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ON THE F-EXPANDING OF HOMOCLINIC
CLASSES

Wanlou Wu and Bo Li!

Abstract We establish a closing property for thin trapped (see Definition
1.2) homoclinic classes. Taking advantage of this property, we prove that if a
homoclinic class H(f,p) admits a dominated splitting Ty, M = E ©< F,
where the subbundle E is thin trapped with dimFE =Ind(p) and all periodic
points homoclinically related to p are uniformly F-expanding at the period
(see Definition 1.1), then the subbundle F' is uniformly expanding.
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1. Introduction

In dynamical systems, a basic research method is to split the tangent bundle of
some invariant sets into invariant subbundle, such as dominated splitting, hyperbolic
splitting and Oseledec splitting (see [15,17]). People often hope to prove uniform
hyperbolicity of a subbundle under dominated splitting. In our paper, uniform
hyperbolicity of a subbundle on a homoclinic class can be obtained under weak
conditions. Let f be a diffeomorphism on a compact manifold M with metric d.
A point is called hyperbolic periodic point, if there exists a hyperbolic splitting on
its periodic orbit. Given a hyperbolic periodic point p, denoted by W*(Orb(f,p)),
W (Orb(f,p)) the stable and unstable manifolds of the orbit of p, respectively. A
hyperbolic periodic point ¢ is said to be homoclinically related to p, denoted by

p~q,if
W=(Orb(f,p)) M W*(Orb(f,q)) # 0, W?(Orb(f,q)) h W*(Orb(f,p)) # 0.

The homoclinic class of a hyperbolic periodic point p is defined as

H(f,p)2{q:q€ P(f),q~p},

where P(f) denotes the set of all hyperbolic periodic points of f.

Homoclinic classes were introduced by Newhouse in [18] as a generalization
of the basic sets in Smale Decomposition Theorem (see [22, Theorem 6.2]). For
Axiom A diffeomorphisms, homoclinic classes are exactly the hyperbolic basic sets in
Smale Decomposition Theorem. For generic C'! diffeomorphisms, Carballo, Morales
and Pacifico [3, Theorem A] proved that homoclinic classes are maximal transitive
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sets and pairwise disjoint. In general case, Diaz and Santoro [8, Theorem A] gave
a example that distinct homoclinic classes may intersect each other. Therefore,
homoclinic classes may fail to cover the entire closure of the set of periodic points.
In general, the hyperbolicity of periodic points contained in a compact invariant set
is not enough to get that of the invariant set. For example, Kupka-Smale Theorem
[19, pp.91] affirms that every periodic orbit of C"-generic (r > 1) diffeomorphisms
is hyperbolic and that the stable and unstable manifolds of those periodic orbits
are pairwise transverse. It means that homoclinic class is usually not hyperbolic
although it contains many hyperbolic invariant sets: H(f,p) can be accumulated
by uniformly hyperbolic horseshoes (finite union of periodic orbits homoclinically
related to p).

Given a compact invariant set A, for a hyperbolic splitting TA M = E @& F, the
subbundle F is uniformly contracting on A, the subbundle F' is uniformly expanding
on A. For a hyperbolic periodic point p, the index Ind(p) is defined as the dimension
of the stable manifolds W*(Orb(f,p)) of the orbit of p.

Definition 1.1. Let H £ {g,},.en be a sequence of hyperbolic periodic points of
a diffeomorphism f. For the dominated splitting Ty M = E . F, f is uniformly
F-expanding at the period on H if there are two constants C' > 0, A € (0,1) such
that for any ¢, € H, one has that

W(Qn)
H HDf_l |Ffj<qn>H < oA,
j=1

where 7(g,,) is the period of the periodic point g,. The subbundle F is said to be
uniformly A-expanding at the period on H.

For a dominated splitting ThAM = E & F, a plaque family tangent to the
subbundle F is a family of continuous maps W from the linear subbundle E to M
satisfying that:

(i) for each z € A, the map W, : E, — M is a Cl-embedding that satisfies
W,(0) = z and whose image is tangent to F, at x;

(ii) (W.)zen is a continuous family of C'-embeddings.

Let W(x) be the image of embedding W,,. Fix € > 0, denoted by W.(z) the image
which is centered at x with size 2¢. A plaque family W is locally invariant, if
there is § > 0 such that for every x € A, one has that f o W, (B(0,0)) C W(fz),
where B(0,6) C E, stands for the ball centered at 0 with radius §. Plaque Family
Theorem [12, Theorem 5.5] shows that there always exists a locally invariant plaque
family tangent to E. A plaque family is called trapped, if for every = € A, one has
that

FOWV(@)) € W(fa).
The notion thin trapped was introduced by Crovisier in [4] and [5]. In the research
about C' diffeomorphisms far away from tangencies and heterodimensional cycles,
Crovisier and Pujals [6, Section 3] studied the properties of thin trapped subbundles
(also see [23, Introduction]).

Definition 1.2. Assume that A is a compact invariant set which admits a dominat-
ed splitting TA M = E® . F, the subbundle F is thin trapped if for any neighborhood
U of the section 0 in E, there is
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(i) a continuous family {¢,}zea of Cl-diffeomorphisms of the spaces {Ey}zen
supported in U;

(ii) a constant d > 0 such that f(W, 0 ¢, (B(0,9))) € Wyy 0 0 r.(B(0,9)) for any
x €A

Bonatti, Gan and Yang [2, Main Theorem] gave a sufficient criterion for the
hyperbolicity of a homoclinic class. They proved that if a homoclinic class H(f,p)
admits a partially hyperbolic splitting Ty (s ,) M = E @< I, where the subbundle £
is uniformly contracting with dimF = Ind(p) and all periodic points homoclinically
related to p are uniformly F-expanding at the period, then H(f,p) is a hyperbolic
set. They also raised a question: Can we obtain the hyperbolicity of an invariant
compact set by using the hyperbolicity of those periodic orbits in the set? In
our paper, we consider a weak topological condition that the subbundle E is thin
trapped. Then, we get some “hyperbolicity”of H(f,p). The obvious difference is
that one can not get any differential nature in thin trapped of subbundles £. Now,
we introduce our main result.

Main Theorem. Let f be a diffeomorphism on a compact Riemannian manifold
M, p be a hyperbolic periodic point. Assume that H(f,p) admits a dominated
splitting T (s )M = E®< F and the subbundle E is thin trapped with dimE = Ind
(p). If f is uniformly F-expanding at the period on all periodic points homoclinically
related to p, then the subbundle F' is uniformly expanding on H(f,p).

The weak periodic points mean that they have a Lyapunov exponent arbitrarily
close to zero. Crovisier, Sambarino and Yang [7, Theorem 1.1 and Corollary 1.4]
proved that there exist weak periodic points in some homoclinic classes of generic
diffeomorphisms far from homoclinic tangencies. This Main Theorem also gives a
criterion for getting weak periodic points in some special homoclinic classes.

Theorem 1.1. Let p be a hyperbolic periodic point of a diffeomorphism f on a
compact Riemannian manifold M. If the homoclinic class H(f,p) satisfies that:

e the homoclinic class H(f,p) admits a partially hyperbolic splitting Ty (s,p,y M =
E° @ E° @ E" with that the subbundle E° is thin trapped, the subbundle E“ is
uniformly expanding and dimE° = 1;

o dimE?® =Ind (p) and H(f,p) is not hyperbolic.

then for every € > 0, one can find a periodic point g homoclinically related to p such
1

that
(@) )<=

In Main Theorem, we do not perturb diffeomorphism f and assume any robust
property. Therefore, Liao’s selecting lemma [14] and Mafié’s ergodic closing lemma
[16] do not imply directly Main Theorem. Compare with the work of Bonatti, Gan
and Yang [2], that the subbundle E is thin trapped is weaker than that subbundle
E is uniformly contracting.

To prove Main Theorem, we should consider the question: how to establish the
relations between non-periodic points in the compact set and periodic points? The
Anosov Closing Lemma [13, pp.269, Theorem 6.4.15] implies that for any point
in a hyperbolic set whose orbit nearly returns to itself, there is a periodic orbit
closely shadowing this nearly-returning orbit. Gan [10, Theorem 1.1] showed that

tog (|| D™ s,
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any quasi-hyperbolic pseudoorbit with recurrence can be shadowed by a periodic
orbit. But in our assumptions, the homoclinic class is not a hyperbolic set and
since subbundles F is thin trapped, we can not get the quasi-hyperbolic pseudoorbit
with respect to the dominated splitting on the homoclinic class. Even though the
recurrent orbits (non-periodic) can be shadowed by periodic orbits, we also need to
consider that: how to extend the property of periodic orbits to other non-periodic
orbits. Our paper is organized as follows. In Scetion 2, we introduce “hyperbolic
time”and find infinite periodic points with large period. In Scetion 3, for a thin
trapped homoclinic class, we find a dense subset which has long stable and unstable
manifolds. We establish a closing property for a thin trapped homoclinic class in
Scetion 4. The proof of Main Theorem and Theorem 1.1 is finished in Scetion 5.

2. Hyperbolic time

Let A be a compact invariant set with a dominated splitting Tx\M = F & F.
By [1, pp.289, Appendix B], one can fix an admissible compact neighborhood U of
A such that the dominated spliting F @& F' can be extended in a unique way to the
maximal invariant set M (f,U) £ (,c,, f'U C U. For every € M and n € NT, an
orbit segment (z,n) is defined as:

(x’n) = {l‘,f(l‘), e 7fn_l($)}'

Definition 2.1. Given A € (0,1) and n € N*, for z € M(f,U), an orbit segment
(z,n) is a uniform A-string, if

H HDf71|F.fj(m)

j=k+1

<ANF fork=0,1,---,n—1.

This n is called A-hyperbolic time of z.

Denoted by HT(z,A) the set of all A-hyperbolic times of z and the n-th -
hyperbolic time of z is denoted by ¢, (z,A). For a periodic point p, denoted by
Ty (p, A) the largest A-hyperbolic time which is less than period 7(p) and the small-
est Ad-hyperbolic time which is larger than the period m(p) is denoted by T'a(p, ).
Lemma 2.1, given by Pliss ( [21, The preceding Lemma of Theorem 4.1]), gives us
a tool to find many hyperbolic times.

Lemma 2.1 (Pliss Lemma [21]). Given constants A, Co < Cy < 0 with A > |Cs|,
there is 0 = 0(Cy,Cs3) € (0,1) such that for any real numbers {aj};v:l with that:

(Z) |a’j| §A7 fOT’j = 1727"' 7N7'
N

(i) 3 a; < NCs,
j=1

there is an integer | > ON and a sequence of numbers 1 <nj; <ng <---<n; <N
such that
ng
Z a; < (n; —n)Ch, forany 0<n<n; i=1,2,--- 1L
j=n+1
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Lemma 2.2. Fiz two numbers i < A < 0, for any sequence of numbers {a;}2,
with Z?ll a; < mp and a;4, = a;, for every i € N and some integer m, there are
0 = 0(u,A) € (0,1) and N € N such that for any k > N, there exists an integer
I > kB and a sequence of numbers 1 < nj <ng < --- <mny <k such that

n;
Z a; < (n; —n)A, forany 0<n<n;, j=1,2,--- 1L
1=n—+1

Proof. Since a;1,,, = a;, for i € N and some integer m, one has that |a;| < A, for
i € N, where A £ max{|ai|,|az|, -+ ,|am|}. Therefore,

m
rémax{ahal—i—ag,--- 72%} < mA < +o0.
i—1

For any k € N, there are integers n, rg such that k = nm + rg, where 0 < rp < m.
Hence,

k
Z a; <nmp 4.
j=1
Therefore,
k
1 nm r
limsup — a; <limsup —— + limsup — = p.
k—o0 k Zz:; ’ k—o0 k k—o0 k a
wA A . k
Thus, for n = 5 there is N € N such that > a; < nn, for any &k > N. By
i=1
Lemma 2.1, thereis 1 < nj; <no < --- < ny < k with [ > k6, such that
n;
Z a; <(nj—n) A, forany 0<n<ny, j=1,2,---,L
1=n+1

O
Definition 2.2. Given A € (0, 1] and x € M(f,U), an orbit segment (z,n) is called

a A-obstruction orbit segment, if

k
-1

H HDf Py

j=1

>N fork=1,---,n.

The point x is a A-obstruction point, if (z,n) is a A-obstruction orbit segment for
any n € NT.

For two consecutive hyperbolic times, we can not give the estimation as the
obstruction orbit segment. The following content is a simple fact that can help us
deal with the obstruction orbit segment.

Lemma 2.3. For anyr € (0,1) and € > 0, there exists No = No(r,€) such that for
some n > Ny, if (x,n) is an r-obstruction orbit segment, then

d(z,A(r)) < e,

where A(r) is the set of all r-obstruction point.
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Proof. Let An(r) be the set of points such that the orbit segment (z, N) is an
r-obstruction orbit segment. Then A(r) = (\yoAn(r). By Definition 2.2, one
has that Ay (r) D An41(r). Therefore, this is a decreasing intersection of compact
sets. For any £ > 0, taking Ng = Ny(r,e) such that Ay, (r) is contained in the
e-neighborhood of A(r). Then, d(y, A(r)) < ¢, for any y € Ay, (r). Given n > N,
if (z,n) is an r-obstruction orbit segment, by Definition 2.2, then (z, Ny) is an
r-obstruction orbit segment. Thus, z € Ay, (r). Hence,

d(z,A(r)) < e.

O

If there is an obstruction point in homoclinic class, then one can find a sequence

of periodic points {g,} such that the first hyperbolic time of {¢,} tend to infinity.
The precise statament is as Lemma 2.4.

Lemma 2.4. Let H(f,p) be a homoclinic class which admits a dominated splitting
ThppM = E@_ F, where the subbundle F is uniformly \-expanding at the period
on the set of all periodic points homoclinically related to p. For r € (A1), if there
is an r-obstruction point b € H(f,p), then there exists a sequence of periodic points
{qn : m € NT} C H(f,p) homoclinically related to p, such that for any u € (\, 1),
one has that

lim g, =b, ¢1(qn,p) = 0o when n — co.
n—r 00

Moreover, To(qn, it) — T1(qn, ) tends to infinity as n tends to infinity.

Proof. Sinceb € H(f,p), by the definition of Homoclinic class, there is a sequence
of periodic points {q, : n € Nt} C H(f,p) homoclinically related to p such that
lim ¢, = b. Since the subbundle F' is uniformly A-expanding at the period on the

n—r oo
set of all periodic points homoclinically related to p, by Definition 1.1, there is a

constant C' > 0, such that

7(an

)
H HDf’1 P, )H < CAX™n) | for every n € N*.
j=1

Let a; = log (HDfA'Ffi(qn)’

), one has that

1 m
li — i <log A
1msupm2a <log

m— 00 :
=1

For any u € (A, r), by Lemma 2.2, one deduces that ¢, has infinitely many p-
hyperbolic times.

Now, we prove that ¢1(gn, 1) — 0o when n — 0o by contradiction. Otherwise,
suppose that there exists a constant C; > 0 such that ¢1(g,,p) < Ci, for all n.
Then there is a subsequence {¢y,, } of {gn}, such that ¢1(gn,, ) are constant for all
k, denoted by L. Hence, one has that

L

- L
HHDf 1‘Ffi<an>H < uL, for all g,
=1
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By the continuous of D f~!, one concludes that

L
-1

H HDf 17y

i=1

This means that b is not an r-obstraction point which contradicts our assumption.
Since

L
o 1T [[os 1,
i=1

_k—>

<k <ot

“(any,)

FQ(qn,M) - Fl(qnnu’) > FQ(QTL?M) - W(qn) > ¢1(qnaﬂ)7

one has that
To(qn, it) — T'1 (g, ) — 00, when n — oo.

3. Exponential properties in homoclinic class

In this section, our goals are to find many hyperbolic periodic points (homoclinically
related to p) with long stable and unstable manifolds. At the begining, we introduce
some properties of C! diffeomorphisms.

Lemma 3.1. Let f be a C* diffeomorphism on a compact manifold M. For any
x € M, if there are C = C(x) > 0 and p1, A1 € (0,1) with p1 < A1, such that

n—1

cut < [ 1D s

=0

| < CA}, for everyn € N,

then for any pa, Ao € (0,1) with pe < p1 < A1 < Ag, there are Cy = Co(x),
r=r(p1, 2, A1, A\2) such that

n—1

Couy < [T IIDfssy

=0

| < CoXy, for everyy € B(z,r) and any n € N*.

Proof. Since f is C! diffeomorphism, for 0 < s < p; < A1 < Ao < 1, there is
r1 > 0 such that

H2 IDfgll _ A . o .
< < =, for any points &, § with d(Z,7) < ry.
m DSl T M

Given x € M which satisfies that

n—1

Cut < JTI1Dfpe

=0

| < CA}, for every n € NT.

For any y € B(x,r1), by Mean Value Theorem, there exists £ € B(x,r;1) such that

d(f(x), f () < [ Dfell - d(z,y).

Since £ € B(x,r1), one has that

A @), S0) < LIPS - dwy) < O = Cory
1 1
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Claim. Taking r = min{ry,71/C}, Co = max{C,1/C}, one has that
d(f7(x), f(y)) < r1, for every y € B(x,r) and every j € NT.
Proof. We prove the claim by induction. Assume that
d(f7(x), fi(y)) < r1, for any y € B(x,r) and every j = 1,2,--- ,m.
Then, for any y € B(x,r), by Mean Value Theorem, there is € B(z,r) such that

d(f™ (@), N y) < IDLyHd(,y) < D fpmlllDf prm-syll - 1 D fylld(, y)

)\2 )\2 )\2
< (221Dfpmall) - (221D rmsall) - [ 22Dl - d(a,
< (210101} - (32UDLal) -+ (S2IDLN) - )
E |m| | D friz|| 7 < C')\gn+1 AN = N <y,
Therefore, f™*(B(z,r)) C B(f™!(z),r1). This proves our claim. O

Therefore, taking r as the claim, for y € B(z,r) and n € NT, one has that

AR
= n - .
,UJ;L-H Hi:oHfoixH )\71L+1

Consequently, taking Cy as the claim, one has that

n—1
Copy < H | Dfyiy [|< CoNy, for y € B(x,r) and n € N,
=0

O

Theorem 3.1. Let H(f,p) be a homoclinic class which admits a dominated splitting
Ta(spM = E ©< F with dimE =Ind (p). If f is uniformly F-expanding at the
period on all periodic points homoclinically related to p, then there exists constant
N € NV such that for any hyperbolic periodic points homoclinically related to p with
period larger than N, any plaque family tangent to the subbundle F' are the unstable
manifolds.

Proof. Since f is uniformly F-expanding, by Definition 1.1, there are two con-
stants C' > 0 and A € (0, 1) such that for any hyperbolic periodic point & homoclin-
ically related to p, one has that

()
H HDf*l |Ff.7’(m>H < C«)\ﬂ(z)_
j=1

Let N 2 min{n € N* : CA" < 1}, define the set U as
U2 {zeH(fp):z~pwithn(x) > N}.

For the dominated splitting T (s, M = E ©< F, by Plaque Family Theorem [12,
Theorem 5.5], there always exists an invariant plaque family tangent to the sub-
bundles E and F. For any x € U, denoted by W¥ (x) the plaque family tangent
to the subbundle F' at point x. For the hyperbolic splitting T, M = E* @ F" at
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hyperbolic periodic point z, there are constants C7 > 0, A\; € (0,1) such that for
every n € NT, one has that

D" [ge|l < C1AT,  |IDfT" |pul < C1AY.

Since the plaque family tangent to the subbundle F'* are the unstable manifolds,
it suffices to prove that the hyperbolic splitting T,M = E* @ F* and dominated
splitting T, M = E @ _ F are coincide. Since dimFE = Ind (p), one has that dimF" =
dimF™“. It is sufficient to show that F* C F™. Conversely, suppose that FF ¢ F*.
Then there is a non-zero vector v € F such that v ¢ F*. Thus, one can obtain a
decomposition v = v® @ v*, where 0 # v® € E* and v* € F*. Therefore, for any
m € NT, one has that

mm(x)

Ot < D@l < T IR ey, I ol < (X)) o))
j=1

Taking m large enough such that

CrIA™ | > 1, (O] < 1.

Therefore,
mm(x) m
L< o < (TIPS Ly ] el < (037) 7 o) < 1.
j=1

This means that our assumption that FF ¢ F™* is fault. Consequently, F C F*. O

We introduce that for some special homoclinic class H(f,p), there is a dense
set such that every point in this set has stable manifolds of uniformly size. Given
e > 0, a sequence of points {xg, -+ ,2;,} is called a periodic e-orbit or periodic
pseudoorbit, if x,, = o and

d(f(xi), wiz1) <e, fori=0,--- ,m— 1.

Definition 3.1. Fix § > 0 and k € N, a sequence of points {zg,z1,- -+, 2} is
called d-shadowed by a periodic point z, if £k = n(z) and

d(f*(x),zn) <9, for every 0 <n < k.

Theorem 3.2 ( [13, Theorem 6.4.15], Anosov Closing Lemma). For a hyperbolic
set A of diffeomorphism f, there is an open neighborhood U of A and two constants
C >0, g9 > 0 such that for any € € (0,ep), any periodic e-orbit {xg, -+ ,xm} C U
can be Ce-shadowed by a periodic point y € U.

Crovisier and Pujals [6, Lemma 3.8 and Lemma 3.9] proved that a chain hyper-
bolic homoclinic class (see [6, Definition 2.10]) contains a dense set of hyperbolic
periodic points with long stable and unstable manifolds. Here, we prove that if a
homoclinic class H(f,p) admits a dominated splitting Ty, M = E@_ F, where
the subbundle E is thin trapped and dim(FE) =Ind(p), then the homoclinic class
contains a dense set of hyperbolic periodic points with long stable manifolds.
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Theorem 3.3. Let H(f,p) be a homoclinic class which admits a dominated splitting
ThspyM = E@_ F, where the subbundle E is thin trapped and dim(E) = Ind(p).
For e > 0 small enough, there is a e-dense set P C H(f,p) of hyperbolic periodic
points homoclinically related to p, such that every point q € P has stable manifolds
of uniformly size.

Proof. Assume that p is a hyperbolic fixed point (otherwise, consider g = f7(?)),
Since dim(FE) =Ind(p) and E is thin trapped, the dominated splitting T,M =
E,@_ F, is the hyperbolic splitting of p. By [11, Theorem 1], taking suitable
Riemann norm, there exists A; € (0,1) such that

IDfB, | < A1y (1DF 7 p, I < A

Hereafter, we fix the numbers 0 < A\ < A2 < A3 < Ay < 1. Since f is a C*
diffeomorphism, for A2 € (A1, 1), there is 7 > 0 such that for any =,y € H(f,p)
with d(z,y) < r, one has that

IDfe] _de  IDSR] R
1D7e, =X 1D N

An equivalence definition of the homoclinic class [1, pp.199] is

E?/ Fy

H(f,p) = Ws(Orb(f,p)) h W (Orb(f,p)).
By this characterization of H(f,p), for any € < r, one can take a £/2-dense subset
B £ {x:x€ W(Orb(f,p)) h W*(Orb(f,p))}

of H(f,p).
Claim. For every z € B, A, £ Orb(f,p)|JOrb(f, ) is a hyperbolic set.

Proof. Since x € W*(Orb(f,p)) b W*(Orb(f,p)), there exists ng € N such that
for any n > ng, one has that

d(f"(z),p) <r, d(f"(z),p) <.

Therefore,
||Df‘Efﬂ(>|| )\2 ||Df_1|Ff7n(‘)|| AQ
— L= L <= for any n > ng.
IDfle, I~ M IDf~r,| A1
_ ID £l IDf2mo) IDF7 ML . IDf 2] _
Let Cl - 2612%;%)) { Ao P >\§7L0 ) Ao ) ) )\gno }; 02 - maX{l, Cl}a

for any y € A, and any n € N*, one has that
IDf"g, |l < C2A3,  [[Df7"|p, || < C2A3.

Hence, A, = Orb(f,p) U Orb(f,x) is a hyperbolic set. O
Fix z € B, by Theorem 3.2, for the hyperbolic set A, there exist an open
neighborhood U of A, and C3, gy > 0, such that for any e; € (0,&¢), any periodic
gi-orbit {xg, -+ ,2,} C U can be Cse-shadowed by a periodic point y € U. It
means that
d(fi(y),z;) < Cseq, fori=0,1,---,m.
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Taking €3 = min{e/2Cs, €/2, r}, since x € W*(Orb(f,p)) h W*(Orb(f,p)), there
exists mg € N such that for any m > mg, one has that

d(f™(x),p) <e2/2, d(f " (x),p) < ea/2.

Let K = sup {||Df.|, 2, |Df7 |}, for A2 < A3 < 1, taking an integer m; >
o z€H(fp)

210g(/\3/)\2)
periodic es-orbit:
{fml (.73), fﬁm1+1(m)7 e ’fimo(x)’ fﬁm(ﬁ?l(x)’ e ,fﬁl(l‘),l‘, f(l‘), T
7fm()(m)7 ... ,fml(fll‘)}

By Theorem 3.2, this periodic es-orbit is €/2-shadowed by a periodic point ¢, with
m(q.) = 2my. Therefore,

, where C' = (2mg — 1)log K — (2mg + 1)log A2, one can obtain a

77(‘1:6)_1
H HDf‘Ef'im) H < KPmomhogmmEmett < )\g(%)'
i=0

Hence, for any n € N, one has that

nm(gz)—1

H HDﬂEfi(qm) H < )‘;m(qm)'
i=0

One can deduce the similar estimation on the subbundle F. Next, we define the
set P £ {q, : * € B}, then P C H(f,p) is a set of hyperbolic periodic points
homoclinically related to p. For A3 < A4, any ¢ € P and any n € N, by Lemma 2.1,
there are 6 = 0(\3,\4) € (0,1) and positive integers ny < ng < --- < n; < n with
I > On7(q), such that

n;—1

J
H HDfIEfi(q)H < AZJ"’“, for any k=0,1,---,n; — 1, j=1,2,--- L.
i=k

Since ¢ is a periodic point, if n — co, then there is a point ¢’ which is a iteration of
q, such that

< A}, for any m € N.

m—1

H HDf‘E.mq') =
i=0

Therefore, the point ¢’ has stable manifolds of d-size, where 0 is only related to A4.
For this §, since the subbundle F is thin trapped, for every y € {¢,--- , f*9)=1(¢")},
one has that

FrOV5 () c Wi(f'y) = Wi(d), for some i € {0,1,---,m(q') — 1}.

Therefore, every point g € P has stable manifolds of uniformly size.

For any b € H(f,p), by the choice of B, there is x € B such that d(b,z) < §
For this point x, there is a ¢, € P such that d(z,q,) < 5. Then, d(b,¢,) < €.
Therefore, P is a e-dense subset of H(f,p). O



1094 W. Wu & B. Li

4. The closing property in thin trapped homoclinic
classes

It is well-known that pseudoorbits near a hyperbolic set can be shadowed by a
real orbit. This is called Pseudo-Orbit Tracing Property. This property plays an
important role in the study of stability of dynamical systems (see [24], [9], [25]
and [20] ). Gan [10, Theorem 1.1] showed that quasi-hyperbolic pseudoorbits can
be shadowed by a real orbit. In this section, we introduce the Pseudo-Orbit Tracing
Property in thin trapped H(f,p). Before heading to the main block, we clarify some
notations and identify some constants.

Sun and Yang [23, Lemma 2.2] affirmed that chain hyperbolic homoclinic classes
have local product structures. Hereafter, we assume that H(f,p) admits a dom-
inated splitting Ty M = E@_ F with dim(E) = Ind(p), the subbundle E is
thin trapped and f is uniformly F-expanding at the period on all periodic points
homoclinically related to p. Then the homoclinic class has local product structures.
What is important is that one can also choose dense hyperbolic periodic points,
which have long stable and unstable manifolds, from thin trapped homoclinic class.

Proposition 4.1. Fore > 0, there exists § > 0 such that for any x,y € H(f,p) with
d(z,y) <, We(z) and WE(y) transversally intersect at a single point belonging
to H(f,p), where WX (x) C W*(x) is centered at x with length 2¢, x = ¢s or cu.

Proof. From Sun and Yang [23, Lemma 2.2], the proof is completed by showing
that the homoclinic class H(f,p) is a chain hyperbolic homoclinic class. Under
our assumption, what is left is to show that the subbundle F is trapped for f~1.
By Theorem 3.1, for the hyperbolic periodic points with large enough period, any
plaque family tangent to F' are unstable manifolds. Thus, the subbundle F' at those
points is trapped for f~!. Since ThispyM = E@_ F is a dominated splitting, by
the uniqueness and continuity of dominated splitting, any plaque family tangent to
F are unstable manifolds. Thus, the subbundle F is trapped for f—1. O

For a chain hyperbolic homoclinic class, Crovisier and Pujals [6, Lemma 3.9]
found that H(f,p) contains a dense set of “well”periodic points, which is defined
as Lemma 4.1.

Lemma 4.1 ( [6, Lemma 3.9]). For any small enough 6 > 0, there is a dense set
Po C H(f,p) of periodic points homoclinically related to p with the properties:

(i) The modulus of the Lyapunov exponents of any point q € Py are larger than
o5

(i) The plaques Wi and Wit for any point q € Po contained in the stable and
in the unstable manifolds of q respectively.

Furthermore, the e-dense subset P in Theorem 3.3 can be the subset Py when
choose a suitable §. Hereafter, we always consider Py when no confusion can arise.

Lemma 4.2. There exists a number o such that for any x € Py, the plaque family
WES(x) and WE¥(x) are the stable and unstable manifolds of x, respectively.

Proof. By Theorem 3.3, there is a number «; such that for any = € Py, the plaque
family Wg3 (z) are the stable manifolds of x. From Lemma 4.1, since the modulus
of the Lyapunov exponents of any point = € Py are larger than §, there is constant
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C such that for any point x € Py and every n € NT, one has that
IDf"|p, || = Cem™.

Thus, there is a number as such that for any x € Py, the plaque family W5 (x) are
the unstable manifolds of x. Taking v = min{ay, as}, the lemma follows. O

Definition 4.1. Let TAM = E@_ F be a dominated splitting on the compact
invariant set A. For z € A, n € N* and X € (0,1), an orbit segment (z,n) is called
A-thin trapped, if subbundle E is thin trapped and subbundle F' satisfies that

k
I1 HDf*1|an7j(m)H <A fork=1,---,n—1.
=1

Definition 4.2. Given A € (0,1) and v > 0, a finite number of A-thin trapped
orbit segment {(z;,n;)}™, is called a (A, ~)-thin trapped closed pseudoorbit, if the
orbit segment (x;,n;) is A-thin trapped and

d(fniil(xi%xi-‘rl) <7 for i = Oa 17 e, Mm = 1 and d(fnmilxmazo) <7

Definition 4.3. Given ng € N, A € (0,1) and v > 0, a (A, )-thin trapped closed
pseudoorbit {(z;,n;)}™, is called an (ng, A, y)-closed pseudoorbit, if the integers
n; > ng, fori=0,1,--- ,m.

Sun and Yang [23, Theorem 1.7] gave a closing property for some special chain
hyperbolic homoclinic class. Here, we establish a closing property for the dense
subset Py in thin trapped homoclinic class.

Theorem 4.1. For any n € (0,«), where o is given by Lemma 4.2, there are
Yo = Y0(n) and ng = no(n) € N, such that for any v € (0,7), if a finite number
of orbit segment {(x;,n; + 1)}y C Py is a (no, A, v)-closed pseudoorbit, then the
(no, A, y)-closed pseudoorbit can be n-shadowed by a periodic point.

Proof. For any n € (0, «), by Proposition 4.1, there exists 8 € (0,7) such that for
any x,y € H(f,p) with d(z,y) < 3, one has that

Wyt (@) h Wi (y) # 0, Wy (x) hWis(y) # 0.

Due to Lemma 4.2, for any x € Py, the plaque W;*(x) are the stable manifolds of
x, denoted by Wy (z) and the plaque family Wi*(x) are the unstable manifolds of
x, denoted by Wy ().

According to Lemma 4.1, by the choice of Py, there is C' > 0 such that for any
z € Py and any n € NT, one has that

I DS |, [I< Ce™™.

Let ng 2 min{n € N : Ce ™y < 3/2} and 9 = B/4, then for any v € (0,7),
if a finite number of orbit segment {(x;,n; + 1)}2, C Py is a (ng, A,y)-closed
pseudoorbit, then we can construct a sequence of points which are the intersection
points of some stable manifolds and W< plaques.

Since {(z;,m; + 1)}, C Py is a (ng, A,7y)-closed pseudoorbit, by Proposition
4.1, there exists

21 € W:]u(fnlxl) M W;(IQ) 75 0.
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Therefore,
d(fm2(z2), f*2(21)) < Ce™"2%d(x9, 21) < Ce™™%d(29,2,) < Ce™™%) < B/2.
Consequently,
d(f"*(z1),x3) < d(f"*(x2), ["*(21)) + d(f"* (2), 3) < B-
Applying to Proposition 4.1 again, there exists
2o € Wit (f"221) h Wy (x3) # 0.
Similarly, one obtains that
2 €W ([ zima) MWp(wip1) # 0, fori=3,4,--- ,m—1,

Zm € W (f"™ 2m—1) MWy (21) # 0.
By the compactness of H(f,p), there is a point z € H(f,p) such that

o (5
= kEToo fom s Gm).
Due to
% n; i n; k in: n; (k+1) 3 n;
fi=t (Z) = fi=1 < lim f <i:1 >(Zm)> = lim f (i:l >(Zm) =z,
k—+o0 k—4o00

the point z is a periodic point. From our construction, the sequence of points
are the intersection points of some stable manifolds and W plaques. By the
properties of the (ng, A, v)-closed pseudoorbit, the (ng, A, v)-closed pseudoorbit can
be n-shadowed by the periodic point z. O

5. Proof of Main Theorem and Theorem 1.1

We prove Main Theorem by contradiction under the assumptions that
e The point p is a hyperbolic periodic point;

e The homoclinic class H(f,p) admits a dominated splitting Ty (s, )M = E@_ F
with dim(E) =Ind(p);

e The subbundle E is thin trapped and f is uniformly F-expanding at the period
on the set of all periodic points homoclinically related to p;

e The subbundle F' is not uniformly expanding on H(f,p).

Building closed pseudoorbit. Bonatti, Gan and Yang [2, Lemma 3.1] proved
the existence of obstruction point. We give a similar conclusion for thin trapped
homoclinic class.

Lemma 5.1. There exists a point b in H(f,p), such that
H ||Df71‘fj(b)|| >1, for anyn € N*.
j=1

Therefore, b is a 1-obstruction point.
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Proof. Suppose that the lemma were false. Then for any « € H(f, p), there exists
n = n(z) > 0 such that

[T el <1
i=1
Taking r(x) € (0,1) and the neighborhood U(z) of = such that

n(zx)

H ||Df*1|F(f7:(y))H < r(m)”(m), for any y € U(z) N H(f,p).

i=1
By the compactness of H(f,p), there exist finite points {x;}7", such that H(f,p) C
U™, U(zi). Let 7 £ maxi<i<m {r(z:)}, N £ maxi<j<m{n(z;)} and

— N _
C2 max {max{“Df Hrgaoll | 1= 1D 1|F(ff<au>>||}}

1<i<m r(x;) r(z;) N

for any x € H(f,p) and n € _N“‘, by splitting every orbit segment (z, f"z) in
segments of the form (f'z, f*(/'®)(f'x)), one has that

TIPS rcriyl| < €.

i=1

Hence, the subbundle F' is uniformly expanding. This contradicts our assumption
that the subbundle F' is not uniformly expanding on H(f,p). O

Now we construct a closed pseudoorbit P as follows. Hereafter, we fix a sequence
of numbers 0 < A <1y <713 <719 <71 <1, >0 and dense subset P, given by
Lemma 4.1. By Lemma 4.2, every point belonging to Py has stable and unstable
manifolds of uniformly size. According to Lemma 5.1, there is an r;-obstruction
point by € H(f,p). By Lemma 2.4, there is a sequence of periodic points homo-
clinically related to p such that the periods of these periodic points tend to infinity
and the first hyperbolic time of these also tend to infinity. Thus, without loss of
generality, we assume that the period of every periodic point in the dense subset
Po C H(f,p) is large enough.

Step 1. One can find a sequence of points {g, : ¢, ~ p} such that lim g, = b;.
n—oo

For £/2, ro < A1 < r1 < 1, by Lemma 2.3, there exists Ny = Nj(e, A1) such
that if (x, fN1(z)) is a Aj-obstruction segment, then d(z,A()\;)) < /2. Taking
z1 € Py with To(z1, M) — I'1(z1,M\1) — 1 > Np, we obtain uniform A;-strings
(z1, fOr@0A) (), (fOrE0A)(gg),  fP@0A)(2)) and Aj-obstruction segment
(fFr@@A) (), fP2@0A)=1(2)). Then, there exists a Aj-obstruction point by €
H(f,p) such that d(bg, fF1=1:A) (21)) < /2.

Step 2. For the Aj-obstruction point bs € H(f,p), one can find a sequence of
points {q}, : ¢, ~ p} such that lim ¢/, = by. For /2, 13 < Ay < Ay < 1y, by
n—oo

Lemma 2.3, there exists Ny = Na(Ag, ) such that if (z, fV2(x)) is a Ag-obstruction
segment, then d(z, A(\2)) < £/2. By Lemma 2.4, ¢1(q,, A2) = o0 as n — oo. Let
B be the subset of Py such that for every ¢/, € B, one has that

r;ﬁl(q;ﬂz)*l - CFl(acl,Al)—gi)l(rl,Al) > rfl(q;,Az)JrFl(161,)\1)*%(9:1,)\1),
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where ¢ £ zE}P(E‘p)”Df*HF(Z)H. Take 22 € B with I's (22, A2) =1 (22, A2) =1 > No,

we obtain uniform Ap-strings (za, f¢1(*232) (25)),  (fP1(®222) (15),  fT1(=2.22) (5))
and Ay-obstruction segment (f11(#2:22)(g,), fT2(#2.22)=1(2,)). Therefore, there ex-
ists a \p-obstruction point b3 € H(f,p) such that d(bs, fF1(*2:22)(2,)) < /2.

Step 3. Tore > 0, take \; with ry <13 <rmy < --- < Aj < Aju1 <--- < A <
A1 < 71, where j = 1,2,---, by repeating Step 2, we obtain a sequence of points
{z,} with properties:

o (zj, fOr@X) (1)), (0132 (), fFr®3X) (1)) are uniform \;-strings;

o (fl(@id2)(g;), fr2(=5:2)=1(z,)) are \j-obstruction segment;
d(zj, frrr im0 (2 ) < e

Tgl(rj’)\j)_1.C.CFI(ijl7)\j71)7¢1(wj71,kj71) erl(-”fa‘«\a‘>+1“1(-”fj—lv/\j—l)—%(-fj—hkj—l).

From the above step, we construct a pseudoorbit which is not closed. Since
H(f,p) is a compact set, there exist two positive integers mg and k, such that

A(FP 0 A0 (), FO 0N (5, 11)) <

Let Kj £ ¢1(x’rno+j7 >\7no+j)a ] = 1a 2a e 7k and Ymo+j £ f¢1(sz+J7>\m0+J)(x7n0+j)a
L; £ T1(@mgtjs Amo+s) — D1 (Tmo+js Amo+5)s 4 = 0,1, k—1. Therefore, we have
a closed pseudoorbit P which is the union of uniform A;-strings as

(ymoa fLU (ymo))a (Im()-‘rla le (Im0+1))7 (ym0+1a le (ym,o-i-l))a (‘rmo—&-Qa sz (Im0+2))7

) (ymoJrk*lv ka71 (ymo+k*1))7 (mmoJrkv ka (xmoJrk))v

where Ymo+j = ij (xmo-i-j) and d(ij (ymo-i-j)?xmo-i-j-ﬁ-l) <& j=0,1,--- ak - L

Estimation about periodic orbits. From the construction of closed pseudoor-
bit, by Theorem 4.1, for € (0, @), there exist 79 = v0(n) > 0, such that for any
~v € (0,70], there exists a periodic point n-shadows (ng, A,~y)-thin trapped closed
pseudoorbit.

Lemma 5.2. For the fized r4 < r3 < 71, there is a constant g > 0 such that
all those periodic points which dg-shadows (ng, A, y)-thin trapped closed pseudoorbit
have stable and unstable manifolds of uniformly size.

Proof. For the dominated splitting T (s, M = E@_ F, by [11, Theorem 1], one

can take an suitable norm such that

|Dfle@ || [|Df @) || < Ao,

where 0 < A\g < A < 1. For the fixed r4 < r3 < 71, by Lemma 3.1, there is a
constant 01 such that for any « € B(gyn,01), one has that

T1(gnsAn) - R T1(qnsAn) . )
H HDf71|F(fiw)|| z T4l(qm n)’ H HDf71|F(fix)|| < Tll(q”’ 2

=1 i=1
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By Theorem 4.1, let dp = min{e, d1, a}, then there exist vo = v0(do) > 0, such
that for any v € (0,7], the (ng, A,)-thin trapped closed pseudoorbit can be d¢-
shadowed by a periodic point y. This means that y € B(gu,dp) for any g, in
(ng, A, v)-thin trapped closed pseudoorbit. Therefore,

7(y) 7(y)

L IDf el =i, LIPS el <7,
1=1 =1
Hence,
m(y)—1 7 (y) m(y)
A A
II IPflegonl < o < (;) :
=0 I D eiwy
Taking = max{Ag/A, 71}, one has that
m(y)—1 _ m(y) _
IT IPAlegapll <A™, TLIPF el < A7
i=0 i=1

Since the subbundle E is thin trapped with dimFE = Ind (p) and f is uniform-
ly F-expanding at the period on all periodic points homoclinically related to p,
from Theorem 3.1 and Theorem 3.3, those periodic points have stable and unstable
manifolds of uniformly size. O

According to Theorem 3.3, by the choice of Py, hyperbolic periodic points be-
longing to Py have stable and unstable manifolds of uniformly size. By Lemma 5.2,
those periodic points which dp-shadows (ng, A, v)-thin trapped closed pseudoorbit
have stable and unstable manifolds of uniformly size. Therefore, there is a §' > 0
such that if periodic point ¢§’-shadows (ng, A, y)-thin trapped closed pseudoorbit,
then periodic point is homoclinically related to the hyperbolic periodic points that
given in the construction of the closed pseudoorbit. Then, for 7 = min{dy, &', &, a},
where Jg is given by Lemma 5.2, by Theorem 4.1, the closed pseudoorbit P can be
n-shadowed by a periodic point p which satisfies that

W (Orb(f,p)) b WH(Orb(f,p)) # 0, Wi (Orb(f,p)) h W, (Orb(f,p)) # 0.

This means that p is homoclinically related to p. By Lemma 5.2, one deduces that

o @)
TIPf  egeayll = ™.
=1

This contradicts that f is uniformly F-expanding at the period on all periodic
points homoclinically related to p. Thus, the assumption that F is not uniformly
expanding on H(f,p), is invalid. Therefore, F' is uniformly expanding on H(f,p).
Here, we finish the proof of Main Theorem.
Now, we give the proof of Theorem 1.1 under Main Theorem.

Proof. In the assumption of Theorem 1.1, for the dominated splitting Ty s,y =
E®_ F, we may assume that the splitting F' splits in F' = E<@® E". Therefore, Main
Theorem shows that f is not uniformly F-expanding at the period on all periodic
points homoclinically related to p.
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For every e > 0, taking r < 1 such that log(r—!) < e. Since f is not uniformly

F-expanding at the period on all periodic points homoclinically related to p, there
is a periodic point g homoclinically related to p such that

(9)
LLIPf  egianl = 7.
=1

Since dimFE° = 1, one has that

1 m(q) m(q)
HDfﬂ(q”Ec(q) = H ||Df_1|Ec(fi(q))|| > H ||Df_1\p(fi(q))’| > (@),

i=1 i=1

Therefore,
1
I m(q)
7(q) log (HDf ! |Ec(q)H) s e
O
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