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Traveling Epizootic Waves of a Fox Rabies Model
with Small Spatial Diffusion*

Jie Wang!, Jin Dong' and Jian Wang!

Abstract In this paper, to describe the spread of fox rabies, a degenerate
SEI epidemic model with small spatial diffusion equipped by infectious foxes
due to rabies is investigated. In particular, the existence of traveling waves
is established by the geometric singular perturbation theory for the larger
speeds, while the non-existence of traveling wave is still derived for the smaller
speeds. Moreover, some numerical simulations are implemented to illustrate
the propagation dynamics driven by traveling waves.
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1. Introduction

This paper investigates the propagation dynamics in the following reaction-diffusion
equation modeling the rabies among foxes:
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where
N=S+FE+1

is the density of total fox population, while S(z,7), E(x,7) and I(x,7) are the
densities of susceptible foxes, infected but non-infectious, i.e., exposed rabid foxes,
and infectious foxes at location x and time 7 respectively; o is the average rate
at which infected foxes become infectious; § is the transmission coefficient of fox
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rabies; « is the mortality of infectious foxes; a, b are the birth rate and the intrinsic
death rate; K is the environmental carrying capacity. Thus, the term (a — b)N/K
describes the depletion of the food supply by all foxes. In particular, the diffusion
coefficient Dy is introduced on behalf of the additional spatial activity of infectious
foxes due to rabies, which both the susceptible and exposed foxes do not have. Note
that all parameters in the model are positive constants.

As is well-known, rabies is a serious disease threatening human health since it
could be easily transmitted from infectious foxes to domestic animals, and then
to humans. For example, despite of various efforts to stop it by hunting foxes
and vaccinating them, the wave of epizootic in Europe was widely dispersed in
northern France in 1980 [15]. Indeed, evidences suggest that epidemics such as fox
rabies always spread spatially in a way like traveling waves [17]. Thus, there are
natural reasons to comprehend the transmission behavior of rabies, in particular,
the propagation dynamics of epidemics [12].

In fact, Anderson et al. [1] proposed earlier a kinetic model of fox rabies without
the spatial diffusion to describe the dynamics of the spread of rabies. Furthermore,
Murray et al. [17] adopted an asymptotic analysis method to study the first-order
approximation traveling waves. Different from such studies, this paper accurately
analyzes the existence of traveling waves by selecting the small diffusion coefficient
Dy as the perturbation parameter and combining with the geometric singular per-
turbation method, as employed by Szmolyan [20] and Gourley [8]. The readers
are referred to Ruan and Xiao [19], Wang and Wang [21] and Pang and Xiao [18§]
for more existence or non-existence results of traveling waves established by such
a way. As a result, we can therefore draw the conclusion of the dynamic propaga-
tion of the system in the space with more practical significance and more abundant
phenomena.

Henceforth, in order to simplify the model, we rescale the previous system (1.1)
to the following model with non-dimensional quantities by setting s = S/K,e =
E/K,i=I/K,n=N/K,D = Dy/BK,t = BKt,e = (a —b)/BK,5 = b/BK, 1 =
o/BK and d = (o + b)/BK:

0s .

5= e(l —n)s —is,

Oe

2 — s — 1.2
5 = (40 + en)e, (1.2)
0i 0% ;

a —D@ +M€—(d+€n)l,

where n = s+ e+ 4, and €, u,d,d and D are positive.

The rest of this paper is structured as follows: First, Section 2 is devoted to
prove the non-existence of traveling waves for Ry > 1 and 0 < ¢ < ¢*, while
obtaining the existence of traveling waves by the geometric singular perturbation
method for Ry > 1 and ¢ > ¢*. Finally, in Section 3, some numerical simulations
are implemented to illustrate our main results about the existence of traveling wave
solutions of system (1.2).
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2. The non-existence and existence of traveling wa-
ves

In this section, we will consider traveling waves of system (1.2) on R = (—o0, +00).
Since the model in a homogenous habit with Neumann boundary condition defines
the same basic reproduction number as its kinetic counterpart by [22, Theorem
3.4], the basic reproduction number Ry = @Fey can be given. When Ry > 1,

I T —
nte+d)
namely, 0 < d < — €, there are two non-negative steady-state solutions for

T
system (1.2), Ep = (1,0,0) and Fy = (s*,e*,4*), where s* = d + (e + %)d,
e* = &H_d) and i* = ¢(1 — d) up to the first order in ¢ and 0.

We introduce the solutions in this form s(z,t) = u(z + ct), e(z,t) = v(x + ct)
and i(z,t) = w(z + ct), where u, v and w are functions of £ = = + ¢t, and the wave

speed c is positive. Then, system (1.2) can be rewritten as

cu' = €(1 —n)u — wu,
cv' =wu— (+ 9+ en)v, (2.1)
cw' = Dw"” + pv — (d + en)w,

where the prime is the derivative with respect to the variable £. Considering the

epidemic implication, the traveling waves u,v and w need to be non-negative and
have the following conditions

(u(=00),v(=00), w(—00)) = (1,0,0), (2.2)
(u(400), v(+00), w(+00)) = (u*,v*, w*). ’
Here, u* = s*,v* = e*, w* = i*.
Denote w’ = g. Then, system (2.1) becomes
cu' = €(1 —n)u — wu,
v =wu— (u+ 6+ en)v,
(u en) (2.3)

w' =g,
Dg' = cg — pv + (d + en)w.

For system (2.3), there are two equilibria By = (1,0,0,0) and B = (u*,v*,w*,0)

when Ry > 1. Since the half-space R} 2 {(u,v,w, g)|u,v,w > 0} is invariant, we

note that the original system (1.2) possesses the traveling wave solutions satisfying

(2.2), if and only if there is a heteroclinic orbit of system (2.3) connecting Ey and

E1, and the readers are referred to Szmolyan [20] for more details about this point.
Linearizing system (2.3) at Eo, we get the characteristic equation

(r+ E) (N3 4+ A0 — Ay + A3) =0, (2.4)

_ De+Dé6+D —c? _ 2e+0+d+ _ p—ed—ed—dd—epu— d—e?
where A1 = Dc# 7A2_ D #7A3_l‘ Dc'u'u .

Denote
P(\) = A2 4+ A10% — Ao\ + A3 = 0. (2.5)
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It is obvious that (2.5) has a negative root when Ry > 1, or equivalently, when
As > 0. According to the Routh-Hurwitz formula, two roots of (2.5) have positive
real parts, and given the conditions which they are positive, we investigate

Pi(A) = ==X+ "2 . (2.6)

It is clear that P’/(A\) = 0 has a unique positive root

1
* —De—D§—D
A 3Dc(c €= Do—Dp

+ /(¢ — De — D§ — D)2 + 3Dc(2ec + de + de + ,uc)).

Since P(0) > 0, in order to satisfy (2.5) with two different positive real roots, we
only need P(A*) < 0. In addition, the equation (2.5) has two complex roots with
positive real parts, if P(A*) > 0.

Next, we express the above condition P(A*) < 0 by the parameter ¢. For such
an aim, we need to find conditions that P(A*) = 0 and P'(\*) = 0. Set

P(A) = Pi(A)Q1(A) + Ra(M),
Pl(/\) = Rl(/\)Qg(/\) + RQ(C).

Here, the quotient and remainder of P(\) divided by P;(A) are Q1(\) and Ry (),
and the quotient and remainder of P;(A) divided by Ry(\) are Q2(A) and Ry. B
a series of calculations, it is easy to get

3 1
Z (((;H—e-i—(? )D—c? 3(26+6+d+u)>2
c2D? D
4((n+e+8)D =)’ (Ry— 1)(d+ €)(u+ e+ 5)
ctD*

(+e+8)D =) (2e+ 6 +d+ p)?
B c2 D4

18((p+e+0)D—c*)(2e+5+d+ p)(Ro — 1)(d+€)(u+ €+ )
B c2D3

42e+0+d+p)* 27 ((Ro = 1)(d+ ) (i + € + )
+ D3 + 2D? ’

and we can see that the sign of —Ry(c) is the same as

PQ(C) = b066 + b164 + b202 + b3,
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where

bo =(2¢ + 8 +d+ p)? +4(Ro — 1)(d+ €)(u+ e+ 6) >0,

by =2D[2(2e + 0 +d + p)® + (e + 0 + p)(2e + 5 + d + p)?
492+ 0 +d + p)(Ro — 1)(d + €) (1 + € + 0)
+6(u+ e+ 0)(Ro— 1)(d+€)(u+ e+ )],

by =(e + 6+ p)?D?*(2e + 6 +d + p)?
+18(pu+ 6+ €)D*(2e + 5+ d + p)(Ro — 1)(d + €) (1 + € + 9)
+12(u+ 6+ €)?D*(Ry — 1)(d + €)(p + € + )
—27D?*[(Ro — 1)(d + €)(u + € + 0)]?,

by =AD*(u+ 6+ €)*(d+€)(u+ e+ 6)(1 — Ry) < 0.

It is obvious that we must get Py(¢) = 0. Then, P(A\*) = 0 and P/(A\*) = 0. Since
Ry > 1, we can easily obtain that by > 0,07 > 0 and b3 < 0, then there exists a
unique ¢* > 0 which satisfies P>(c¢*) = 0 by the Descarte’s rule of signs. Moreover,
there is
<0,0<e<c’,
Py(c)s =0, c=c", (2.7
>0, ¢>c".

If ¢ = ¢*, we can get that P(A\*) = 0 and P'(\*) = 0 by calculation. Since P(}\) is
a decreasing function of ¢, there exists the following lemma.

Lemma 2.1. (i) If 0 < ¢ < ¢*, P(\) has two complex roots with positive real
parts;

(i1) If c = c*, P(X\) only has a positive root;
(i1i) If ¢ > ¢*, P(\) has two positive roots.
Now, we discuss the non-existence of traveling waves.

Theorem 2.1. Suppose that Ry > 1 and D > 0. Then system (1.2) doesn’t have
any traveling wave solution propagating at the speed ¢ € (0,c*).

Proof. Since equation (2.4) exists two negative real roots and two complex roots
with positive real parts, when 0 < ¢ < ¢*, there has a two-dimensional unstable
manifold which is based on EO In addltlon the critical point EO is a spiral point
on the unstable manifold. As a result, for any heteroclinic orbit connecting Ey and
E1, the trajectory approaching Ey must satisfy that at least one of v(€) or w(§) is
negative for some ¢ € R, which is inconsistent with the non-negativity of traveling
waves. O

Next, we prove the existence of traveling wave solutions, when ¢ > ¢* and
0 < D <« 1. In fact, when Ry > 1, the following system

% =¢(1—n)s —is,
% =is—(u+J+ene, (2.8)
i e — (d+ en)i

dt
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has two steady-state solutions Ey(1,0,0) and F4(s*,e*,i*). The details about the
global properties of (2.8) can be referred to [16, Theorem 4.1], and one can get the
following lemma.

Lemma 2.2. The solution FEy of (2.8) is globally asymptotically stable, when Rg >
1, and the solution Ey of (2.8) is globally asymptotically stable, when Ry < 1.

Letting £ = Dn in which D > 0 is sufficiently small, we can structure system
(2.3) as the following
ci = D(e(1 — n)u — wu),
cv = D(wu — (u+ 0 + en)v),
b= Dwn — 1+ 8 + eno) 9
w = Dg,
g=cg— v+ (d+ en)w.

Here, dots express differentiation with respect to n. It is obvious that systems (2.3)
and (2.9) are equivalent, when D > 0, but the different time-scales lead to different
limiting systems. In fact, if D — 0, then system (2.3) becomes

cu' =€(1 —n)u — wu,
v =wu— (u+ 6+ en)v,
(n ) (2.10)

w/:ga
0=cg— pv+ (d+en)w.

Hence, the flow of (2.10) is limited on the submainfold

,zw—(d—l—en)w}’

mO{(uvvawag)€R4:g c

and only the first three equations determine dynamics of (2.10) on 9iy. On the
other hand, letting D — 0 in (2.9), we have the system

cu =0,
cv =0,
) (2.11)
w =0,

g=rcg— v+ (d+en)w.

Generally, system (2.3) is regarded as the slow system due to the slow time-scale &
and My is the slow manifold, while (2.9) is regarded as the fast one due to the fast
variable 7.

When 9%, is normally hyperbolic, i.e., by linearizing the fast system (2.9),
one can obtain dim%, eigenvalues with zero real part, there must exist a three-
dimension perturbed invariant mainfold 9ty for any sufficiently small D asserted by
the geometrical singular perturbation theory [7,20]. Furthermore, all the dynamic
behavior near the slow mainfold is dominated by the one on the slow mainfold [14].

Indeed, direct calculations show that the eigenvalues of the linearization of the
fast system (2.9) on 9y are 0,0,0, c. Thus, My is normally hyperbolic. Therefore,
based on Fenichel’s Invariant Manifold Theorem [7], it is clear to get the following
three-dimensional locally invariant manifold

v — (d+en)w
c

mDZ{(U7U7wa9)€R419 +Dh(u,v,w;D)}.
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Here, h is a smooth function and satisfies h(1,0,0; D) = 0, when 0 < D < D4, and
D; > 0 is small. Returning to the slow time scale, we have the projective system
of slow one (2.3) on Mp can be written as

, e(l—n)u—wu

u = )
c
W (w+0+ en)v7 (2.12)
c
—(d
w = BT Y (d+ en)w + Dh(u,v,w; D).
c

Letting D = 0, the flow on 9 is

, e(l=n)u—wu

u = 5

c
o WU (,u—i—(5—+—en)1)7 (2.13)
c
W (d+ en)w
—

Since (2.13) and (2.8) are substantially equal, Ey is unstable and E; is globally
asymptotically stable for Ry > 1 by Lemma 2.2. Furthermore, the eigenvalues of
the linearization of (2.13) at Fy are

€

>\1:_7,
C
\ 2e+0+d+p+/2e+0+d+p)2+4(p—(d+e)(u+e+0))
2= - )
2c
\ 2e+6+d+p—/Qe+0+d+p)?+4(u—(d+e)(p+e+9))
3= )
2c

When ¢ > ¢*, A3 > 0 is the unique eigenvalue with positive real part. According
to [11, Theorem 6.1], there is a one-dimensional unstable manifold on Fy. Given
global stability of E7, the positive branch of the one-dimensional unstable manifold
of Ey for system (2.13), N"“(Ep), connects to F;. Namely, there is a heteroclinic
orbit which connects Ey and F; for system (2.13). It is obvious that the manifolds
NU“(Ey) and N*(E;) intersect transversally. Next, we prove that when D > 0 is
small, this intersection persists. Therefore, we consider that the equilibrium FE; of
system (2.12) is locally asymptotically stable for small D > 0.

Lemma 2.3. For system (2.12), suppose that Ry > 1. Then for ¢ > c*, there is
Do > 0 such that Eq s locally asymptotically stable, when 0 < D < Dy.

Proof. Let hi(D) = Z2&(E,),ho(D) = Z&(Ey),hs(D) = SE(Ey). Linearizing
(2.12) at Ey, there is the following characteristic equation

A3+ A (D)X + Ay(D)N + A3(D) =0, (2.14)
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where

1

A1(D) :E[,u —e+d+0+w +4e(u” +v* +w*) — cDhs(D)],
1

Ay (D) :g[(,u —€+0+w" +4e(u" +v" +w"))(d+ € — cDh3(D))
— du*(u + ¢Dhy(D)) + du*cDhy (D) — €%,
1

As(D) :C—S[e(u —e+d+w" +4de(u” + 0" +w*))(d — ecDhs(D))
— edu*(n + c¢Dha(D)) + edu*cDhy(D)].

For ¢ > ¢*, there has ¢ > 0 which satisfies ¢ = ¢* + ¢, and let

Hl(D,é) = Al(D,C =c" + 6),
Hy(D, &) = As(D,c = ¢* + &), (2.15)
Hs(D,¢) = A1(D,e=c"+¢)Ay(D,c=c* +¢) — A3(D,c = c" + @&).

Then, we can obtain

0.0 = e t*d:&u * CEHEhEE 0,

H(0,6) =2 e(eéfl(g‘; DRSS

e :ﬁ {(GM)(RO_ Dbdent (e+u+€l;)(d+e)}
{(d+u)(e+5)(R01)+ (e—i-u—ieg)(d-ﬁ-ﬁ)} (C*iag
d” {dﬂw (€+M+€g)(d+e)] >0

Since H;(0,¢) > 0,7 = 1,2, 3, for any 0 < ¢, there is ﬁ(é) > 0 such that H;(D,¢) >0
for every 0 < D < D(@). Let Dy = inf {ﬁ(6)|0 < 6} and Dy = min{Dy, Dy}.
Then, Al(D) > O,Ag(D) > O,Al(D)AQ(D) — Ag(D) > 0 for 0 < D < Dy and
¢* < ¢. According to Hurwitz criterion, all eigenvalues of (2.14) have negative real

parts. Hence, F; is locally asymptotically stable. O
Therefore, by [20, Theorem 3.1], we have the following theorem.

Theorem 2.2. Suppose that Ry > 1. Then for any D such that 0 < D < Dy,
system (1.2) has the traveling wave solutions (u(x + ct), v(x + ct), w(x + ct)), given
that ¢ > c*.

3. Numerical simulation of the traveling waves

In this section, the numerical simulation is exhibited to illustrate the existence of
traveling waves for system (1.2). First, we take the parameter values suggested by
Anderson et al. [1] as follows:

Therefore, e = 0.5/82.4, § = 0.5/82.4, u = 365/2307.2, d = 73.5/82.4 and D = 0.04
in system (1.2). In addition, the below functions are taken as initial data, which



Traveling Epizootic Waves of a Fox Rabies Model 333

Table 1. Parameter values selected for simulation

parameter symbol value
average birth rate a 1 per year
average intrinsic death rate b 0.5 per year
average duration of clinical disease 1/a 5 days
average incubation time 1/o 28 days
disease transmission coefficient B 80 km ™2 per year
carrying capacity K 1.03 foxese km ™2
are shown as
1, x<0, 0, x<0, 0, x<0,
5(0,2) =< e(0,z) =< i(0,2) =9 (3.1)
st x>0, , x>0, i, x>0

Here, (s*,¢e*,i*) = (0.9656,1.139 x 1073,2.006 x 10~%), which is an endemic equi-
librium point. Using (2.7), we can get the minimal speed ¢* = 0.0054. When
¢ =0.0093, i.e., ¢ > ¢*, Figure 1 and Figure 2 show that system (1.2) has a travel-
ing wave connecting Ey and F, and fox rabies thus spreads to all the space.

=107 <107
1 1.5 2.5

e(xt)
i(x)

Figure 1. The three-dimensional profiles of traveling wave solutions of system (1.2)
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Figure 2. The two-dimensional asymptotic profiles of s, e, i as t = 0, t = 50, t = 200

References

1]
2]

3]

R. M. Anderson, H. C. Jackson, R. M. May and A. M. Smith, Population
dynamics of fox rabies in Europe, Nature, 1981, 289, 765-771.

P. J. Bacon, Population Dynamics of Rabies in Wildlife, Academic Press, New
York, 1985.

X. Bao, W. Li and W. Shen, Traveling wave solutions of Lotka—Volterra com-
petition systems with nonlocal dispersal in periodic habitats, Journal of Differ-
ential Equations, 2016, 260(12), 8590-8637.

X. Bao and Z. Wang, Existence and stability of time periodic traveling waves for
a periodic bistable Lotka—Volterra competition system, Journal of Differential
Equations, 2013, 255(8), 2402-2435.

Z.Du, J. Liu and Y. Ren, Traveling pulse solutions of a generalized Keller-Segel
system with small cell diffusion via a geometric approach, Journal of Differential
Equations, 2021, 270, 1019-1042.

Z. Du and Q. Qiao, The dynamics of traveling waves for a nonlinear Belousov-
Zhabotinskii system, Journal of Differential Equations, 2020, 269(9), 7214-7230.

N. Fenichel, Geometric singular perturbation theory for ordinary differential
equations, Journal of Differential Equations, 1979, 31(1), 53-98.

S. A. Gourley, Travelling front solutions of a nonlocal Fisher equation, Journal
of Mathematical Biology, 2000, 41, 272-284.

B. Han, Z. Feng and W. Bo, Traveling wave phenomena of a nonlocal reaction-
diffusion equation with degenerate nonlinearity, Communications in Nonlinear
Science and Numerical Simulation, 2021, 103, Article 105990, 21 pages.

DOI: 10.1016/j.cnsns.2021.105990

B. Han, Z. Wang and Z. Du, Traveling waves for nonlocal Lotka-Volterra com-
petition systems, Discrete and Continuous Dynamical Systems. Series B., 2020,
25(5), 1959-1983.

P. Hartman, Ordinary Differential Equations, Wiley & Sons, Baltimore, 1973.

G. He, J. Wang and G. Huang, Threshold Dynamics of an Epidemic Model
with Latency and Vaccination in o Heterogeneous Habitat, Journal of Nonlinear
Modeling and Analysis, 2020, 2(3), 393-410.



Traveling Epizootic Waves of a Fox Rabies Model 335

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]
[21]

[22]

23]

M. Y. Li, J. Graef, L. Wang and J. Karsai, Global dynamics of a SEIR model
with varying total population size, Mathematical Biosciences, 1999, 160(2), 191
213.

X. Li, F. Meng and Z. Du, Traveling Wave Solutions of a Fourth-order Gener-
alized Dispersive and Dissipative Equation, Journal of Nonlinear Modeling and
Analysis, 2019, 1(3), 307-318.

R. Lignieres, Prophylazie de la rage en France, Comparative Immunology, Mi-
crobiology and Infectious Diseases, 1982, 5(1-3), 377-382.

G. Lu and Z. Lu, Geometric approach to global asymptotic stability for the
SEIRS models in epidemiology, Nonlinear Analysis: Real World Applications,
2017, 36, 20-43.

J. D. Murray, E. A. Stanley and D. L. Brown, On the spatial spread of rabies
among foxes, Proceedings of the Royal Society of London. Series B. Biological
Sciences, 1986, 229(1255), 111-150.

D. Pang and Y. Xiao, The SIS model with diffusion of virus in the environment,
Mathematical Biosciences and Engineering, 2019, 16(4), 2852-2874.

S. Ruan and D. Xiao, Stability of steady states and existence of travelling waves
in a vector-disease model, Proceedings of the Royal Society of Edinburgh. Sec-
tion A: Mathematics, 2004, 134(5), 991-1011.

P. Szmolyan, Transversal heteroclinic and homoclinic orbits in singular pertur-
bation problems, Journal of Differential Equations, 1991, 92, 252-281.

K. Wang and W. Wang, Propagation of HBV with spatial dependence, Mathe-
matical Biosciences, 2007, 210(1), 78-95.

W. Wang and X. Zhao, Basic Reproduction Numbers for Reaction-Diffusion
Epidemic Models, SIAM Journal on Applied Dynamical Systems, 2012, 11(4),
1652-1673.

Z. Wang, L. Zhang and X. Zhao, Time periodic traveling waves for a peri-
odic and diffusive SIR epidemic model, Journal of Dynamics and Differential
Equations, 2018, 30(1), 379-403.



	Introduction
	The non-existence and existence of traveling wa-ves
	Numerical simulation of the traveling waves 

