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MONOTONE METHODS AND STABILITY
RESULTS FOR NONLOCAL
REACTION-DIFFUSION EQUATIONS WITH
TIME DELAY™

Yueding Yuan'? and Zhiming Guo®'

Abstract In this paper, we study the applications of the monotone iteration
method for investigating the existence and stability of solutions to nonlocal
reaction-diffusion equations with time delay. We emphasize the importance
of the idea of monotone iteration schemes for investigating the stability of
solutions to such equations. We show that every steady state of such equations
obtained by using the monotone iteration method is priori stable and all stable
steady states can be obtained by using such method. Finally, we apply our
main results to three population models.
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1. Introduction

Nonlocal reaction-diffusion equations with time delay have been studied by many
scholars both in theory and in applications, see e.g. [5,6,12-14,38,39,41,42,44-46,
48,49] and the references therein. However, the results on the stability (in the sense
of Lyapunov), especially on global stability, of steady states of such equations have
seldom been found in the references. Most previous researches on such equations
focus on spreading speeds and traveling waves in the case of an unbounded domain
and the attractivity of steady states in the case of a bounded domain. The reason
lies in the fact that it is difficult to employ linearisation methods to study the
stability of steady states of such equations, and other methods may not be available
for the study of the stability. For example, Lyapunov direct method can be used
to study the stability in theory, but for nonlocal reaction-diffusion equations with
time delay, the construction of an appropriate Lyapunov function is often difficult.
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Likewise, fixed point theorem can also be used to prove the stability, but it is hard
to select an appropriate compact set.

As early as 1969, the method of upper and lower solution was already introduced
by Keller in [18], and have been widely adopted since then, see e.g. [2,16,34,36]. Re-
cently, the method of upper and lower solutions and associated monotone iterations
have been used to investigate the existence and asymptotic behavior of solution-
s 19,22,27,30,31,33,35,46,47]. Tt is obvious that the monotone iteration method
is constructive for the proof of existence result and it can be used to compute
numerical solutions to the corresponding discretized equations [9,22,23,28,30].

To explore the use of monotone iteration schemes for investigating the existence
and stability of solutions, we consider the following nonlocal reaction-diffusion e-
quations with time delay

ow(t,x)
— = Lw(t,z) + f(z,w(t,z),w(t — 7,2))

+/ g(xayrw(t - T, y))dya t> 07 HAES Qa (11)
Q

Bw(t,x) =0, t >0, z € 99,
w(t,z) = ¢(t,x), t € [-7,0], x € Q

and corresponding boundary value problem for the steady states of (1.1)

— Lu() — f(z, w(z),w(z)) = / gy, w(y))dy, =€,

Bw(z) =0, z € 09,

(1.2)

where 7 is a positive constant, ¢(t, x) is an initial function to be specified later, Q is
a bounded domain in R™ with boundary 0f2, L is a second order uniformly elliptic
operator,

L= Zaij(:r) +Zbi(x)%, x=(T1,T2, " ,Tm)
i,j=1

8xi6xj P i
and B is one of the following boundary operators
Bw=w

and 5
w
Bw = In + B(x)w,

where 9/0n denotes the outward normal derivative on 9Q, 8 € C'T2(9€Q) and
a € (0,1). And we assume that S(z) > 0 for all z € 9Q.

The coefficients of L are assumed to be Hélder continuous and the matrix (a;;)
is uniformly positive definite on Q = QJ 9. We assume that the boundary 92 of
Q belongs to the class C?T%, though this condition could be relaxed somewhat.

To motivate our discussion, we assume for the moment that f(z,u,w) and
g(z,y,w) are Holder continuous in z and y for x,y € Q, and continuously dif-
ferentiable in v and w and monotone nondecreasing in w for some bounded subset
A of R. The above smoothness and monotonicity assumptions are used to ensure
the existence of a classical solution to (1.2) by the monotone iteration scheme.
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The purpose of this paper is to study the applications of the monotone iteration
method and to emphasize the importance of the idea of monotone iteration schemes
for investigating the existence and stability of solutions to (1.1). We will show that
every steady state of (1.1) obtained by using the monotone iteration method is
priori stable and all stable steady states can be obtained by using such method.

Actually, the theoretical framework about the existence and stability of solutions
was established by C. V. Pao in references [27,29-31], where the systems of reaction
diffusion equations with time delays were thoroughly studied. They obtained some
sufficient conditions of the existence and stability of solutions. However their meth-
ods will not be available for (1.1) due to the nonlocal effect of reaction function.
To overcome the difficulty, we establish a new maximum principle (see, Lemma 3.1)
and use a technique developed in [34]. As far as we know, this is the first attempt to
emphasize the importance of the idea of monotone iteration schemes for investigat-
ing the existence and stability of solutions to non-local reaction-diffusion equations
with time delay.

The rest of this paper is organized as follows. In section 2 and section 3, we will
show how to construct solutions to (1.2) and (1.1) respectively. In section 4, we
investigate the stability of solutions to (1.2) obtained by monotone iteration meth-
ods when considered as steady states of (1.1). It turn out that every steady state
of (1.1) obtained by monotone methods is priori stable and all stable steady states
can be obtained by these methods. Furthermore, the upper and lower solutions
provide an estimate of the region of stability. Finally in section 5, three examples
in population dynamics are given to illustrate our main results.

2. Construction of solutions to (1.2)

In this section, we study the construction of solutions to boundary value problem
(1.2) by using monotone iteration scheme.

Let C%(Q2) be the space of functions that are Hélder continuous on Q with
exponent a € (0,1), and by C?*%(Q) the space of functions on Q which have
spatial derivatives up to order two that are continuous on Q, with the derivatives
of order two being Holder continuous with exponent a. Similar notations are used
for other function spaces and other domains. Let X = C?*%(Q) and Y = C%(Q).
Then we have the following definition.

Definition 2.1. A function @, € X is said to be an upper solution of (1.2) if it
satisfies

 Ld(e) — fa (@), Be(2)) > / 9@, Ta(y))dy, € 9,

Bwg(x) >0, z € 00Q.

(2.1)

Similarly, ws € Xis called a lower solution of (1.2) if it satisfies (2.1) with inequalities
being reversed.

The following theorem can be proved by the same arguments as in the proof of
Theorem 2.1 of [34] which was first given by H. Amann [2]. We give a proof here
for the sake of completeness. The final convergence arguments are based directly
on the L, estimates [1] for regular elliptic boundary value problems.
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Theorem 2.1. Let ws and W, be upper and lower solutions of (1.2) respectively
such that s < ws. Then there exists a regular solution wk of (1.2) such that
Wy < wh < ws.

Proof. Let

A= {Z€R|min@3(x) <z gmaxﬁs(x)}. (2.2)
z€Q e

In the case that min, g @w,(r) = max, g ws(z), the conclusion holds naturally.
If min, g @w,(7) < max, g ws(r), then A is a closed interval in R. Thus we can
assume that df(x,u,w)/0u is bounded from below for € Q and u, w € A, which
implies

Of (x,u,w)

ou

for all z € Q and u,w € A, provided K > 0 is sufficiently large.
Since for any w € Y, the linear boundary value problem

+K>0 (2.3)

~ Lu() + Ku(z) = Kuw(z) + f(z, w(z), w(z)) + / oz, g, w(y))dy, =€ 2,

Bu(z) =0, x € 09

has a unique solution u € X (see, e.g., [20]), we can define the nonlinear operator
T:Y—=>XCYby Tw=uwu. Namely, T : Y — X C Y is defined by

(Tw)(@)=(~L+K)! Kw<x>+f<x,w(x>,w<x>>+/

A g(z,y, w(y))dy] YweY,

BTw(x) =0, z € 0Q

where (—L + K)~! is the inverse of the operator —L + K. Therefore, by (2.3), we
know that 7 is monotone in the sense of Collatz [7] (w; < we implies Tw; < Twy)
and completely continuous as an operator from Y to Y in the order interval [Ws, Ws].

Now define Egl) = Tw, and le) = Tw,. Let us show that Egl) < w, and

@S) > ws. To this end, we note that
(—L + K)ywl" (x) = Kis(z) + f(, Ws(x), @s(2)) +/ 9(z,y, ws(y))dy, x € €,
Q

then
rl(—L+ K)(@" — @,) = K, + f(-, Wy, 0s) + / 9(y, Ws(y))dy + Lis — K,
Q

:Lﬂjs—i_f(7wsa@8)+/g<7ya@5(y))dy§07 JIEQ.
Q

Therefore, it follows from the strong maximum principle that @gl) < ws. A similar
argument shows that @S) > Ws.

Due to mﬁ” < w, and the monotonicity of the operator T, we have Tmﬁ” < Tws.
Thus, the sequence defined inductively by

T = w,, wW = Tw" Y, vn=1,2,--
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is monotone decreasing. Similarly,

QgO) = ﬁ}sa wgn) = ngn_l)’ Vn = 1) 27 e
defines a monotone increasing sequence. Furthermore, we have yg") < @g") for all
n=12,--- and

By =w® <M <... <™ <... <7 <... <wl) <7 = a,.

S

Actually, by assumptions @, < ws, we have w(l) <w (1) Suppose that w(k) <w *(k)

for given k. Then
WD = T® < T® = glk+D),

The proof follows by induction.
Since the sequences {ygn)} and {*( )} are monotone, both the point-
n=0 n=0

wise limits
We(z) = lim w™(z) and w,(z)= lim w((z)
n—o0 n—oo

exist.
The operator T is a composition of the linear operator (—L + K)~! with the
nonlinear operator § : Y — Y defined by

(Sw)(x) = Ku(z) + £z, w(z), w(x)) + / 9, 3, w(y))dy, Yw € Y.

For any bounded pointwise convergent sequence {w,, }, due to the continuity of f,
Kwy, + f(,wn(2),w,()) is also a bounded pointwise convergent sequence. More-
over, for fixed z, g(z,y, w,(y) converges pointwise in y. By Lebesgue dominated
convergence theorem, { Jo9(z,y,wn (y))dy} converges to a bounded function point-
wise in x. Therefore, the operator S takes bounded pointwise convergent sequences
into pointwise convergent sequences.

The operator (—L + K)~! takes L,(2) continuously into the Sobolev space
Wa () for all p, 1 < p < 0o by the L, estimates (see Theorem 15.2 of [1]). Thus,

since ™ = Tw" ™V and since {wg )} is a bounded and pointwise convergent
o

sequence, it converges also in W ,. By the embedding lemma (see e.g., Theorem
3.6.6 of [26]), Wa,, is embedded continuously into C'T* for & = 1 — m/p when

p > m. Therefore, {wg )} converges in C'*%, and by the classical Schauder
n=0

o0
estimates for regular elliptic boundary value problems, {wﬁ”)} also converges

n=0
in C?*t<. Thus, we have

W, = lim @™ = lim To®™ Y =7 lim oY = Tw,

n—oo n—oo n—oo
and similarly for w,, by the continuity of 7. Hence, w, and w, are fixed points
of T, and furthermore, they are of class C?*%(Q) for 0 < a < 1. Therefore, they
are regular solutions of the elliptic boundary value problem (1.2). The proof is
complete. O

Corollary 2.1. The solutions Ws and w, constructed in the proof of Theorem 2.1
are mazimal and minimal solutions in the order interval [Ws, ws]. That is, if w is
any solution of (1.2) such that Wy < w < Ws, then wy, < w < Ws.
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Proof. Since w = Tw, Egl) = ’TE&O) = Tws and w < w;, it is easy to see that
w < @gl). By induction, w < w&") for all n =1,2,--- . Hence, w < w,. Similarly,

w > w,. The proof is complete. O

3. Construction of solutions to (1.1)

In this section, we study the construction of solutions of the initial value problem
(1.1) by the same monotone method as used in section 2.

The procedure is as follows. For any finite 7" > 0, denote Qr = (0,7] x Q,
Qo =[-7,0] xQ, Sy = (0,7] x 9 and Dy = [-7,T] x Q. For a € (0,1) and
functions w(t, z) on Dz, we define

[w]a/2,a = sup o
(t,z),(s,y)EDr
(t,2)#(s,y)

(fulbe)=utenl ),

|t = s[*/2 + [z —y|*

Functions w(t,z) with [ ],/2,q finite form a Banach space C/2%(Dr) under the
norm

”wHa/Q,a = Sup7|w(t,x)| + [w]a/Q,a'
(t,z)eDr

Let 02 denote the derivative with respect to = corresponding to the multi-index 3 =
(B1,--+, Bm), and let 9; denote the derivative with respect to t. Let C1+2/2:2+(Qr)
be the space of functions on Q7 whose derivatives up to order two in = and order
one in t are Holder continuous, with norm

[wlisas224a = sup_|w(t,z)|+ > sup [0w(t,z)]
(t,z)€QT 181<2 (t,x)eQr

+ suIL|8tw(t,x)| + Z [afw(ta z)]a/2,a + [6{[0(15,93)}@/2,@.
(t,x)EQT |8|=2

The space C*/2%(Dy) and C'+®/2:2+%(Q1) are Banach spaces (see, e.g., [4,10]).
we also will need to use the space C1:2(Qr) that denotes the set of functions which
are continuously differentiable in ¢ € [0, 7] and twice continuously differentiable in
z € Q. Let Xp = C1He/224e(Qr) N C*/%%(Dr) and Yr = C*/?%(Dr). Then we
have the following definition and lemmas.

Definition 3.1. A function w € X is said to be an upper solution of (1.1) if it

satisfies _

W > Lat, ) + f(x, @(t,2), &t — 7, 2)
+ [ et =r)dy. () Q. 51)

Bw(t,z) >0, (t,x) € Sp,

{D(ta .’E) > ¢(t7l'), (t,:C) € QO'

Similarly, @ € Xr is called a lower solution of (1.1) if it satisfies (3.1) with inequal-
ities being reversed.




1348 Y. Yuan & Z. Guo

Lemma 3.1. Let ¢,d; € C(Qr) and dy € C(Qr x Q) such that dy,dy > 0. If
2z € CY3(Qr) N C (D) satisfies

0z(t, x)
ot

— Lz(t,x) > c(t,x)z(t,x) + d1(t,2)2(t — T, )

+/de(t,x,y)2(t—ﬂy)dy, (t,z) € Qr, (3.2)

then z(t,z) > 0 for all (t,z) € Q.

Proof. Using the hypothesis dq,ds > 0 and the relation (3.2), we obtain

azgt, z) Lz(t,x) > c(t,z)z(t,z), (t,z) € (0,7] x £,
Bz(t,xz) >0, (t,x) € (0,7] x 0%, (3.3)

z(0,2) >0, z € Q.

It follows that z(¢,z) > 0 for all (¢,z) € [0,7] x Q (see p.564 of [29]). Therefore,
2(t — 7,x) > 0 for all (t,z) € [0,27] x Q. Again by di,dy > 0 and (3.2), the
inequalities in (3.3) hold when the interval [0, 7] is replaced by [0, 27]. This leads
to z(t,z) > 0 for all (¢,7) € [0,27] x Q. A continuation of the same process yields
2(t,x) >0 for all (t,x) € [0, k7] x Q, where k = 1,2, --- . This proves z(¢,z) > 0 for
all (t,x) € Qr. The proof is complete. O

Remark 3.1. Lemma 3.1 gives a new maximum principle, which enables us to
obtain the following important comparison principle for nonlocal reaction-diffusion
equations with time delay. And the principle will play a key role in the proof of
the existence-comparison theorem and the stability of solutions to (1.1). We point
that it is the delay involved in nonlocal term that help us to apply step methods
to establish Lemma 3.1. If there is no delay in the nonlocal term, one needs to
establish a new comparison theorem, which seems not to be an easy task.

Lemma 3.2. Suppose that w,u € C12(Qr)(C(Dr) satisfies

awg;, z) _ Lw(t,x) — f(z,w(t,x),w(t — 7,2)) — /Qg(x,y, w(t—T,y))dy

> P L)~ foutts) =)~ [ gtopule=r, )y, (15) Q.
Bw(t,z) > Bu(t,z), (t,z) € St,

w(t,z) > u(t,z), (t,z) € Qo.

(3.4)
Then w(t,x) > u(t,z) for all (t,x) € Qr. Furthermore, if w(t,x) # u(t,x) for
(t,x) € Qo, then w(t,z) > u(t,x) for all (t,z) € Q.
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Proof. Let z = w — u. Then we have
0z(t, x)
ot

— Lz(t,x) > c(t,x)z(t, ) + di (¢, 2)z(t — 7, x)

+/ dQ(t,I,’y)Z(t - T, y))dya (t,l’) € QT7
Q
Bz(t,z) >0, (t,x) € S,

0,

z(t,x) =2 0, (t,2) € Qo,
where
Of(z,&m)
c(t,z) = o ;
E=u(t,x)+01 (w(t,z)—u(t,x)), n=u(lt—7,2)+01 (w(t—7,2)—u(t—7,x))
0
iy (t. ) f(8§ n)’
n E=u(t,x)+01 (w(t,z)—u(t,x)), n=u(t—7,2)+601 (w(t—7,2)—u(t—7,x))
and 94 )
z,y,
d2(ta x,y) = % )
T Ip=u(t—ry)+0s (w(t—ry)—u(t—.y))

where 61,6, € (0,1). By dy,d2 > 0 and Lemma 3.1, the conclusion of the lemma is
obtained. The proof is complete. O

Lemma 3.3. Let w and @ be a pair of upper and lower solutions of (1.1). Then

w < w.

Proof. By Definition 3.1, @ < w follows immediately from Lemma 3.2. The proof

is finished. O
Therefore, we have the following existence-comparison theorem. Note that the

existence and uniqueness in the following theorem can be derived directly from the

abstract results in [25]. We give a proof here for the sake of completeness.

Theorem 3.1. Let w and W be a pair of upper and lower solutions of (1.1). Then
(1.1) has a unique regular solution w* € [W,w]. Moreover, there exist sequences
{w(”)}:ozo and {@(”)}20:0 which converge monotonically from above and below,
respectively, to w* as n — oo.

Proof. Let

Ar = {z €R| min w(t,z) <z< max w(t, x)}
(t,x)eDr (t,z)€Dr

Then we can assume that df(z,u, w)/0u is bounded below for all z € Q and u,w €
Ar, so that

af(m’ u7 w)

ou
for all z € Q and u,w € Ap, provided K is sufficiently large. Since for any w € Y,
the linear problem
ou(t, )
ot

+ K >0

— Lu(t,z) + Ku(t,x) = Kw(t,z) + f(z,w(t,z),w(t — 7,2))

+/Qg(x7y,w(t—77y))dy7 (t,l‘) € QT7 (35)
Bu(t,z) =0, (t,z) € S,
u(t,x) = ¢(t,.1‘), (t,JZ) € Qo




1350 Y. Yuan & Z. Guo

has a unique solution u € Xy (see, e.g., [10,19]), we can define the nonlinear operator
K:Yr — Xp C Yr by Kw = u. Therefore, we know that K is monotone (w; < ws
implies Kw; < Kws) and completely continuous as an operator from Yz to Yz in
the order interval [w, w].

Now define w?) = K@ and w™™ = K. Let us show that w®) < @ and w™® > @.
By (3.1) and

(aat — L+ K) wV(t,x) = Ko(t,z) + f(z, ©(t,z), 0t — 7, 2))

+ / gy, @t — 7))y, (t,2) € Qr,
Q

Bw(l)(t7$) =0, (t,$) S STa
ﬁ(l)(t,fb) = ¢(t,1’), (t,x) S QOv

we have
(ﬁ — L+ K)(@W(t,z) — @(t, z))
ot ’ ’
:(—% + Dyw(t,z) + f(z,w(t, z),w(t — 7,2)) + /Q g(z,y, w(t — 7,y))dy

Soa (t,.’L‘) € QT

and
{B(w(l)(t,m) —w(t,z)) <0, (t,z) € Sr,

@(1)(15,.%) - {E(tax) <0, (t,ﬂf) € QO~

Therefore, by the maximum principle for parabolic equations (see, e.g., [29,32]), it
is easily seen that wt) < w. A similar argument shows that w® > 3.

Since W) < @ and the monotonicity of the operator K, we obtain that KoM <
Kw. Thus, the sequence defined inductively by

o =@, o™ =KoY, vn=1,2,---

is monotone decreasing. Similarly,

w®

=0, w™ =Kw™Y, ¥yn=1,2,-

defines a monotone increasing sequence. Furthermore, we have w(™ < @™ for all
n=12,--- and

=uw? <uw®<...<uw®<... <5 <...<5® <5 = 5. (3.6)

Actually, By Lemma 3.3, @ < @ and then w™ < @M. Suppose that w®) < w*)
for some k > 1. Then

WD = fo® < fop®) — gk,

Thus, the proof follows by induction.

o0 o0
| Since the sequences {w(”) }n:O and {E(”) }n:O are monotone, both the pointwise
imits

w(t,x) = nan;o@(”) (t,z) and w(t,z)= nan;ow(") (t,x)
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exist and satisfy the relation
w(t,z) <w(t,z) <w(t,z) =w(t,x), (t,z)e€Qr.

The same argument as that in [30](Theorem 3.1) or [34](Theorem 3.1) shows that
w(t, z) and W(t,x) are classical solutions to (1.1).

Next, we show the uniqueness of classical solutions to (1.1) in the order interval
[w,w]. By (3.6), w < w. Again by using Lemma 3.2 (since in this case the equalities
hold), we obtain w > w. Therefore, w = w. If w(t,z) is a classical solution to (1.1)
and satisfy W < w < w, then w = Kw. Thus, it follows from induction that

w™ = K" < K'w = w < Ko =a7™.

Then,
m ™ — — 1 (n) —
Jim w"(t,2) = w(t,x) = lim w™(t,2) = w(t, z).
The conclusion follows. This completes the proof. O

By Theorem 3.1, we immediately obtain the following corollary.

Corollary 3.1. Let ws and W, be a pair of upper and lower solutions of the bound-
ary value problem (1.2). Then for any ¢ € C*/%%(Qo) with Ws(z) < ¢(t,x) < We(w)
forallt € [—7,0), we obtain a global regqular solution w of the initial boundary value
problem (1.1) with initial data ¢ and the solution w satisfies Ws(x) < w(t,z) <
Ws(x) for all t € [0, +00).

Next, we will establish certain monotonicity properties of solutions to (1.1).
Actually, if @ is an upper solution of (1.2), then, as we have seen, it can be viewed
as the first term of a monotone decreasing sequence by iterations. Here we shall
also see that when wy is taken as initial data for (1.1), the corresponding solution
w is monotone decreasing in time.

One can see this as follows. Let wy is an upper solution of (1.2) and suppose
that w is a regular solution of (1.1) with initial data ¢ and ¢(¢,z) = ws(z) for all
t € [-7,0]. By Corollary 3.1, we know that w(t,z) < ws(z) for all ¢ € [0, +00). Let
h > 0 and define
w(t+ h,x) —w(t, )

Y .
Then vy (t,z) < 0 for all ¢ € [—7,0] and vy, satisfies

Uh(tax) -
<§t - L> vp(t, @) = cp(t, x)op(t, @) + dip(t, x)vp(t — 7, )

+ / do (1,2, y)on(t — 7,))dy, (1, 2) € Qr,
Q

Buy(t,z) =0, (t,z) € S,
Uh(tax) < 07 (t,l’) € QOa

where
0 z,s,
en(t.a) = HHEED) ,
£ E=01w(t+h,x)+(1-01)w(t,x), n=01w(t—7+h,x)+(1—01)w(t—7,z)
af (x,&,
din(t, ) = 7“8 ; 77)‘
n e=01w(t+h,2)+(1—01)w(t,z), n=01w(t—1+h,z)+(1—01)w(t—7z)
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and
dg(z,y,n)

on N=02w(t—T+h,y)+(1—02)w(t—T,y) ’

where 61,05 € (0,1). By Lemma 3.1, vi(t,2) < 0 for all ¢ € (0,400). Therefore, we
obtain

d2,h(tv x, y) =

ow(t, ) )
—_— = <
T }lllrr%) vp(t,z) <0

for all t € (0,4+00). Thus, we have the following theorem.

Theorem 3.2. Every upper solution of (1.2) gives rise to a monotonically nonin-
creasing solution of (1.1) when taken as initial data, while every lower solution of
(1.2) gives rise to a monotonically nondecreasing solution of (1.1).

Now, we show how the concept of upper and lower solutions can be weakened to
correspond to the classical notion of super and sub-harmonic functions in potential
theory. Associated with the operator L is the adjoint operator L*. The domain of
L* is defined by

Dom(L*) = {¢| L*¢ € L*(Q) and exists ¢* such
that (Lw, @) = (w, ™) for all w € Dom(L)},

where (-,-) denotes inner product on L?(Q), i.e.,

€)= ﬁ En(y)dy, Ve € L2(Q).

If ¢ € Dom(L*), then we write * = L*¢.

Remark 3.2. In general the set of functions on which a differential operator acts is
determined partly by the boundary condition. In that sense the boundary conditions
are part of the definition of the operator. Usually, the adjoint L* of a differential
operator L can be computed formally by writing the relation

/vLudx:/uL*vdac
Q Q

and determining L* and the necessary boundary conditions on v by integration
by parts via divergence theorem. The operator L* computed in this way typically
will coincide with true adjoint of L defined in terms of duality as long as v is a
smooth function. The actual adjoint operator will often have its domain of definition
expanded or restricted in some way. For our purpose it is enough to be able to
identify L* as a differential operator (see [4]). For example, let

i 9%u - ou
Lu= Z aij(f)m + Zbi(x)g» z = (1,%2, " ,Tm)
i,j=1 T =1 !

with homogeneous Dirichlet boundary condition u = 0, for x € 9Q2. Then L* can
be formulated explicitly as follows.

m 82 m a
Lo=3" aj(@) s — Zbi(x)al, x = (r1, 22, Tm)

i,j=1 0z:0x; i=1 ¢
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with homogeneous Dirichlet boundary condition v = 0, for z € 92. When L takes
the form

i 0%y
LU: Zalj(w)m7 3;‘:(5617.7;27...,1‘7,1)
ij=1 R

with Robin boundary condition g—ﬁ + B(x)u = 0 for x € 9N. Then L* has exactly
the same form as L as well as its boundary condition.

Define the operator j: L2(Q2) — L?(Q) by

() (&) = £, w(z), w(z)) + [ o, v, w(y))dy, Vo € L2,

This leads to the following definition of weak upper and lower solutions.
Definition 3.2. A function w; is said to be a weak upper solution of (1.2) if wy is
bounded and measurable on Q and satisfies

(ws, ¢") + (s, ) <0, Vo € Dom(L"). (3.7)
Similarly, ws is called a weak lower solution of (1.2) if it satisfies (3.7) in reversed
order.

Therefore, we have the following theorems which will be of great importance in
investigating the asymptotic behavior of solutions of (1.1).

Theorem 3.3. Let wy (Ws) be a weak upper (lower) solution of (1.2) and suppose
that w is a regular solution of (1.1) with initial data ws (Ws). Then dw(t,x)/0t <
0(>0) for all (t,x) € (0,+00) x Q.

Proof. Consider the linear initial boundary value problem

(8815 — L+ K) wy(t,x) = Kws(z) + (ws)(x), (t,z) € Qr,

Bw; (t,z) =0, (t,z) € St,
UJ1(t,1') = as(x)7 (t,.I‘) € QO

(3.8)

for a suitable K > 0, where K is to be chosen so that df(x,&,n)/06 + K > 0 for
all z € Q and €,n € Ay 1,

ALT = {z c R| min w(t,x) <z< maxfﬁs(it)}
(t.2)€QT z€Q

and w(t, z) is the solution of (1.1) with initial data ws(x). Let ¢ = Tws, that is,
V(@) = (~L + K)~" (Kws(x) + (y0s) (2)) -

And let u; = w; — 9. Then by (3.8), we have
0
<8t — L+ K> ui(t,z) =0, (t,x) € Qr,
Buy (t,z) =0, (t,x) € S,
U1(t,$) = 7:53(.73) - ’(/)(J,‘), (t,JZ‘) € Qo-
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Furthermore, for any ¢ € Dom(L*) and ¢ > 0, we have

(ws =, (L" = K)p) = (L = K)ws, ¢) = (L = K)i, )
= <(L K)ws, ) + (Kws + yws, )
= (Ws, ") + (s, ) (310
<0.
Thus, by (3.9), (3.10) and [34](Lemma 3.5), we obtain
Qurltz) _ dmlhx) _ oy 0y e Q. (3.11)

ot ot

Let w = w — wy, where w is the regular solution of (1.1) with initial data w,.
Then we have

(;L>< 2) = fla,ult,2) + wi(t2),u(t - 7,2) + wi(t - 7,2)) — (G5,) ()

+ K(wl(t’x) - @S(l‘)) -I-/Qg(w,y,U(t =T y) + wl(t -7, y))dya (t’x) € Qr,

Bu(t,z) =0, (t,z) € Sp,
u(ta‘r) =0, (t,$) € Qo-

(3.12)
As before we form the time differences

u(t + h,z) — u(t, z)
h

Therefore, by (3.12), we obtain

wy(t + h,z) —wi(t, )

up(t,x) = N

and wy p(t,x) =

0
1 (57 = 1) unlt.) = filtsa (e, unte = 7o) = [ maltunte — 7.y
Q
:fQ(t,l', wl,h(t>$)7w1,h(t - T, I‘)) + / n?,h(ta$7y)wl,h(t - T, y)dy7 (tax) S QT7
Q
where

filt,x,up(t, ), up(t — 7)) = Ep(t, @)un(t, x) + nn(t, v)up(t — 7, ),

fg(t, €T, wl,h(t’ .CE), wl,h(t =T, ‘T)) = (K + €h(t7 I))wlyh(a I) + nLh(tv CC)’th(t -7, 1‘),

af (x, €&,
Enlt,z) = JW‘ 7
5 E=01w(t+h,z)+(1-01)w(t,x), n=01w(t—7+h,x)+(1—01)w(t—7,z)
of (x,€,
ma(t,z) = f(afn)‘
n e=01w(t+h,z)+(1—01)w(t,z), n=01w(t—7+h,z)+(1—01)w(t—7z)
and 24 )
9\, Yy,
nQ,h(t7I7y) = Tn 5
T Ip=6sw(t—1+h,y)+(1-02)w(t—1,y)

where 61,60 € (0,1). By (3.11) and wy (¢, z) = ws(z) for all (t,z) € Qp, we have

fo(t,z, w1 p(t, ), w1 pn(t — 7, )) +/ Ntz y)wi p(t —7,y)dy <0, V(t,x) € Qr.
Q
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Therefore,

ot

for all (¢,2) € Q. Furthermore, Buy(t,z) = 0 for all (¢,z) € Sy and

0
< — L) up(t,x) — f1(t, x, up(t, ), up(t — 7,)) —/ no.n(t, z, y)up(t —7,y)dy <0
Q

:““+mﬁf”““):w“+“I*;““+h”)gqv@w)eQ@

This last inequality follows from the fact that iterations decrease monotonically to
w, L.e. wo(t,z) > wi(t,z) > - - > w(t,z) for t > 0, where wy(t,z) = ws(x) for all
(t,z) € [-T,+00) x Q. Thus, employing Lemma 3.1, we know that uy(t,2) < 0 for
all t € (0,+00). Hence,

up(t, x)

ou(t, ) )
= <
i = e <o
for all ¢ € (0, +00). This shows Jw(t,z)/0t < 0 for all ¢ € (0, 400). This completes
the proof. O

Theorem 3.4. Let wy(x) and ws(x) be a pair of upper and lower solutions of
(1.2). Suppose that w(t,x) and w(t,z) are the solutions of (1.1) corresponding to
o(t,x) = ws(x) and P(t,z) = Ws(x) in Qo, respectively. Then as t — +oo, W(t, )
converges monotonically from above to Ws(x) and w(t,x) converges monotonically
from below to w,(x), w, < Ws and Wy and w, are reqular stationary solutions of

(1.2).

Proof. By Lemma 3.2, we have
() Sw(t,z) <w(t,z) < ws(z), Y(t,z) € [0,+00) x Q.

It follows from Theorem 3.3 that dw(t,z)/0t < 0 and Ow(t,x)/0t > 0 for all
(t,z) € (0,400) x Q. Thus, wW(t, x) is nonincreasing and w(t, z) is nondecreasing in
t. Therefore, the pointwise limits

w,(z) = lim w(t, z)

and

() = lim W(t, 2)

exist and w(z) < w,(x) for all x € Q. Tt suffice to prove that w, and w, are strong
solutions of (1.2).
For all ¢ € Dom(L*) and all ¢ € (0, 4+00), we have

/ﬁ awg; x)go(x)da:

— [ [pwta) + et m - ran + [ gtewte - ri] s

Q
:/ﬁ@(ﬁ,91:)(,0*(33)(%1:—1-/ﬁ [f(m,w(t,x),w(t—r,x))—i—/ﬂg(x,y,w(t—T,y))dy] o(x)dz.

Operating on both sides with 71 fOT dt, we obtain

[@@@wmmzﬁwm&mmm+/m@@+@mmmmw,@m
Q Q

Q
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where .
w(T,z) —w 1
51 (T’ x) _ 'IU( 7x) W(O, Jj), 62(T, Z‘) I / @(t, x)dt,
T T /o
1 /T
63(T,3?) = T/ f(w,ﬁ(t,x),@(t—nx))dt
0
and
1 [T _
54(T,£C) = T/ /79($7y1w(t_7—7y))dydt
0o Ja
Furthermore,

lim 6;(T,2) =0, lim 02(T,x) =ws(x), lim 05(T,z) = f(z,ws(x),ws(x))
T—o00 T—o00 T—o0

and

T—o0

lim 04(7T, x) :/ﬁg(z,y,ﬁs(y))dy.

And for every i = 1,2,3,4, 6;(T, ) remains bounded uniformly as 7' — oo. Thus,
by (3.13) and the Lebesgue dominated convergence theorem, we have

0= [ m [ [f(w,wsm),ws(w)w /

g(x,y,ws@))dy} o(z)dr,
Q

that is,
(s, ") + (Jws, ) = 0.

Now, we claim that if (ws, ¢*) + (Jws, ) = 0 for all ¢ € Dom(L*), then w;
is a classical solution of (1.2). To this end, we note that L and L* are invertible.
Therefore, we set that £ is the inverse of L and that £* is the inverse of L*. Let
us = —£jws. Then we obtain

(us, ") = —(Lyws, L") = —(qus, £ L*¢) = —(Jws, ¢).

Hence, (ws — us,¢*) = 0 for all ¢ € Dom(L*). Therefore, ws, = us = —£jws.
Thus, ws is a weak solution to the boundary value problem (1.2). To show that w;
is a strong solution, we need to prove the regularity of w,. Again, by [1](Theorem
15.2), ws € Wy ,(Q) for any p € (1,4+00) since £ takes L, into W, , and since
Jws is bounded if w; is bounded. By the embedding lemma, for any p € (m, 4+00),
ws € C1T(Q). Finally, by the classical Schauder estimates, ws € C?T*(Q). The
proof is finished. ]

4. Stability of solutions

In this section, we will prove that any solution of (1.2) obtained by the monotone
procedures in section 2 is stable without any assumptions upon f and g. We will
also show that upper and lower solutions can be used to estimate the extent of
stability. Furthermore, from the viewpoint of applications to practical problems, it
is important to know whether a given solution is stable. But from the viewpoint of
applications of the monotone iteration methods, it is also important to realize that
only stable solutions can be obtained by such procedures. Other solutions which
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might exist but would be unstable must be obtained by other approaches. We will
come back to this point when we discuss examples in section 5.
Let C = C([-7,0],Y). For any continuous function w(-) : [-7,0) — Y, where
o > 0, we denote w; € C, t € [0,0) by wi(s) = w(t + s) for any s € [—7,0] and its
norm
Jwille = sup sup [w(t +5,)],
s€[—7,0] zeQ)

where we denote w(t,z) = w(t)(z), t € [-7,0), z € Q. Define F: C — Y by

F(6) = f(- 8(0), (7)) + /ﬁ gy, $(—7))dy, Vo eC.

Then we can rewrite (1.1) as a nonlinear abstract functional differential equation

dw(t)
W) _ gut) + Plan), 120, (4.1)
wg = ¢ € C,

where A is the infinitesimal generator of a semigroup {T'(¢)};>0 on Y and its domain

Dom(A)={weY | Lw e Y, Bw(z)|zecan = 0},
Aw = Lw, Yw € Dom(A).

Therefore, we can give following formal definitions of stability.

Definition 4.1. Let w* be a solution of the boundary value problem (1.2). Tt is
called stable in the supremum norm if for any € > 0 there exists § > 0 such that the
solution w(t, ¢) of (1.1) with ||p—w*||c < I satisfies | w(t, ¢) —w*||co < € forallt >0,
where [|w(t, ) —w*||oo = sup, g |w(t, ¢)(x) —w*(x)]. It is called unstable if it is not
stable. It is asymptotically stable if it is stable and there exists dy > 0 such that the
solution w(t, @) of (1.1) with ||¢ — w*||c < o satisfies t_1>i_~_1rnoo lw(t, ) — w*]leo = 0.

It is globally asymptotically stable if it is stable and any solution w(t, ¢) of (1.1)
with arbitrary ¢ € C satisfies . ligrn lw(t, ¢) — w*||s = 0.
—+o0

As a preliminary result, we have

Theorem 4.1. Let ws(x) and ws(x) be a pair of upper and lower solutions of
(1.2) and let wW(t,x) and w(t,z) be the solutions of (1.1) corresponding to ¢(t,x) =
ws(x) and ¢(t,x) = Ws(x) in Qo, respectively. If w(t,z) is a solution of (1.1)
corresponding to ¢(t,x) = ws(x) in Qo with Ws < wys < Ws, then w(t,x) < w(t,x) <
w(t,x) for all (t,x) € (0,400) x Q. Moreover, if w* € [Ws,Ws| is a solution of
(1.2) and sequences {T"ws}, -, and {T"Ws} -, converge monotonically from above
and below, respectively, to w* as n — oo, then w* is asymptotically stable and
w(t,x) = w* ast — +oo.

Proof. It follows immediately from Lemma 3.2 that w(t, z) < w(t, z) < w(t, x) for
all (t,x) € (0, 4+00) x Q. By Theorem 3.4, we know that w(t, z) converges monotoni-
cally from above to wy(x) and w(t, z) converges monotonically from below to w,(x)
as t tends to infinity. If Ws(z) = w,(z), then necessarily w*(x) = Wy(x) = w,(x)
and lim;, 4o w(t,z) = w*(x). This will be the case if w,(w,) generates a mono-
tone decreasing(increasing) sequence which converges to w*. In particular, it follows
from Corollary 2.1 that if {7"w,} -, and {7T"@s},, converge monotonically from



1358 Y. Yuan & Z. Guo

above and below, respectively, to w* as n — oo, then w* is asymptotically stable,
and any solution of (1.1) corresponding to ¢(t, ) = ws(x) in Qp and Wy < wy < Wy
tends to w* as t — 4+o00. The proof is complete. O

We point out that the converse of Theorem 4.1 also holds. Namely, if w* is a
stable solution of (1.2), then it can be obtained as a limit of some upper and lower
solutions. To prove this, we consider the linear eigenvalue problem

(4.2)

Lw(z) + £y(ww(z) = Aw(z), ze€Q,
Bw(z) =0, =z €09,

where

-£w(w*)w = fl,w('a W*v w*)w + f2,w('7 U}*a w*)w + /ﬁgw('v Y, w* (y))lU(y)dy,

* * 8 U, W
fl,w(',w , W ): % ’
* * a U, W
f2,w('7w , W ): %
and 24 )
* gy, w
Guw (Y, w") = " ow

The linear equation (4.2) can be rewritten as Tw = Aw, where ¥ = L + £,,(w*) :
X — Y. By the famous Krein-Rutman theorem (see Theorem 3.2 of [3]) and the
perturbation theory for linear operators (see Sections IV-3.5 and VII-6 of [17]), we
know that the simple eigenvalue Ao of T has an associated positive eigenfunction
o > 0. In fact, for each ¢ € R, we consider the linear eigenvalue problem

{ £1(e)w(z) = Ae)Ki(e)w(z), =€,
=0,

Bw(x) x € 09, (4.3)

£16) —Lw+ (M — f1uw(w"w") = fo,(, 0w, w))w+ew, if >0,
e)w =
! —Lw+ (M — fio(,w",w") — fo(,w"w))w, if <0,

Mu + ﬁ Gu(ry, w0 @)w(y)dy, if e>0,
Q

Kl (5)’11) =
Mu—cut [ guly )o@y, if £<0
Q
and
M = max|f1 (2, w* (2), w" (2))| + max|fo (2, w" (2), w* (2))].
€N €N
The linear equation (4.3) can be rewritten as Tp(e)w = ﬁw, where T1(e) =

(£1(¢))"'K1(g) : Y — X C Y. By the Krein-Rutman theorem, the simple eigenvalue
A*(e) of T1(e) has an associated positive eigenfunction ¢*(¢) > 0. Therefore,

£1(e)p™(e) = A" (e)Ka(e)¥™(e)- (4.4)
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By (4.4) and the perturbation theory for linear operators, \*(¢) is continuous in &
and (0, +00) C {A*(g)|e € R} (see Sections IV-3.5 and VII-6 of [17]). Thus, there
exists a real number g such that A\*(eg) = 1. Let Ao = &g and ¢y = ¢*(g9). Then
Ao is a simple eigenvalue of T and have a positive eigenfunction .

Therefore, we have the following theorem.

Theorem 4.2. If \y < 0, then w* is stable and is the limit of a sequence of upper
solutions from above and lower solutions from below. If \g > 0, then w* is unstable
and s the limit of a sequence of lower solutions from above and upper solutions
from below.

Proof. For sufficiently small €2 > 0, we have
L(w* + epo) + 3(w* + epg) = Lw* + jw* + Ty + o(1)e = egpo + o(1)e

and
B(w* + epg) = Bw* =0,

where o(1) = 0 as e — 0. If A\y < 0, then w* + g is an upper solution for € > 0
and a lower solution for e < 0 since pg > 0 and e\gpy dominates the term o(1)e
for sufficiently small €2 > 0. By Theorem 4.1, we know that this establishes the
first statement above. If Ay > 0, then w* 4 ey is an upper solution for £ < 0 and
a lower solution for e > 0. To establish the instability of w*, let ws be a solution
of the initial value problem (1.1) with ws (¢, ) = w*(x) + dpo(x) in Qo and § > 0.
Assuming ¢ is sufficiently small so that w* + dyp is a lower solution of (1.2), then
wg(t, x) is increasing for ¢ > 0. Consequently, we have solutions with small initial
data which do not remain small, and this amounts to a statement of instability.
The proof is finished. O

Remark 4.1. Actually, we only proved that Qws/0t > 0 in Theorem 3.3. However,
either ws(t,w) is bounded above for all ¢ > 0, in which case it tends to a steady
state w(x), or ws(t,z) — 400 as t — +oo. In both cases, it must be growing as ¢
increasing.

Remark 4.2. Suppose we know only that w* is the limit from above of upper
solutions. What can we conclude about the stability of w* in this case? Firstly, it
is clear from the previous arguments that w* is stable to sufficiently small pertur-

bations from above. Moreover, we claim have Ay < 0. Suppose to the contrary, let
oo

Ao > 0 and {wgn)} be a sequence of upper solutions converging downward to

n=1
w*. We can construct a lower solution w*+dpq for small § > 0 with w*+dpy < wgk)

for some fixed integer k. Let w(t,z) and w®) (¢, ) be solutions of the initial value
problem (1.1) with w(t, 2) = w*(x) 4 d@o(x) and w® (¢, ) = wgk)(x) in Qg. Then
as t — 400, w® (t,2) converges monotonically from above to w*(z) while w(t, z)
increases. This is a contradiction to Lemma 3.2.

5. Examples
In this section, we present three examples to illustrate the feasibility of our main

results. These examples have been investigated by many researchers in the current
literature (see [11,15,42-44,46,49]).
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Example 5.1. Consider the following reaction-diffusion population model with
stage structure

ow(t,x)
ot

Bw(t,z) =0,t > 0,z € 99,

w(t,x) = ¢(t,z),t € [-7,0],z € Q,

= dAw(t,x) — pw?(t, z) + anF(a7x,y)w(t —7,y)dy,t > 0,2 € Q,
Q

(5.1)
where 7 > 0 is the maturation time for the species and w(t, z) represents the density
of the mature population at time ¢ and location x, d > 0 denotes the diffusion rate;
the indirect parameters 7 and « are defined by n = e~ J§ mla)da gng o = fOT d(a)da
where p(a) and d(a) denote the death rate and the diffusion rate of the immature
population with age a > 0, respectively; pw? and pw represent the death function
of the mature population and the birth function, respectively, where p > 0 and
p > 0; A is the Laplacian operator on R™, ¢(¢, ) is a positive initial function to be
specified later; @ and B can be referred to section 1; I'(a, z,y) is given by

+oo
> e M, (@)enly), if o> 0,
n=1

oz —vy), ifa=0.

No,z,y) = (5.2)

Here, 0 < A\ < A <o <\, <--- with lim A, = 400 are the eigenvalues of the

n—oo
linear operator —A subject to the boundary condition Bw = 0 on 912, ¢, is the
eigenvector corresponding to Ay, {n 22, is a complete orthonormal system in the
space L%(Q), ¢1(z) > 0 for all z € Q, and 6(z) is the Dirac function on R™ [8,49].

It is easy to see that model (5.1) is a special case of equation (1.1) with f(z,w,u) =
—pw?, g(x,y,u) = npl'(a, z,y)u (as > 0) or f(x,w,u) = —pw?+npu, g(z,y,u) =
0 (as @« = 0) and L = dA. Thus, by Corollary 2.1, Theorems 4.1 and 4.2, we obtain

Theorem 5.1. (i) If d\; > npe="1%, then there is no positive steady state to (5.1).
(ii) If d\; < mpe=™1< the zero solution of (5.1) is unstable, and if d\; > npe~ 1
it is globally asymptotically stable.
(iii) If d\; < npe=™2, then (5.1) has a unique positive steady state w* which
18 globally asymptotically stable.

Proof. (i) Assume for the sake of contradiction that w = w*(z) is a positive
steady state to (5.1). Then

~dAw (z) = —pu?(a) + np | e, g)w’ )y (5.3)
Q
Let k1 = max,cq w*(x) and consider the linear eigenvalue problem

— dAw(z) + phiw(z) = Mukiw(z) + npﬁf(a7x,y)w(y)dy), r e, (5.4)
Q .
Bw(x) =0, z € 0Q.
Define £1 : X = Y by

(Liw)(z) = —dAw(x) + pkiw(z), Yw € X
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and §;: Y — Y by
(Stw)(z) = phrw(e) + 1 [ Do g)u(y)dy, Yo e Y.
Q

Then the linear equation (5.4) can be rewritten as Tiw = %w where T = ﬁl_lSl :
Y — X C Y. By [46](Lemma 2.3) and the property of the operator Ly, it is known

(see [3]) that T, is a strongly positive compact endomorphism in Ce(f2), where e is
the unique solution of

5.5
Bw(z) =0, z € 09, (5:5)

{ — dAw(x) + pkw(z) =1, z € Q,
and Co(92) is the Banach space generated by the order unit e € X with order unit
norm || - |le (see [3]). By the famous Krein-Rutman theorem and its sharper version
for strongly positive linear operators (see [3], Theorem 3.2), the spectral radius
r(%1) is a simple positive eigenvalue of T, having a positive eigenvector. Indeed,
one can easily determine (%) as

)\1()/

pk1 + mpe” 1
‘I = -
r) = Tk

Now, define S : Y — Y by
(S2)(a) = phyw(a) o (2)ule) +mp [ Dlavaghuly)dy, Vo€ ¥,
Q

and let T, = ,Cfng 1Y = X C Y. Clearly, T is also a strongly positive com-
pact endomorphism of Ce(Q2) and for any w € CH(Q), Tow < Tyw. Again by [3]
(Theorem 3.2), 7(T2) < r(%1), where r(%2) is the spectral radius of To. It follows
that \

pk1 + mpe” "1

To)<r(%)) = ——""7

On the other hand, (5.3) implies that 1 is an eigenvalue of Ty corresponding to a
positive eigenvector w*, contradicting r(¥3) < 1. This contradiction proves that
(5.1) has no positive steady state when d\; > npe~*1<.

(ii) Consider the boundary value problem

— dAw(z) + pu?(z) = np L T(a, ., y)w(y)dy, € Q,
Q

Bw(z) =0, z € 99.

(5.6)

To construct upper solutions of (5.6), we try ws(x) = M, where M is a sufficiently
large positive constant. Let

v = mal(/ [, z,y)dy. (5.7)
zeQ JO
Then
— dAwW,(z) + pw?(x) — UPLF(Q,xa y)ws(y)dy
Q

=uM? — npM /7F(a7x,y)dy > M (uM — npy) >0,
Q
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which implies that w, is an upper solution of (5.6). On the other hand, w9 =0 is
a solution of (5.6). Therefore, by Corollary 2.1, we know that (5.6) has a maximal
solution and a minimal solution in the order interval [W, o, W], denoted by Ws o(z)
and w, o(x) respectively. If dA; > npe=*1®, then it follows from part (i) that
Ws,0(7) = wg o(x) = 0. Thus, by Theorem 4.1, we know that the zero solution of
(5.1) is globally asymptotically stable when d\; > npe~*1.

Next, we show that the zero solution of (5.1) is unstable while d\; < npe~
By (4.2), we need consider the following linear eigenvalue problem

)\10{

dAw(z) + np/ﬁl"(aw,y)w(y)dy =w(z), = € Q, (5:8)

Bw(z) =0, z € 9Q.
Let T3 : X — Y by

(Tzw)(z) = dAw(zx) + np/gl“(a, x, y)w(y)dy, Yw € X.

Then the linear equation (5.8) can be rewritten as 3w = Aw. By [3] (Theorem 3.2)
and [17] (Sections IV-3.5 and VII-6), we know that the simple eigenvalue Ag of T3
has associated with it a positive eigenfunction. In fact, we can easily determine A
as

Ao = —d\; + ngpe= e,

By Theorem 4.2, we obtain that if A\g > 0, i.e., d\; < npe~*1?, the zero solution of
(5.1) is unstable.

(iii) Since d\; < npe=*1<, for sufficiently small o, we have d\; +uch < npe=*1¢,
where h = max, g ¢1(z). Let Ws(z) = opi(z), 0 > 0. Thus, we have

— dAD,(x) 4 pw?(z) — np/ﬁr(% z,y)Ws(y)dy
=0 (d\ + popr(z) — npe %) 1 (z)

<o (A1 + poh — npe™ 1) o1 (x)
<0

for all x € Q, which implies that @, is a lower solution of (5.6). Therefore, by
Corollary 2.1, we know that (5.6) has a maximal solution and a minimal solution
in the order interval [@Ws, W], denoted by ws(z) and w,(z) respectively.

Next, we prove the uniqueness of positive solution to (5.6) in the order interval

[Ws, Ws]. In fact, let wgo) be any positive solution to (5.6) satisfying w, < wgo) < Ws.

Then w!” (v) < Wy(x) for x € Q. If wl® =+ W, then w!® < W, in the sense of
ordering in Banach space X.

Let k = max,cq Ws(x) and consider the eigenvalue problem

— dAw() + k() =\ (ukw(z)—ﬂws(x)w(x)Jrnp /

e p)ul)dy ) o€
Q
w(z) =0, x € .
(5.9)
Define the linear operator £ : X — Y by

(Lw)(z) = —dAw(z) + pkw(x), Yw € X
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and 84 : Y — Y by
(Ssw)(z) = pkw(r) — pws(z)w(z) + np/ﬁf(a,x,y)w(y)dy, YweY. (5.10)

And let T4 = £’1S4;Y — X C Y. Clearly, ¥, is a strongly positive compact
endomorphism of Ce(2). By [3] (Theorem 3.2), the spectral radius r(%T4) is the
only eigenvalue having positive eigenvector. It follows that r(T4) = 1 since w; is
a positive eigenvector corresponding to the eigenvalue 1 of the eigenvalue problem
(5.9).

Similarly, consider the eigenvalue problem

- aua) pb(e) = hle) -0 @yota) -+ [ ooty ) v

Q
w(z) =0, z € IN.
(5.11)

Let S5 : Y — Y be a linear operator defined by

(Ssw)(a) = phuw(z) ~ gl (@)u(a) + 1p | Do yu)dy VoY, (512)
Q

and T : Y — Y defined by T5 = £7'Ss. Then T is also a strongly positive compact
endomorphism of Ce(Q). Since wgo) is a positive eigenvector corresponding to the
eigenvalue 1 of the eigenvalue problem (5.11), we get 7(T5) = 1. However, since
wgo) < Ws, we obtain Ssw > Syw for any w € Y, implying that Tzw > Tyw
for any w € Y. From the monotonicity of the spectral radius, it follows that
1 =7r(%5) > r(%4) = 1, which is a contradiction. Thus, we have wl® (x) = ws(x)
for all x € Q, i.e., wgo) = Wg. Similarly, wgo) = w,. It follows the uniqueness of
positive solution of (5.6) in the order interval [Ws, w;]. Because o > 0 and M > 0
is arbitrary, we have actually shown that (5.1) has a unique positive steady state,
denoted by w*. Again by Theorem 4.1, we know that w* is globally asymptotically

stable. The proof is completed. O

Remark 5.1. By the proof of Theorem 5.1, we know that o¢; is a lower solution of
(5.6) for sufficiently small o > 0 when d)\; < npe~*1®. Therefore, the zero solution
of (5.1) is unstable in this case.

Example 5.2. Consider the following Nicholson’s blowfly model
ow(t,x)
ot
Buw(t,x) =0,t > 0,z € 09,
w(t,z) = ¢(t,x),t € [-7,0],z € Q,

— dAw(t,x) — puo(t,x) + 1 ﬁ D(c 2, y)by (w(t — 7,9))dy, t > 0,2 € ©,
Q

(5.13)
where d, p, 1, T, a, B, Q, T and ¢ can be referred to Example 5.1, by (w) = pwe™ 2%
which is referred to as the Ricker’s birth function in population dynamics, where
p >0, q>0 (see, [21,37]).

It is easy to see that model (5.13) is a special case of equation (1.1) with

f(x,w,u) = —pw, g(xvyvu) = nr(avxvy)bl(u) or f(x,w,u) = —pw + 7751(“)7
g(xz,y,u) = 0 and L = dA. Therefore, by Corollary 2.1, Theorems 2.1, 4.1 and
4.2, we have
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Theorem 5.2. (i) If npe=**“ < u+ d)\y, then there is no positive steady state to
(5.13).

(ii) If npe=?@ > p+d\; the zero solution of (5.13) is unstable, and if npe=*1% <
W=+ dAy it is globally asymptotically stable.

(iii) If p + dX\; < npe=1% and p > npye™!, where v is given by (5.7), then
(5.13) has a unique positive steady state w* which is asymptotically stable.

1

Proof. (i) The result of this part can follow from [46](Theorem 2.6) or a similar
argument as that in part (i) of Theorem 5.1.
(ii) By (4.2), we need consider the following linear eigenvalue problem

dAw(z) — pw(z) + np/ﬁl“(a,x,y)w(y)dy = Aw(z), v €, (5.14)

Bw(z) =0, x € 09.

Let T6: X = Y by
(Tow)a) = dduw(e) ~ () + o [ Loz pu)dy, Yo e X
Q

Then the linear equation (5.14) can rewritten as Tew = Aw. By [3] (Theorem 3.2)
and [17] (Sections IV-3.5 and VII-6), we know that the simple eigenvalue g of T
has associated with it a positive eigenfunction. In fact, we can easily determine A
as
Ao = —dAy — pu + npe M.

By Theorem 4.2, we obtain that if Ay > 0, i.e., d\; +p < npe~*1?, the zero solution
of (5.13) is unstable, and if A\g < 0, i.e., d\; 4+ p > gpe~M2, it is stable.

Next, we show that the zero solution of (5.13) is globally asymptotically sta-
ble while npe=*® < p + d);. In fact, we consider the follwing reaction-diffusion
equation with time delay

ow(t,x)
ot

Bw(t,z) =0,t > 0,z € 99,

w(t,z) = ¢(t,x),t € [-7,0],2 €

= dAw(t,x) - uw(t,oc) + npﬂr(a7$>y)w(t - T, y)dyvt > va € Qv
Q

(5.15)
and its corresponding boundary value problem

— dAw(z) + pw(z) = np/ﬁl“(a,x,y)w(y)dy,x €Q,

Bw(z) =0,z € 0Q.

(5.16)

A similar argument as that in the proof of part (i) of Theorem 5.1 shows that
(5.16) has no positive solution when npe=*1% < 1+ d\;. On the other hand, if
npe~ MY < p+ dAy, then for any o > 0, we have

—do Ay (z) + pop (x) —np L [(a,z,y)op:1(y)dy
Q

=0 (d\ + p —npe” M) p1(z) > 0,
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which implies that op;(z) is an upper solution of (5.16). Therefore, by Corollary
2.1, Theorem 4.1 and [46](Lemma 3.4), the zero solutions of (5.15) and (5.13) is
globally asymptotically stable when npe=*1® < p + d\;.

(iii) If g+ d\; < mpe=?1%, then for sufficiently small o, we have p + d\; <
npe~ 194" where h = max, g ¢1(x). Let @,(x) = op1(x), ¢ > 0. Then when o
is sufficiently small, we obtain

— dAD,(z) 4 py(x) — 7 /S : D(a, x,y)b1 (W, (y))dy

=—doApi(z) + popi(x) — UPLF(Q, T, y)op; (y)efqmpl(y)dy
Q
<o (d)q +u— npe”la*”qh) p1(x) <0,

which implies that @ws(z) is a lower solution of the following boundary value problem

— dAw(x) + pw() = n/ﬁr(aﬂ% b (w(y))dy, = € 2, (5.17)

Bw(z) =0,z € 0.

1 1

Next, we show that ws(xz) = ¢~ is an upper solution of (5.17) when u > npye™?*.

Indeed,
_ AT (%) + pie(x) — ﬁ T (v, 2, )by (i (1) )dy

=pg~t —npg~te ! Lf(a,m,y)dy
Q

>¢~ ! (u—npye”t) > 0.

Therefore, by Theorem 2.1, we conclude that there is a positive steady state w*
to (5.13) satisfying ws(z) < w*(x) < wy(x) for x € Q. Thus, by Theorem 4.1 and
the similar arguments as that in Theorem 5.1 and [46](Corollary 2), it follows that
(5.13) has a unique positive steady state w* which is asymptotically stable while
p+dh; < npe~™* and pu > npye~t. The proof is completed. O

Example 5.3. Consider the following Mackey-Glass model

PU) — au(e,) = ot )+ [ Dlaap)ha(ult = rg))dy.t > 0.0 € 0,

Q
Buw(t,x) =0,t > 0,z € 99,

w(t,z) = ¢(t,x),t € [-7,0],z € Q,
(5.18)

pw

where d, pu, n, 7, o, B, Q, T" and ¢ can be referred to Example 5.1, bo(w) = pammd

[>0,p>0and g >0.

This nonlinear function by (w) was used as the production function for blood cells
in [24], and has since been widely adopted. It is easy to see that model (5.18) is a
special case of equation (1.1) with f(z,w,u) = —pw, g(z,y,u) = nl'(a,z,y)ba(u)
or f(z,w,u) = —pw + nba(u), g(x,y,u) = 0 and L = dA. Therefore, by Corollary
2.1, Theorems 2.1, 4.1 and 4.2, we have

Theorem 5.3. (i) If q(u + d\y) > npe=™, there is no positive steady state to
(5.18).
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(ii) If q(p + dX1) < mpe=™M< the zero solution of (5.18) is unstable, and if
q(p 4+ dXy) > npe=1¢ it is globally asymptotically stable.

(iii) If npy(1 —171) + qdAy < q(p+dAy) < npe= 1%, where v is given by (5.7),
then (5.18) has a unique positive steady state w* which is asymptotically stable.
Furthermore, if | < 1, then this positive steady state w* is globally asymptotically
stable.

Proof. The proof is similar to that for Theorem 5.1 in the case of [ < 1 and that
for Theorem 5.2 in the case of [ > 1 and is omitted. The proof is completed. O
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