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Abstract: Let F be a family of meromorphic functions on the unit disc A. Let a be a non-zero
finite value and k be a positive integer. If for every f € F,

(i) f and f® share a ;

(ii) the zeros of f(z) are of multiplicity > k+ 1,
then F is normal on A.

We also proved corresponding results on normal functions and a uniqueness theorem of
entire functions .
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0. Introduction

Let D be a domain in C. Define for f meromorphic on D and a,b € C,

Ey(a) = f'({a})ND = {z€ D: f(z) = a}.

If g(z) = b whenever f(z) = a, we write f(z) = a = g(z) = bIf f(z) = a = g(z) = b and
9(2) = b= f(z) = a, we write f(z) = a & g(z) = bIf f(z) = a & g(z) = a, then we say that f
and g share q, i.e.

Ef(a) = Eg(a).

If f —a and g — a have the same zeros with the same multiplicities, then we say that f and g
share the value a CM (counting multiplicities).

A meromorphic function f on C is called a normal function if there exists a positive number
M such that

i) <M.
If'(z)]

1+|f(2)
Mues and Steinmetz!®) proved

Here, as usual, f¥(z) = denotes the spherical derivative of f(z).

Theorem A Let f be a non-constant meromorphic function in D, and a), a2 and a3 be distinct
complex numbers.If f and f' share ay,as and a3, then f = f'.
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W.Schwick seems to have been the first to draw a connection between normality criteria

and shared values. He proved the following theorem!”]

Theorem B Let F be a family of meromorphic functions on the unit disc A and a;,a2 and a3
be distinct complex numbers. If f and f’ share a1,as and ag for every f € F, then F is normal
on A.

In this paper, we prove:

Theorem 1 Let F be a family of meromorphic functions on the unit disc A. Let a be a non-zero
finite value and k be a positive integer,k > 1. If for every f € F,

(i) f and f® shareq ;

(i) the zeros of f(z) are of multiplicity > k+1 ,

then F is normal on A.

Remark 1 The following examples show that the assumption on the zeros of f(z) in Theorem
1 is necessary.

Fork=11let F={f,: fn= e iog a},where a is a non-zero complex number, then f

¥l
and f’ share @, but F is not normal in+A.
For k > 2, let F={fn(z) : fn(2) = n(e®® — ¢=*)} n = 1,2,3,-- - where ¢; # ¢z and
c;” = 1,7 = 1,2. Obviously, for each f € F, f = f%*) f and f*) share every numbers,but F is
not normal in A.

From Theorem 1, we can get the result of Fang Mingliang!®!

Corollary 1.1 Let F be a family of meromorphic functions on the unit disc A. Let a be a
non-zero finite value and k is a positive integer. If for every f € F,f and f*) share a and f # 0,
then F is normal on A.

Theorem 2 Let f be a meromorphic function on C and a be a non-zero finite value. If for
every f € F,

(i) f and f*) sharea ;

(ii) the zeros of f(z) are of multiplicity > k+1 ,
then f is a normal function on C.

Theorem 3 Let f be a non-constant entire function and k be a positive integer. If f and f*)
share a # 0 CM, and the zeros of f(z) are of multiplicity > k + 1, then f = f®).

1. Some lemmas

Lemma 18! Let F be a family of meromorphic functions on the unit disc A, of which all the
zeros have multiplicity at least k. Suppose there exists A > 1, such that |f*)(z)| < A whenever
f(z) =0, f € F, then if F is not normal,there exist, for each 0 < o < k,

(a) anumberr,0<r<1;

(b) points zn, |z, < 7;
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(¢) functions f, € F;
(d) positive numbers g, — 0,

such that
fn (zn + oné )

o
locally uniformly with respect to the spherical metric, where g is a meromorphic function on C
such that g*(¢) < g*(0) = kA + 1.

— g()

Lemma 24! Let R(z) be a non-constant rational function, let k be a positive integer and let b be
a non-zero complex number.If the zeros of R(z) are of multiplicity at least k+1, and R®)(z) # b,

then
(,Yz + 5)k+1

az+p ’
where a, 3,7, 8 are constants such that ay # 0, |3| + |8] # 0.

R(z) =

Lemma 31! Let f(z) be a transcendental meromorphic function of finite order, and k be a
positive integer , let a be a non-zero finite complex number. If all zeros of f(z) are of multiplicity
at least k + 1, then f*)(2) assumes a infinitely often.

Lemma 421 A normal meromorphic function has order at most 2, a normal holomorphic function

has order at most 1.

Lemma 5% Let f(z) be a noncontant entire function of finite order, let a # 0 be a finite

constant, and let k be a positive integer. If f(z) and f*)(z) share the value a CM, then we have
&) —q
f—a

= ¢, for some non-zero constant c.

2. Proofs of the theorems

Proof of Theorem 1 Suppose that F is not normal on A, then by lemma 1 , we have f, € F,
zn € A and p, — 07 such that
fn(zng‘;l' on€) — g(¢)

locally uniformly with respect to the spherical metric, where g is a non-constant meromorphic
function satisfying g*(¢) < ¢*(0) = k(|a|+ 1) +1. By Lemma 4, we have that g is a meromorphic
function of finite order.

We claim that:

(1) the zeros of g have multiplicity > k + 1;

(i) g®(€) # a;

(iii) the poles of g(£€) are multiple.

Indeed, suppose g{&p) = 0, then since g is not a constant, there exists £,,£n, — £o, such that

fn(zn + Qngn) -0

- (n large enough).
On

gn(én) =
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Thus
fn(zn + Qn{n) =0.

Since the zeros of f have multiplicity > k + 1, we have

ff(Lj)(zn+gn§n):07 j=0,1,k

, )
gr(la)(gn):ﬁ‘_(z}%@__{"_):o, §=01,--- k.
n

Since
gV(&) = lim ¢9(&,), =01,k

it follows that the zeros of g(¢) have multiplicity at least k + 1, so (i) is proved.
Now, suppose there exists £y such that g*)(&) = a, then we have g(¥)(£) # a, since otherwise
g is a polynomial whose degree is exactly k, which contradicts (i).
Since g\®)(¢) = a, but g*)(¢) # a, there exists &,, &, — & such that , for n sufficiently
large,
gr(':,k) (én) = 1(Lk)(z" + onén) = a.

It now follows from Ef, (a) = E; «(a) that

fn(zn + Qngn) = a.

Thus
_ fn(Zn + 0nén) _a

gn(én) = ok = Z)E
Letting n — oo , we have g(&) = oo, which contradicts g¢¥)(&) = a, thus ¢'®)(¢) # a.
Now we prove (iii).
Let & be a pole of g(¢). If & is not a multiple pole of g(£), then there exists a disk
K = {£:|€ — &| < 6} (for n sufficiently large) on which there exists and only exists &,,,&, — &
and &, is a simple pole of g, (£). Hence we can deduce that &, is a pole of g,(Lk) (&) with multiplicity
k+1 and & is a pole of g*}(¢) with multiplicity k + 1. And

gn(£) — 9(£),

9 (©) — ¢*)(6)
locally uniformly on K.
Thus
lim g% (&) = co. (1)
£n—&0

Since
1 ok 1

—_— =y ——

gw’® o 9P
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uniformly on X and (k} G is not a constant, there exist &,,&, — &g, such that (for n large
enough)
-
Pe) o
ie.
fn(zn + Qn{n) =a.
Thus

(k)(gn) = f(k)(zn + Qnﬁn) = a.

Letting n -— oo , we get a contradiction by (1).

Thus the poles of g(£) are multiple.

Since g has finite order , the zeros of g have multiplicity > k + 1 and g®*)(£) # a. Hence by
Lemma 3 we can deduce that g(£) is a non-constant rational function. Then by Lemma 2 f has
a simple pole, which contradicts (iit).

So the proof of Theorem 1 is completed.

Proof of Theorem 2 Suppose f is not a normal function. Then there exist z, — oo such that
limp— o0 fH(zn) = 00. Write fn(2) = f(2z + 2,,) and set F = {fn}. Then by Marty’s criterion, F
is not normal on the unit disc. On the other hand, since Ey, (a) = E;_w (a), the zeros of f,(z)
are of multiplicity > k + 1. Theorem 1 implies that F is normal. The contradiction proves the

theorem.

Proof of Theorem 3 From Theorem 2 and Lemma 4 we deduce that f(2) has finite order. By

Lemma 5 we have
F® g

f-a
If N(r, }) # O,clearly from above we have f = F&,
If N(r, %) =0, then

=B, B#0. 2

f=e% (3)
where « is a nonconstant entire function.
From (2) we can obtain
1
f(z)=c1e™* +-- +cpe™* +a(l - E)’ 4)

Wheren =B,7=1,2---,k.
From (3) and (4) we have f(z) = Ae™*, where A and n are nonzero constant.Since f and

£ ghare a CM ,we have n* =1, so f = f*).Theorem 3 is proved.
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