Therefore P/J(P) is also an Artinian S- moudle. On the other hand, P/J(P) is semisim-
ple. So P/J(P) is Noetherian. Thus P/J(P) is an object of mod-S of finite length. Hence
Endg(P/J(P)) is semiprimary (see p.37 in [4]). Moreover Endg(P/J(P)) is semilocal. So
EndgP/J(EndgP) is also Artinian. That is, R ~ EndgP is semilocal, as asserted.

Corollary 4 Let R be a Dedekind domain. Then the following statements are equivalent:
(1) R is semilocal.
(2) There exists some non-zero ideal whose top is Artinian.

Proof Since R is a Dedekind domain, every non-zero ideal must be invertible. By virtue
of Theorem 3, the result follows.
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Abstract In this note. we prove that if R is commutative then R is semilocal if and
only if there exists some invertible wodule whose Top is Artinian.
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At first, we give a lemma.

Lemma 1 Let ¢ : R —> S be a epimorphic ring homomorphism with ker ¢ C J(R). Then
R/J(R) ~ S/J(S).

Proof Since ¢ : R — § is epimorphic, we have an isomorphism: R/ker ¢ ?Sz S. So
J(R/ ker ¢) 9 J(S). By virtue of the homomorphism theorem, we can obtain ¢ :
(R/ker ¢)/J(R/ ker ¢) £ $/J(5).

R/ker ¢ £, s

b 4

4

(R/ker$)/J(R/ker¢) -¥s S/J(8)

On the other hand, J(R/ ker ¢) D J(R)+ker ¢/ ker ¢ = J(R)/ker ¢. Since J(R/ ker ¢) =
NM C N(N/ker¢) = ("NN)/ker ¢ = J(R)/ ker ¢, where M and N are maximal submod-
ules of R/ker ¢ and R respectively, we have J(R/ker¢) = J(R)/ker¢. Thus S/J(S) ~
(R/ker ¢)/(J(R/ ker ¢)) ~ (R/ ker ¢)/(J(R)/ ker ¢) ~ R/J(R), as required.

As an immediate consequence, we have

Corollary 2 The following statements are equivalent:
(1) R is semilocal.
(2) R[[z1,---,zn]] is semilocal.
Now we can derive the following

Theorem 3 Let R be a commutative ring. Then the following statements are equivalent:
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(1) R is semilocal.

(2) There exists some invertible R-module whose Top is Artinian.

Proof (1)= (2) Since R is semilocal, R/J(R) is an Artinian ring. Let M be R-submodule
of R/J(R), ‘
(N={reR|r+J(R) € M}.

It is easy to verify N 4 R. As R-modules, we have R-module homomorphism ¢ : N -»
M,r— r+ J(R). So M ~ N/ker¢ = N/J(R).

Suppose that R/J(R) D N,/J(R) D --- is a descending sequence of R-modules, where
N; <4 R,i > 1. We define #-A = 7n for any # € R/J(R),n € N;/J(R),i > 1. Since
7, = 7,1 = fi implies that there exist some a,b € J(R) such that

rn=r+a,n =n+b

we can prove
riny = rn+ na+ rb+ ab € rn 4+ J(R).

Thus 777 = 1. So the definition is well defined. Since R/J(R) is an artinian R/J(R)-
module, we can find some s > 0 such that

N,/J(R) = N,j1/J(R) = ---,

So R/J(R) is also an Artinian R-module. Hence R is an invertible R-module whose Top
is Artinian.

(2)= (1) Assume that P is an invertible R-module whose Top is Artinian. So P is a
finitely generated projective module of rank one.

Let A = AnnP. For any € SpecR, we have

AQ=A®RQ2ARQ’ZAPQ’:A(RQ®P)=0.

So A = 0. That is, P is a faithful module. From Theorem III.11 in (2], we know P is
a generator. Using Theorem II1.12 in [2], we can prove that the ring R is isomorphic as
a ring to the ring of S-modules of P under R — EndsP by r — o,,0.(p) = rp, where
S = Endp P. Moreover, we can prove g P is a finitely generated projective S-module.

By virtue of Lemma II1.29 and Theorem III.28 in [2], we know ker & = J(EndsP),
where & : EndsP — Endgs(P/J(P)). Using Lemma 1, we have

EndsP/J(EndsP) ~ Ends(P/J(P))/J(Ends(P/J(P))).

Since the top of pP is Artinian, it suffices to show that g¢(P/J(P)) is also an Artinian
S-module.

Suppose that P/J(P) D P1/J(P) D --- is a descending sequence of S-modules. We
define o, : P; » P;,p— rp. Thus we can define r - $ = o,(p) for any r € R,p € P;/J(P).
Hence P;/J(P) is also an R-module. Since P/J(P) is an Artinian R-module, we can find
some n > 0 such that

P./J(P) = Pusa/J(P) = --.
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Therefore P/J(P) is also an Artinian S- moudle. On the other hand, P/J(P) is semisim-
ple. So P/J(P) is Noetherian. Thus P/J(P) is an object of mod-S of finite length. Hence
Endg(P/J(P)) is semiprimary (see p.37 in [4]). Moreover Endg(P/J(P)) is semilocal. So
EndgP/J(EndgP) is also Artinian. That is, R ~ EndgP is semilocal, as asserted.

Corollary 4 Let R be a Dedekind domain. Then the following statements are equivalent:
(1) R is semilocal.
(2) There exists some non-zero ideal whose top is Artinian.

Proof Since R is a Dedekind domain, every non-zero ideal must be invertible. By virtue
of Theorem 3, the result follows.
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