� t ¶ xz¯

Mk =







(n+1

k+1)
∏

i=1

sin
√

KVi,(k)







1

(n+1

k+1)

. (19)

:�;
5
�q�

n ¢q® vq¥ � A {q��� m Mk, �
(k! · Mk)

1
k ≤ (l! · Ml)

1
l , (1 ≤ l < k ≤ n). (20)

�q�q�q� � �q{ k ¢q® v % ¥ �q{ � � k ¢ £q¤ �q¶ }q· �q�q�q�q�q�q�
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/�0 y
Ai,(k)

} ® vq¥ � A {�� i µ k ¢q® v % ¥ � xL��� � Ai,(k) *�uq�q�q� (15),

«�3
sin

√
KVi,(k) ≤

(

k!

kk

)
1

k−1

·





k+1
∏

j=1

sin
√

KVij,(k−1)





k

k2−1

.

¯
(

k! · sin
√

KVi,(k)

)
1
k ≤






(k − 1)! ·





k+1
∏

j=1

sin
√

KVij,(k−1)





1
k+1







1
k−1

. (21)

�q�q�q�
k ¢q® v % ¥ � Ai,(k) { � � k ¢ £q¤ �q¶ }q· �q�q�q�q�q�q�

� } ® vq¥ � A �q� (

n+1
k+1

) µ k ¢q® v % ¥ � Ai,(k), � ¬ x���� � (21) {q��%��q� (

n+1
k+1

)

µ xL� �qèq©�
�� x �q�
(n+1

k+1)
∏

i=1

(

k! · sin
√

KVi,(k)

)
1
k ≤

(n+1

k+1)
∏

i=1






(k − 1)! ·





k+1
∏

j=1

sin
√

KVij,(k−1)





1
k+1







1
k−1

=









(k − 1)! ·







(n+1

k )
∏

i=1

sin
√

KVi,(k−1)







1

(n+1

k )








(n+1

k+1)
k−1

,

� ¬q�








k! ·







(n+1

k+1)
∏

i=1

sin
√

KVi,(k)







1

(n+1

k+1)








1
k

≤









(k − 1)! ·







(n+1

k )
∏

i=1

sin
√

KVi,(k−1)







1

(n+1

k )








1
k−1

. (22)

¯
(k! · Mk)

1
k ≤ ((k − 1)! · Mk−1)

1
k−1 , (23)�q�q�q� � �q{ k ¢q® v % ¥ �q{ � � k ¢ £q¤ �q¶ }q· �q�q�q�q�q�q�-�� ���q� (23) � ¯ «�3 (20). 2

Bq�q{ æqxzo (20)
é��

k = n, l = 1 � xL���q± sin
√

KV(n) = sin
√

KV , �q«�3 ��� {q�
�q�q�

sin
√

KV ≤ 1

n!
·





∏

1≤i<j≤n+1

sin
√

Kaij





2
n+1

. (24)

�q�q�q� ® vq¥ � A { � � n ¢q�q¶ }q· �q�q�q�q�q�q�
����� ýqxzo (14)

é��
n = 2

�sÿ��
K = 1 � W æ (3),

h o
(24)

éu���
n = 2

�sÿ��
K = 1 � x «�3�	 (2) 
 � *q{ 2 ¢z® v ∆ABC {q�q�q�q�

∆s ≤ 1

2
· (sin a sin b sin c)

2
3 . (25)
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�q�q�q� ® v ∆ABC { � �q�q¶ }q· �q�q�q�q�q�q�� é ∆s {�������	 (3)
é {�
 � �� H�� ýqx (14) 	 (24) «�� } (1) 	 (2)

o
n ¢q® vq£q¤ Sn(K) {q�q  x h (20) ��� æ

(24) { ��  �q�q�
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A class of Geometric Inequalities in Spherical Space

ZHANG Han-fang
( Dept. of Math., Xuzhou Normal University, Jiangsu 221116, China )

Abstract: In this paper, we give the sine law of n dimensinal spherical space, and obtain a class of the
geometric inequalities and its applications (that is Corrolaries 1 to 5).

Key words: triangle; spherical simplex; spherical sine law; geometric inequality.


