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Abstract

In this paper, we establish the existence result of solution and positive solu-
tion for two-point boundary value problem of a semilinear fractional differential
equation by using the Leray-Schauder fixed-point theorem. The discussion is
based on the system of integral equations on a bounded region.
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1 Introduction

Fractional differential equations have received increasing attention during the
past decades. It has attracted a lot of attention of researchers to promote the
continuous development of methods, theories and applications in the field of small
area estimation (see [1-3]). Fractional derivative is divided into two categories:
standard Riemann-Liouville derivative and Caputo fractional derivative.

The aim of this paper is to study the existence result of solution and positive
solution for the following two-point boundary value problem of the semilinear frac-

tional differential equation
Deu(t) + f(t,u(t), D*u(t)) =0, 0<t<1, )
uw(0) =0, u(l) =B, D*'u(0)=C, '

where 2 < a < 3 and A, B,C are real numbers, D% is the standard Riemann-
Liouville derivative, and f : [0,1] x R x R — R is continuous on its domain. Such a
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nonlinearity term f(¢,u(t), D* 'u(t)) has been studied widely in [6,7]. In [6], by
means of the Schauder fixed point theorem and the Banach contraction principle
the authors investigated the existence and uniqueness of solutions for a class of
nonlinear multi-point boundary value problems for fractional differential equations

Du(t) + f(t,u(t), DPu(t)) =0, 0<t<1,
w(0) =0, DPu(l)— S &DPul&s) = uo.
=1

In [7], by means of a fixed point theorem on a cone, the authors investigated the
existence of positive solutions for the following singular fractional boundary value
problem

Du(t) + f(t,u(t), D*u(t)) =0, 0<t <1,
{u(O) =u(l) =0.

The difference between [6] and [7], the system of integral equations is adopted

skillfully in this paper. In the literature of [8], A = 0 is the special case of this paper.

2 Preliminaries

For convenience, we present here the necessary definitions and some lemmas from
fractional calculus theory.

Definition 2.1/ The Riemann-Liouville fractional integral of order a > 0 of
a function f : (0,00) — R is given by

1 t
IS ()= —— [ (t—35)*"1f(s)d
P = g [ =9 (s)as
provided the right side is pointwise defined on (0, o).
Definition 2.2¥ The Riemann-Liouville fractional derivative of order o > 0

of a continuous function f : (0,00) — R is given by

where n = [a] 4+ 1, [a] denotes the integer part of the real number «, provided the
right side integral is pointwise defined on [0, 1).

Lemma 2.1 Let a > 0. If we assume u € C(0,1)NL(0,1), then the fractional
differential equation

Dgiu(t) =0

has u(t) = C1t* ' + Cot* 2 + ... + Ont*N, C; € R, i = 1,2, - -, N, which is a
unique solution, where N is the smallest integer greater than or equal to c.

Lemma 2.2 Assume that u € C(0,1) N L(0,1) with a fractional derivative of
order a > 0 that belongs to C(0,1) N L(0,1). Then
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I8, Du(t) = u(t) + Crt* "+ Cot® > + -+ Oyt N,

for some C; € R, i = 1,2,-- -, N, where N is the smallest integer greater than or
equal to a.

Property 2.1 Leta >0, m € N and D = %. If the fractional derivatives
(D, y)(z) and (Dgfmy)(:c) exist, then

(D" D§1y)(z) = (D§y) ().

Lemma 2.3 Let f:]0,1] x R xR — R be a given function. Then the boundary
value problem

Dou(t) + f(t,u(t), D> u(t) =0, 0<t<T, o
u(0) =0, u(l)=B, D*'u(0)=C '
is equivalent to the system of integral equations
t
ot) =€~ [ fls.uls)o(s))ds,
0 (2.2)

u(t) = BtP~1 — /01 G(t,s)v(s)ds,

where
(LD i e G
G(t,s) = o(1 Bi(ﬂ)
) t<s.

re

Here G(t, s) is called the Green function of boundary value problem (2.1), f = a—1.

Proof Let v(t) = D* !u(t). Then problem (2.1) is equivalent to the system of
ordinary differential equations

D lu(t) =v(t), 0<t<1, 2<a<3,
v'(t) = —f(t,u(t),v(t)), (2.3)
u(0) =0, u(l)=DB, v(0)=C.
Let 5 =a—1,1 < 8 < 2. Then problem (2.3) is equivalent to the system of ordinary
differential equations
DBu(t) =v(t), 0<t<1,2<a<3,

v'(t) = = f(t u(t), (1),
u(0) =0, u(l)=B, v(0)=C.
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We find that .
vw—c—Ame$mm@,
1 t

u(t) = IPu(t) + C1tP =t + CotP ™2 = / (t — )P Lu(s)ds + C1tP = + Cat? 2.

I'(8) Jo
On the one hand, the boundary condition u(0) = 0 implies that Cy = 0.
On the other hand, by applying boundary condition u(1) = B, we find that

_ p-1
B_F(ﬁ)/o (1—s5)""o(s)ds + C1,
so it implies that .
Cy=B- F(lﬁ)/o (1—5)°"tu(s)ds.

Consequently,
t
ot) = = [ ls.u(s).os)ds.

_ L1 — )81t E(t—s)f~1
u(t) = BtP~1 — [/0 11(@,)1)(5)&9—/0 Wv(s)ds]

(1 — )BT _ (4 — g)B-1 L1g(1 — )81
=: [/0 11 = 5)] T0A) (t=s) v(s)ds+/t L)) v(s)ds

= BtP1 - /01 G(t,s)v(s)ds.

Lemma 2.45) The function G(t,s) defined by Lemma 2.3 satisfies:
(1) G(t,s) >0, t,s€(0,1);
(2) there exists a positive function v € C(0,1) such that

i?tigg G(t,s) = ~(s) Doax G(t,s) =v(s)G(s,s), for0<s<]1.

3 Main Results and Proofs

Let C]0, 1] be the Banach space endowed with the max norm ||ul| = Jnax lu(t)|
and n = max{|B|, |C|},

1
Ty (u,v)(t) = BtP~! — /0 G(t,s)v(s)ds,

To(u,v)(t) =C _/0 f(s,u(s),v(s))ds,
(T'(u,v)) = (Th(u,v), Ta(u,v)).
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Then, problem (2.2) is equivalent to the following equation
T(u,v) = (u,v), (u,v)e C0,1] x C[0,1]. (3.1)

That is, every solution of (2.2) is also a fixed-point of (3.1).
Theorem 3.1 Suppose that f :[0,1] x R X R — R holds. If there exist d > 0
and 3 <k < 55, with m = [} G(s,s)ds such that

max{|f(t,u,v)| : t € [0,1],u| < 2n+d,|v| <k2n+d)} < 2k —1)n+kd. (3.2)

Then, problem (1.1) has at least one solution u* € C[0,1] satisfying ||u*|| < 2n+d
and |D*u*|| < k(2n + d).

Proof Let C[0, 1]xC0, 1] be the Banach space endowed with the norm ||(u, v)|| =
max{HuH,”Lk”}, R =2n+d, Vg = {(u,v) € C[0,1] x C[0,1] : ||(u,v)|| < R}. Then
Vg is a convex closed set in C[0,1] x C[0,1]. If (u,v) € Vg, then |lu| < R, and
|lv]] < kR. So |u(t)] < R, |v(t)] < kR, 0 <t < 1. By the condition (3.2) of Theorem
3.1, we obtain |f(¢,u,v)| < (2k — 1)n+ kd, 0 < t < 1. Thus

| T3 (u,v)|| < fax |BtP 1 + Inax/ G(t,s)|v(s)|ds
?7+kR/ G(s,s)ds = (1 + 2km)n + kmd,

| T2(u, v)|| < max |C] + max/ |f(s,u(s),v(s))|ds

0<t<1 0<t<1

<n+ 2k — 1)n+ kd = 2kn + kd.

In view of the above, we see that

1
(i, 0), T, 0)) | = mae { 74, 0)], 7 | T, )]
< max{(1 + 2km)n + kmd,2n + d} = 2n + d.

Therefore, T' : Vg — Vg. Then, we can easily prove that 7' : C[0,1] x C[0,1] —
C0,1] x C[0,1] is completely continuous by Arzela-Ascoli theorem. Therefore, ac-
cording to Leray-Schauder fixed-point theorem, the operator T has a fixed point
(u*,v*) € Vg.

Theorem 3.2 Suppose that B >0, C <0 and f:[0,1] x Ry Xx R_ — Ry. If
there exist d > 0 and 5 < k < 5=, with m = fol G(s,s)ds such that

max{f(t,u,v): t €[0,1,0 <u<2n+d,—k(2n+d) <v<0} < (2k—1)n+ kd.

Then, problem (1.1) has at least one solution u* € C[0,1] satisfying ||u*|| < 2n+d
and [|D*~u*|| < k(2n + d).
Proof Set
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flt,u,v),  (t,u,v) €10,1] x Ry x R_,
fi(t,u,v) =

f(t,u,0), (t,u,v) €[0,1] x Ry X Ry,

filt,u,v), (t,u,v) €[0,1] x Ry x R,
fa(t,u,v) = {

fi(t,0,v), (t,u,v) €[0,1] x R_ x R.

Obviously, f2 : [0,1] x R x R — Ry is continuous and
max{|fo(t,u,v)| : t € [0,1], |u| < 2n+d,|v] < k(2n+d)}
= max{f(t,u,v):t €[0,1],0 <u<2n+d,—k(2n+d) <v <0}
< (2k — 1)n+ kd.
Applying Theorem 3.1, the problem

D%u(t) + fa(t,u(t), D* tu(t)) =0, 0<t<1,
uw(0) =0, u(l) =B, D*'u(0)=C

has at least one solution u* € C0,1] satisfying ||u*|] < 21 + d and ||[D*'u*|| <
k(2n + d).
If C <0, then

Dy (t) = C — /Ot fa(s,u*(s), D* tu*(s))ds <0, 0<t<1. (3.3)
Consider that
W) = BEPL — /O Gt ) D (s)ds >0, 0<i< L. (3.4)
From (3.3) and (3.4), we get

fa(s,u*(s), D27 (s)) = f(s,u(s), D u*(s)).

This proves that u* is a solution of problem (1.1).
If C <0, then

1
w*(t) = BtP~1 —/ G(t,s)D*tu*(s)ds >0, 0<t<1.
0

If B=C =0 and f(t,0,0) # 0, 0 < t < 1, then the zero function is not a
solution of problem (1.1).
4 Example
Consider the following boundary value problem
D3u(t) + (k — 1)t2u+sin D3u(t) =0, 0<t<1,
{u(O) =0, u(l)=B, Dzu(0)=C.
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Let D2u(t) = v(t), R =2n+d, d > 2. If (u,v) € Vg, then |ju]| < R, and ||| < kR.
We have

|[f (&, u, )| = ](k - 1)tQUJrsinv(t)‘ < (k = 1)(277+d) +1< (2k — 1)n + kd.

2 2

Therefore,

max{|f(t,u,v)| : t € [0,1],|u| < 2n+d,|v| < Ek(2n+d)} < (2k — 1)n + kd.

Then by Theorem 3.1, the boundary value problem (4.1) has at least one solution
w* € C[0,1] satisfying ||[u*|| < 27 + d and ||D2u*|| < k(27 + d).
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