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1. Introduction

Hankel matrices are an important family of matrices and they have various applications;
see, e.g., {1-6]). The quasidirect decompositions of square Hankel matrices and singular (not
necessarily square) Hankel matrices are investigated by Fielder! and Vaviin(?!, respectively. In
this paper, we study the quasidirect decomposition of full rank rectangular Hankel matrices, show
the existence and the uniqueness of the decomposition, and discuss the conditions under which
a full rank Hankel matrix is H-indecomposable. We shall see that not every rectangular Hankel
matrix of full rank can be expressed in the form described in Assertion 2.3 in [2]. However, if it
does have an expression in the form, then the decomposition is unique. (Therefore the Remark
2.4 in [2] is false.)

Throughout the paper, the matrices to be considered are over the field of complex numbers.
As usual, r(A4) denotes the rank of matrix A. We shall adopt the notations and terminology that
have been used by other authors in the literature; see [1-4].

We say that an mxn matrix A is singular if it does not have full rank, i.e., r(4) < min{m,n}.
An m x n Hankel matrix H is a rectangular matrix of the form

ho hi -+ hpa
ha hy - hy,
hm——l hm s hm+n——2
When m < nand by, = -+ = Apin—2 =0 (or m <nand hg = --- = hp_o = 0), we say

the Hankel matrix is upper (or lower) triangular. An m X n lower triangular Hankel matrix H
is called degenerate if 7(H) < min{m,n}.
If H = (hitj :’;Blj’la ! is an m x n Hankel matrix with m < n, we denote by H the

(m+1) x (n— 1) Hankel matrix H = (hi+j);’;’&;io which is obtained from H by rearranging the
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entries of H. H is further said to be proper if the leading submatrix of order r(H) is invertible
and r(H) = r(H).

The sum of two matrices A and B of the same size is said to be quasidirect if r(A + B) =
r{A) + r(B). A Hankel matrix is said to be H-indecomposable if it cannot be expressed as a
quasidirect sum of nonzero Hankel matrices.

For positive integers » and n with » < n and for complex number £, we denote by P, (t)

j ] r—1,n—1
Prn(t) - (( Z )tj_z) ’
1=0,5=0

and write P, (0c0) = (0, J;-), where J, is the r xr backward identity matrix with (¢, 7—i+1)-entry

the 7 x n matrix(!]

1 and elsewhere 0, i = 1,2,...,r"8l.
Let B(w,p) be the Bézout matrix of polynomials w(z) and p(z)M.

2. Preliminary results

Lemma 2.1 Let f(z)= fo+ fiz+ -+ fn1z" ! +2™ and g(z) = go + 12+ - -+ + gn—12™"}
be two polynomials. Let B(f, g) be the n x n Bézout matrix of f(x) and g(z). Then g(z) can be
written in the form

9(z) = 7o (z) B(f, 9)en

where 7, (z) = (1,z,--+,2"" 1), and e, = (0,---,0,1) T, where T stands for the transpose.

Proof Following from the well known Barnett formula

B(f,9) = B(£,1)9(Cy),

where Cy is the companion matrix of f(z), the last row of B(f,g) is

n_l j DERErY
(1:0,"‘70)29‘70} = (1’0,’0)( go 5 . gn-1 )

Jj=0
= (90791)"'9971—1)'

This implies that the last column of B(f,g) is (90,91, **,9n—1)" since B(f,9)7T = B(f,g). It
follows that

Trn(:IJ)B(f, glen = Wn(x)(go,gla s agn—-l)T = g(z).

Lemma 2.2 Let h(z) be a polynomial. Let B(f,g) be the n x n nonsingular Bézout matrix of
f(z) and g(z) with f(z) monic and deg f(z) =n > degg(x). Then the Smith canonical form of

the matrix B .
("8 )

( IS h(x)gg(w) )

is (up to a nonzero constant factor)
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Proof To prove the assertion, it suffices to notice the identity

<Bfrf<i))~l W) ) (16‘ gk ) =(Bsrf<‘?>~l h(x)—wn&)B(f,g)en)

and use Lemma 2.1. O

Lemma 2.31) Let H = (hi+]~)i":0’1]?20—1 be an m x n Hankel matrix with m < n. Then there

exist numbers Ay, ..., s—1,As = 1,0 < 8 < m, such that

ho o her kg Yo
: - - S Y 2.1)
’ ) )\3—-1
hm—1 -+ hmis—2 Amys1 A

where s is the maximum one among the orders of nonsingular leading submatrices of H.

Proof Since there exists a nonnegative integer s, 0 < s < m, such that the first s columns of
H are linearly independent while the first s + 1 columns of H are linearly dependent, there are
numbers A, ..., As—1,As = 1, such that (2.1) holds.

From (2.1), we have

1 hO hs~l hs hn—l
o - 1 heet -+ has—2  hzs_1 -+ Reynoo y
)\0 Tt )\s——l A.9 hs et h2s—1 h2s e hs+n—1
/\0 ot )\s—l )\5 hm—l fe hm+s—2 hm+s——1 te hm+n—2
1 0 X
1 Aéz—l AO
As
)\s—l
As
ho hey 0 0 0 0
— hs—l h28—1 0 0 0 ;n+s h’s+n——2
0 0 0 0 h';n+s h;n+s+1 s+n—1 ’
0 0 0 R, A
where
Ao
h.;:(hj—s)""hj) E s j:m+s,...,m+n—2. (2.2)
As
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Thus, s is as desired in the assertion. O

Denote by ¢(x) the polynomial
o) =X+ x4+ A12¥ 25 (2.3)

Then () is uniquely determined by H, and furthermore we have
(a) ¢(z) =1 if and only if (ho, -, hm-1) = 0;
(b) If p(z) # 1, then

hO e hs:—l h:s hO . hs—-l
p(x) = det : : : / det : :
hs—l te h23—2 h2.9m1 h h
1 L. xs—] xs 8--1 1252

Theorem 2.4 Let H = (hi+j)?;5,1j’251 be an m x n Hankel matrix with r(H) = m < n. If the

Smith canonical form of the matrix

(o) ) ¢4
is ( I(,)n ¢?m) 8 >, (25)

then we have the following:
(a) Ifr(H)=m+1, then 9(z) = 1;
(b) Ifr(H) = m, then ¥(x) = ¢(z), where p(z) is defined by (2.3).

Proof The similar transformations used in the proof of Lemma 2.3 carry the matrices (2.4) and

H respectively into the forms

O : : -

B . 1 )\s—l )\0

hm_1 R hm+n—2 /\s .
1 ™1
A3-—-1
As
ho v he_1 0 0 . 0 0
hs—1 hos—2 0 0 0 :n_{_s ;+n__2
= he -+ hge_s 0 0 R S Bosost A (2.6)
hm—l v hm:-f;’z 0 Im+s et N hl2m e Im+n—2
1 2 @) mp(e) - () e g og(n)
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and
1 0 X \
ho -+ hp_o :
. . 1 X1 Ao
hm—1 -+ Pmin—3 As
hm - hmins o
X )
ho - hs—1 0 0 0 0 . \
he1  --- hoe—2 0 0 0 ;n_‘_s . h;_m_
h . e N . R ]
— L 8 ’2: 1 8 8 hm+s le-{—n— , (27)
ot1 e 26 . . R
hm—1 +++ Rmis_2 0 h'lm,+.9 . . e h£n+n-—3
B =+ hmieo1 Ry, . . . PR
where h; are the same as in (2.2).
By (2.6), r(H) = m implies
(h‘;n+s’ N s+n— ) 75 0. (28)
By (2.7), we obtain r(H) > m, and r(H) = m + 1 if and only if
(h:n+sa T h{s+n—2) 9& 0.
If (hlytsr s Popn_2) # O, without loss of generality, we may assume hm 1 to be the first nonzero

number in the sequence hy, ..., ,_o. Denote Hy, = (hiy;); ;—0 Then H, is nonsingular
and compatible with @(z) (see (2.1)). It is well known that in this case there exists a polynomial
() with degree less than s and relatively prime with ¢(z) such that H,;* = B(yp,7), the s x s
Bézout matrix of ¢(z) and y(z). By Lemma 2.2, the matrix

He 0 kel
ms(z) p(z) =™ 0p(z)
is equivalent to

( H, 0 0 >
ms(z) (z) T™T0p(z) — by v(@) )
and therefore, equivalent to

I, 0 O

0 10

because ¢(z) and ~y(z) are coprime. Thus (2.6) is equivalent to (2.5) with ¢(z) = 1.

Now let (Alisr s hoyn_s) = 0, equivalently r(H) = m. In the case of s = m, (2.6)
is obviously equivalent to (2.5) with ¥(z) = ¢(z). In the case of s < m, by (2.8), we have
L 7 0. Then (2.6) is equivalent to (2.5) with ¢(z) = ¢(z) as well. O

s+n—
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The polynomial ¥(z) introduced in Theorem 2.4 is referred to as the H-polynomial of the
full rank Hankel matrix H.

Remark 1 In case where H is singular, we have (A, 4, -, ,_ 1) = 0 by (2.6). Therefore
(2.6) is equivalent to (2.5) with ¥(z) = ¢(z). Then p(z) is the H-polynomial of H due to
Theorem 2.12 in (1] and Assertion 2.11 in [2].

3. Main results - The decompositions and uniqueness

Theorem 3.1 Let H = (hiH)?l__o’lj’Zgl be an m x n Hankel matrix with r(H) = m < n. If
r(H) = m, H can be uniquely expressed as a quasidirect sum of a proper Hankel matrix H, and
a lower triangular Hankel matrix Hy with r(H,) = deg (), where (x) is the H-polynomial of

H.

Proof Since r(H) = m, in light of Theorem 2.4, ¥(z) = (z) and (hl, o, -, Wi, o) = 0. If
s = 0, H itself is a lower triangular Hankel matrix. If s = m, H is already a proper Hankel

matrix by definition.

In the case of 0 < s < m, since (A, 44, Ry pn o) = 0 and according to (2.2), (2.1) can be
extended to
’L() s hs—l hs /\0
: : : N : =0.
hn\Q te hn+s~3 hn+s~2 ;:1
38
Define numbers kg, ..., i, ,_o recurrently such that
h() co hs—l hs
: : : Ao
hn~2 e hn+s——3 hn+s-2 .
Rpq ooe hn+s—2 hx+3~1 ) =0.
hn oo hpien oy As—1
. ) . As
14 "
m+n—3 m+n—2

Then, since the rank of the matrix (hi+j)f;01’ j=0 €quals s, the matrix

ho - . U
oo - ... - ... "

HP - hn+s—1
" 1z

hm-1 - hn+s—1 e h’m+n——2

is a proper Hankel matrix with r(Hp,) = s and having ¥(z) as its H-polynomial. Let

Hy=H - H,
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"
={ . .. . R T A

0o --- hn+s~1 — hx+s_1 . hm+n—2 - h”m+n—2
Notice that
Ao
0= (hn—h Tty hn+a—2, h::.*,s_.]) :
/\s——l
As
)\0 ,\0
= (hn-se s hnvomz hagomt) |1 |+ (0 0k~ hne) [
As—1 As—1
As s

= hpge—1 + (hgs—1 = Bnts—1),
where h;, . ,_; are as given in (2.2). We have hpqs_1 —hj .,y = hl,,; # 0. This means Hy
is a nonzero degenerate Hankel matrix with r(Hg) = m — s. Thus the sum H = H, + Hy is
quasidirect.

To show the uniqueness, suppose that H = H~'p +Hyisa quasidirect sum, where ffp is
proper and Hy is lower triangular. Let r = r(H,). Then r(Hz) = m — r implies that the first
n— (m —r) columns of H,, are identical to those of H. Since H, is proper and 7+ (n—m) > r+1,
we see that the first r columns of H are linearly independent and the first 7 + 1 columns of H
are linearly dependent. So s = r, thus I;Tp = Hjp. The uniqueness is proved. O

Theorem 3.2 Let H be an mxn Hankel matrix withr(H) = m < n andy(z) the H~polynomial
of H. If r(H) =m and if

k
¥(z) = [[(z - t:)™,
=1
where t; are distinct, k > 0,r; > 0, then H can be written in the form
k
H =Y Prim(t:)" SiPrin(t:) + Progm(00) T Soo Proon(20), (3.9)
i=1

where S;, S, are nonsingular upper triangular Hankel matrices of orders ri,7o, with r(H) =
Z’F T4 + Too. This decomposition is unique up to the order of the components.

g=1
Proof By making use of Theorem 3.1, we can uniquely express H into the form
H=H,+ Hg,

where H,, is proper and Hy is lower triangular. It is obvious that Hy has the form

Hy = Prmm(oo)TSmPrwn(oo), Too = r(Hyg).
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So we need only to prove that Hp has the unique decomposition
k
Hp =Y Prm(ti) " SiPrn(t:). (3.10)
i=1

1f 0 < r(Hp) < m, Hp is a singular proper Hankel matrix with ¥(z) as its H-polynomial.
By Assertion 2.3 in [2], Hp can uniquely be written into the form (3.10).
If r(H,) = m, H = Hy, we have (2.1) with s =m and (A, ., -+, Prpgnoo) =0, ie,

hO T hn~2
(A0, 5 Am—1, Am) : : =0 (3.11)
hm—l T hm+n—3
hm e hm+n—2

and r{(hiﬂ)fj;l()] == m. Let hpin—1 be a number such that
hn—l

(/\0>"'7)\m’17)‘m) : =0.
hm+n-2
hm+n—1

Then G == (hi.},‘j);’;’g’;_io is an (m + 1) x n singular proper Hankel matrix still having ¢(z) as its
H-polynomial. By Assertion 2.3 in [2] again, we have

k
G= Prim+1(ti)TSiPnn(t1)a
i=1

k
-1 7i- Con-

where S; is nonsingular upper triangular Hankel matrix of order vy, m = r(G) = ),
sequently, H has the form (3.10).
k
In what follows we prove the uniqueness of the form (3.10) with m = ) r;.
=1
Suppose H = H), has a expression

i
H =" Puym(v;)" S;Pun(v;), (3.12)
j=1

l . g o . .
where u; > 0,m = ) ._, u;,v; are distinct, and S; are u; X u; nonsingular upper triangular

j:l
Hankel matrices. Let
V’r;l.r = (P‘ulm(vl)Ta te ’Pulm(vl)T),
V',:r = (Puln(vl)—r: Tt P‘u.;n(vl)_r)’
‘g = diag{glv Ty gl}
Then S is nonsingular. By the properties of the generalized Vandermonde matrices [3], we see
that V;, is nonsingular. Denote by ¢(z) the polynomial

l
1,5(.’17) = H("B - vj)uj =po+ -+ ™ (llm = 1)'
7j=1

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



13 HE Gan-tong: Quasidirect decompositions of full rank Hankel matrices

55

‘We then have

1 0w
1 pma
Va "
fim

Ho
) = (Vp,0).

Hm—1
HEm

(Notice that here m < n is necessary.) We now can reduce the matrix (2.4) to

()|

Ho
Hm—-1
Em
-0 Mo
1 Hm—1 Mo
Hm ’ :
Hm—1
Hm

-( 5 D) () s )

Therefore, (2.4) is equivalent to

(Im 0

0 o) O

).

That means ¢(z) = ¥(z); so the decomposition (3.12) is the same as (3.10) with ZLI = m,

except for the order of the components. O

Theorem 3.3 Let H be an m x n Hankel matrix with r(H) = m < n. If H is H-decomposable,

then r(H) = m.

Proof Suppose H = A + B is a quasidirect sum of nonzero Hankel matrices A and B. Then
we have 0 < r(A), r(B) < m. By Assertion 2.3 in [2], both A and B can be expressed as
quasidirect sums A = A, + A4, B = By, + By, where Ay, By, are proper and Aq4, By degenerate.
Since 0 < r(A), r(B) < m < n, we obtain 7(G) = (G), where G is any one of A, Aq, By, Ba.
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Thus we conclude

| /\

r(H) =r(A+ B) <r(A)+r(B)
r(Ap) +7(Ad) +7(By) +r(Ba)
r(Ap) +r(Aq) +r(Bp) + r(Bq)
r(A) +r(B) =r(H) =m.

INA

|

Therefore r(H) = m. O
4. Consequences

The following results are consequences of Theorem 3.2 and Theorem 3.3.

Corollary 4.1 Let H be an m x n Hankel matrix with r(H) = m < n. Then H can be
decomposed into the form (3.9) with r(H) = Zr 73 + T if and only if r(H) = m.
The proof of Corollary 4.1 is immediate from Theorem 3.2 and Theorem 3.3. For the next

corollary, we need a lemma.

Lemma 4.2 If H is a lower triangular Hankel matrix with r(H) = m < n, then H is H-

indecomposable.

Proof Suppose, otherwise, that H could be written as the form H = A + B for some nonzero
Hankel matrices A and B such that 7(H) = r(A) + r(B). Then A and B are singular and, by
Assertion 2.3 in [2], they can be decomposed into the forms

k
A= Pron(us) " SiPron(us) + Ag,
i=1
where u, are distinct, k > 0,7; > 0, Ay is degenerate, and
!
B = Zpsjm(vj)TSj-stn('Uj) + de
j=1
where v; are distinct, [ > 0,s; > 0, By is degenerate. Since A + B is a quasidirect sum, by the
Lemma in [2, p.194], we see that the sets {u;} and {v;} are disjoint, and Agq = 0 or By = 0.

Therefore
k l

ZPrim(ui)TSiPr.-n(ui) + Zpsjm(vj)ngPSjn(”j)

i=1 j=1
is quasidirect and, consequently, is proper. According to the uniqueness in Theorem 3.1, we have
that H = A4 + Bg is degenerate, a contradiction to r(H) =m. O

Corollary 4.3 Let H be an m x n Hankel matrix with r(H) = m < n and ¥(z) the H-
polynomial of H. If ¢(z) = (x — )™ for some number t, then H is H-indecomposable.

Proof In this case, by Theorem 2.4 and Theorem 3.2, we conclude that r(H) = m. Then H
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can be expressed into the form
H = P (t) " S Pran(t), (4.13)

where Sy, is an m x m nonsingular upper triangular Hankel matrix. Just as in [1], we can

transform H into a lower triangular Hankel matrix by means of
ImPrnm (=) T HPpn(~t)Jp = (0, S Jom),
where J,, is as given before. Lemma 4.2 implies the H-indecomposability of H. O

Theorem 4.4 Let H be an m x n Hankel matrix with r(H) = m < n. Then H is H-
indecomposable if and only if either ¢(z) = 1 or ¥(x) = (x —t)™ for some number t, where 1(z)

is the H-polynomial of H.

Proof Let H be H-indecomposable. If 7(H) = m 4 1, then ¢(z) = 1 by Lemma 2.4. If
r(H) = m, by Theorem 3.2, H has the form (3.9). Therefore we obtain k = 0, or k = 1 and
Teo = 0. That is, either ¢¥(z) =1 or ¥(z) = (z — t)™.

Conversely, if 7(H) = m + 1, then H is H-indecomposable by Theorem 3.3. If 7(H) = m,
by Theorem 3.2, H is either a lower triangular Hankel matrix or a Hankel matrix in the form
(4.13). So H is H-indecomposable by Lemma 4.2 and Corollary 4.3. O

Remark 2 From the above investigation, we can conclude that not every m x n {m < n) Hankel
matrix H with full rank can be expressed in the form (3.9), since, otherwise, Theorem 3.3 gives
r(H) = m; and on the other hand, Theorem 3.2 assures the uniqueness of the decomposition.
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