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1. Introduction

In 1940, S.M. Ulam [15] raised the question concerning the stability of group homo-
morphisms: Let G be a group and let G’ be a metric group with the metric d(-, -).
Given € > 0, does there exist a § > 0 such that if a mapping f : G — G’ satisfies
the inequality

d(f(zy), f(z)f(y)) <6

for all z,y € G, then there exists a homomorphism F : G — G’ with d(f(z), F(z)) <
¢ for all x € G? D.H. Hyers [3] has solved the problem of Ulam for the case of
additive mappings in 1941. The result was generalized by T. Aoki [1] in 1950, by
Th.M. Rassias [12] in 1978, by J.M. Rassias [9] in 1992, and by P. Gavruta [2]
in 1994. Over the past few decades, many mathematicians have published the
generalized Hyers—Ulam stability results of various functional equations [4,8, 13].

Now, we recall some basic definitions and remarks of modular spaces with mod-
ular functions, which are primitive notions corresponding to norms or metrics, as
in the followings [6,7,14,16].

Definition 1.1. Let x be a real linear space.
(a) A function p: x — [0,00] is called a modular if for arbitrary z,y € ¥,
(1) p(x) =0 if and only if z =0,
(2) plaxz) = p(z) for every scalar o with |a| =1,
(3) plax+ By) < p(x) + p(y) for any scalars «, §, where a + 4 =1 and o, § > 0,
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(b) alternatively, if (3) is replaced by

(3)" plax + By) < ap(z) + Bp(y) for every scalars a, 3, where a + 3 = 1 and
a’ ﬂ Z O’

then we say that p is a convex modular. Now, we extend the properties (3) and (3)’
in real fields to complex scalar field acting on the space x, as follows :

(4) plax + By) < p(x) + p(y) for o, B € C with |af + 8] =1,
(4) plax + y) < |alp(x) +|B|p(y) for a, f € C with |a| 4[] = 1.

We remark a modular p defines a corresponding modular space, i.e., the linear
space X, given by

Xp={ze€x:p(Az) >0 as X — 0}

Let p be a convex modular. Then, the modular space x, can be equipped with a
norm called the Luxemburg norm, defined by

T

|||, = inf{\ >0 : p(A> <1},

If p is a modular on x, we note that p(tx) is an increasing function in ¢ > 0 for
each fixed x € x, that is, p(azx) < p(bzr) whenever 0 < a < b. In addition, if p is a
convex modular on y, then p(ax) < ap(z) for all x € x and 0 < o < 1. Moreover,
we see that p(ax) < |a|p(z) for all z € x and |a| < 1.

Remark 1.1. (a) In general, we note that p( >/, o) < >0 aip(a;) for all
z;€xand o; >0 (i =1, -+ ,n) whenever 0 < > 1" a; <1 [6].

(b) Consequently, we lead to p( Y1 | cuz;) < Y1 |ai|p(z;) for all z; € x and
0<Y i, la;] <1, where o; € C.

Definition 1.2. Let x, be a modular space and let {z,} be a sequence in x,.
Then,

(1) {xn} is p-convergent to x € x, and write x,, L xif p(x, —x) — 0 as n — oo.
(2) {xn} is called p-Cauchy in x, if p(x, — zp) — 0 as n,m — occ.

(3) A subset K of x, is called p-complete if and only if any p-Cauchy sequence is
p-convergent to an element in K.

They say that the modular functional p has the Fatou property if and only
if p(z) < liminf, . p(z,) whenever the sequence {z,} is p-convergent to x. A
modular p is said to satisfy the As-condition if there exists x > 0 such that p(2z) <
kp(x) for all € x,.

In 2014, G. Sadeghi [14] has established generalized Hyers—Ulam stability via
the fixed point method of a generalized Jensen functional equation f(rz + sy) =
rg(x) 4 sh(y) in convex modular spaces with the Fatou property satisfying the Ao-
condition with 0 < k < 2. In [16], the authors have presented the generalized Hyers—
Ulam stability of quadratic functional equations via the extensive studies of fixed
point theory in the framework of modular spaces whose modulars are convex, lower
semicontinuous but do not satisfy any relatives of As-conditions (see also [5,7]).
Recently, the authors [6] have investigated stability theorems of functional equations
in modular spaces without using the Fatou property and As-condition.
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Now, we introduce the concept of convex modular algebras. We say that x,
is called a convex modular algebra if the fundamental space x is an algebra with
convex modular p subject to p(ab) < p(a)p(b) for all a,b € x. A subset K of a convex
modular algebra X, is called p-complete if and only if any p-Cauchy sequence in
K is p-convergent to an element in K. In addition, a convex modular algebra
X, 1s a convex modular x-algebra if the convex modular p satisfies p(z*) = p(2)
for all 2 € x,. We say that a linear mapping f is called a Lie *-derivation if
fz,y) = [f(x),y] + [z, f(y)] and f(z*) = f(2)* for all vectors z,y,z, where
[a,b] = ab — ba.

Now, we consider a mapping f : X — Y satisfying the following functional
equation

S (Z;nx S ) SIS s
1=1 /

1<i]<--<im<n
1<k (#ij,Vi€{l, ;m})<n

for all z1, -+ ,z, € X, where n,m € N are fixed integers with n > 2, 1 < m < n,
which has been introduced in [11].

In this article, we first investigate generalized Hyers—Ulam stability via direct
method of the equation (1.1) using necessarily A ,-condition without using the Fatou
property in p-complete convex modular algebras, where the modular p is said to
satisfy A,-condition if there exists x > 0 such that p(px) < kp(z) for all z € x,,
w:=n—m++1, and then present alternatively generalized Hyers—Ulam stability via
direct method of the equation (1.1) in p-complete convex modular algebras without
using both the Fatou property and As-condition.

2. Generalized Hyers—Ulam Stability of Eq. (1.1)

Throughout the paper, x, will be denoted by p-conplete convex modular *-algebras.
In this section, we investigate the stability results of Lie x-derivation associated with
the equation (1.1). First of all, we introduce the following lemma which has been
presented [11].

Lemma 2.1. Let X and Y be linear spaces. For each m with 1 < m < n, a
mapping [ : X — Y satisfies the equation (1.1) for alln > 2 if and only if f — f(0)
is Cauchy additive, where f(0) =0 if m < n.

For notational convenience, we let the difference operators D) f of equation (1.1)
and LD f(x,y) of Lie derivation as follows:

m

D)\f(xla"'7xn) = § : f<m+ Z)\xkl>
=1

1<i]<---<im<n
1<k (#i;,Vj€{l, - m})<n

n

DY !
LDf(x,y) = f([xvy]) - [f(m),y} - [xvf(y)]

for all z,y in a linear space X and A € A :={A € C: |\ =1}.
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We observe that if the modular p satisfies the A,-condition, then x~ > 1 for
nontrivial modular p, and k£ > p for nontrivial convex modular p, where p =
n—m+ 1> 2. See references [6, 16].

Now, we present a generalized Hyers—Ulam stability of the equation (1.1) using
necessarily A,-condition without Fatou property, where pp:=n —m+1 > 2.

Theorem 2.1. Let x, be a p-complete convex modular x-algebra with A, -condition.
Suppose there exist two functions @y : x:}“ — [0,00), @2 : X% — [0, 00) for which a
mapping f : Xp, — X, satisfies the following combined functional inequalities

p(D)\f(xlv e 7x7l) + .f(Z*) - f(Z)*) < 901($17 T 7xnaz)’ (21)
p(LDf(x,y)) < @2(x,y),

such that
k2 x Tn 2
U(z1, Ty, 2) :;ﬁgp (Ev 7535) < 00, (2.2)
: 2s € l _
sli)HoloK <‘02( S’Ms)_
or all x1,--+ ,xn,x,y,2 € X, and X\ € A. Then there erists a unique Lie *-
P

derivation Fi : x, = X, satisfying the equation (1.1) and

p(f(z) — Fi(z)) < @

U(z, - ,z,0) (2.3)

for all z € x,.

Proof. First, we remark that since 372 ’;”“J ©1(0,---,0) =T(0,---,0) < co and
p(Dxf(0,---,0)) < ¢1(0,---,0), we lead to ¢1(0,---,0) = 0, Dyf(0,---,0) =0
and so f(0) = 0. Putting 2; = 2z,z=0and A =1in (2.7), we obtain

pDu S ) = ol () o) = (2 Juf ) < dnlo0) (24)
which yields
p(f(pa) — pf(2)) < mﬁbl(ma e, 0), (2.5)
p(uf(%)—f(x)) (1)¢1( ,E,O)

for all = € x,. Using the convexity of the modular p and A ,-condition, one obtains
the following inequality

s—1
(012 <o (2 1 22))
=
s—1
= ; (:i;il‘pl(uﬁl"” ,uﬁl,o)

- ° K X X 0
_Z (n)‘uj@l(ﬁa aﬁa )
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for all z € x,. Now, replacing = by p~‘z in above inequality, we have

(1 ()~ (o)) < ol () =1 (e 0)

1 * kY T x
S/{/ti 7@1(7a 7*770)
(:;)H Jz:; ’uﬂ MJ+75 N]th
< ntut ZS: K2+ o ( x T O)
>~ - 1 - T - )
K2t ::z)'i = MJth MJth ’ujﬂ
t s+t 2
0 K x T
= 7801(7-7"'u7-70)
Kt (77;1),,i j;rl I 7% I

which converges to zero as ¢ — oo by the assumption (2.2). Thus, the sequence
{p* f( =)} is p-Cauchy for all z € x, and so it is p-convergent in x, since the space
Xp is p- complete Thus, we may define a mapping Fi : x, — X, as
Fi(z):==p— lim p f( ) < lim p(usf(i) *Fl(x)) =0,
s—00 s—00 ue
for all z € x,.

Claim 1 : Fj is an additive mapping with the estimation (2.3) near f. By
A,-condition without using the Fatou property, we can see the following inequality

p(fa) = Fifa) < wp(iuf@) = o F() e () = uFl(x))

K s (T K ([ s, (T
< *p(f(w) — f(fs)) + *p(u f(fs)
[ [ [ [
K 1 =Y z T T
e (2
peo (i t I I
which yields the approximation (2.3) by taking s — co. Now, setting (z1,- -+ ,Zp, 2):=
(%, S i’; ,0) in (2.1) and multiplying the resulting inequality by u®, we get

p(’Dxf(p xy, -, p " %x,) < K@i(p w1, -+, 0 %2y, 0)
_ _ K®
< kPpr(p ey, p Py, 0) - —
2s
K

= ,LLS 801(,“751’13 e 7”783717,70)

which tends to zero as s — oo for all 1, -- ,x, € Xx,. Thus, it follows from Remark
1.1 (b) that
1
P(ED,\F1($17-" yTn)) (2.6)

S

:p%D*Fl(xlv'“ ’m")_%DAf(%f“ Ai”) —i—%jD,\f(%’... %n))
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| Z (Mf<2m \Zi +Z)\mkl>
—-F (Z 1 AT, nzm)\xkl>)

1<ky(#i;,Vi€{l,--- ,m})<n
2s

P () Sl (2) - rte) + e (3 220

=1

IA
e

for all 1,---,2, € Xp, A € A and all positive integers s, where R := (:fl) (n —
m + 2) + 2 is a fixed real number. Taking the limit as s — oo, one obtains
p(%D,\Fl(zl, -+, xp)) =0, and thus DyFy(z1,--- ,2,) =0forall zq,- -+, 2, € Xp-
Hence Fi : x, — X, satisfies the equation (1.1), and so it is additive.

Claim 2: F} is a linear mapping. By (2.6), we have D) Fy(z,--- ,2) = 0, which
yields Fy(Axz) = AFy(z) for all z € x, and A € A. Next, for any A = A\ +idp € C
where A1, Ay € R, let 71 := A1 — [A1] and 2 := Ay — [A2], where [A] denotes the
greatest integer part of A less than or equal to A. Then one can find unit complex
numbers 7; 1,72 € A such that v, = m (1 =1,2). So, it follows that

Fl(/\JU) = Fl(/\l.li) + iFl(/\QJE)
= (M]F1(2) + Fi(mw)) + i([Ao]Fi(z) + Fi(y2z))

= ([)\1]F1(JS) + %Fl(’h,lx + 71,21‘)) + i([/\Q]Fl(x) + %F1(fyg71x + 723%))
= ([Al]Fl(@ + %Fl(%,ll‘) + %ﬂ(’h,ﬂ))

+i([>\2]F1(l”) + %Fl('YQ,lCC) + %ﬂ(’m,z@)
= )\1F1(.T) + i)\gFl(Z‘) = /\Fl(x)

for all € x,. Hence F} is a linear mapping.
Claim 3: Fj is a Lie #-derivation. From the last inequality in (2.2) and the last
condition in (2.1), one obtains that

p(iLDFl(x,y))

1 LD “Sx, s ,LD —Sg S
(ZLDFl(x,y)—uz‘ f(u4 p y)ﬂﬁ f(u4 7 y))

p(Fulle ) — w2 £ e + 3o (1l S0 0] ~ [ Fi ()
P(Ms[f(ufsl“a yl — [Fl(m)vyD + iﬂ(u“LDf(u’sx,u’sy))
p(Fllwol) — 12 £ ) + 0wl 7))~ [, Fa(o)])
Zp(us[f(u’sfv),y] - [Fl(x)vy]) + 'is P2 (/fsw,u’sy)

for all z,y € x,, from which LDF;(x,y) = 0 by taking s — oo and so F} is a Lie
derivation. In addition, we get the following inequality

P(é(FﬂZ*)—Fl(Z)*)) 3P (Fl( ") - Msf(%:))

I
)

IN

> =

IA
+ a4 e

—_
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*

rae(t () =mter )+ gelec(5) -0 ())
< o(Re-ws(%)
+%p(usf(%)* - F1(Z)*) +%S<p1 (0, -0, ui> : Z—

for all vector z. Taking s — oo, one concludes Fj is a Lie #-derivation.

Claim 4: F} is unique. To show the uniqueness of F}, let’s assume that there
exists a Lie #-derivation G : x, — X, which satisfies the approximation (2.3). Since
F; and G; are additive mappings, we see from the equality p*Fy(u=*z) = Fi(x)
and p*Gy(p~*x) = G1(x) that

s+1

1 i) =1 (2) - 1(2)) < 0(2) - (2)

o) - G+ o) -m ()

IA

which tends to zero as s — oo for all # € x,. Hence the mapping F1 is a unique Lie
s-derivation satisfying the estimation (2.3) near f. O

Remark 2.1. In Theorem 2.1 if ), is a Banach *-algebra with norm p, and so
p(px) = pp(x), k:= u, then we see from (2.1) and (2.2) that there exists a unique
Lie %-derivation F} : x, = X,, defined as Fi(z) = lims_0 ;ﬁf(ﬁ), x € Xp, which
satisfies the equation (1.1) and

I = (0 < o S (30 250)

n(m) 1= W
for all = € x,, which is exactly the approximation in Theorem [11].

As a corollary of Theorem 2.1, we obtain the following stability result of the
equation (1.1), which generalizes stability result on Banach *-algebras.

Corollary 2.1. Suppose x, is a Banach x-algebra with norm || - || and x = 2. For
given real numbers 6;, 9 > 0, r; > 1(i = 1,--- ;n+1), a+b > 2, if a mapping
fixp = X, satisfies

IDAf (@1, @n) + (%) = f(2)*] <Y il

=1

SRR

Tn+1
’

ILDf(z, )|l < Olll|*lly]®

forallzy, - ,xp,x,y,2 € X, and X € A, then there exists a unique Lie x-derivation
Fi :x, = X, such that
I b
@) - R@l <~ =0 |

() = um =

Ti
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for all z € x,.

In the following, we present a generalized Hyers—Ulam stability via direct method
of the equation (1.1) in modular *-algebra without using both Fatou property and
A, -condition, where pp:=n—m+1> 2.

Theorem 2.2. Suppose that a mapping f : x, — X, satisfies

p(Dxf(z1, - m) + f(27) = f(2)°) < (@1, 20, 2), (2.7)
p(LDf(w,y)) S ¢2($,y>

and ¢ : X;L‘H — [0,00),¢2 : X,2; — [0,00) are mappings such that

o , , .
Sy, oo i, 1z
(I)(‘rlv"'vxnaz) ::Zél(ﬂl ! 4M m ¥ ) < 00, (28)
° w
7=0
S S
i 28 zp v _y
§—00 o s
forall x1, - ,xp,2,9,2 € Xp, A € A. Then there exists a unique Lie *-derivation

F5 : xp = X, which satisfies the equation (1.1) and

p(f(x)—FQ(x)) < (n ‘I)(.Z', 7x’0) (29)

for all x € x,.

Proof. It follows from the similar way as in (2.5) that

x 1 T x
1 (m) " \n 1
for all € x,. Since Zj;é # < 1, we prove the following functional inequality

s—1

sy - iy ity
o1 - L222) =p[j_0(f(fjj ] (2.10)
= p[ ) ”j1+1 (uf (W) — f(uj“w))}
7=0
<y M}Hp(uf(ujx)*f(uj“x))
7=0
1 = ¢1(Hj~T,' o ,,U,jl’,())
< -
T ez W

for all z € x, by Remark (a).
Now, replacing = by plz in (2.10), we have

p(f(utw) B f(u“”“x)) < : 1

t s+t n j
1t [ b = I
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which converges to zero as t — oo by the assumption (2.8). Thus the above in-
equality implies that the sequence {%} is p-Cauchy for all z € x, and so it is
p-convergent in x, since the space x, is p-complete. Thus, we may define a mapping
Fy:x, = X, as

Fy(z) :=p— lim flw'z) <= lim p(M - Fg(a:)) =0,
5—00 ’u,s 5—00 MS
for all z € x,.
Claim 1: F5 is an additive mapping satisfying the approximation (2.9). In fact, if
we put (21, ,Tp,2) = (21, , u°xy,0) in (2.7), and then divide the resulting
inequality by ©°, one obtains

p(DAf(Nsxla"' ,/ﬁxn)) Sp(f?)xf(uswl;-~- M) ¢1(usx17--; W, 0) o
pe 1% e
which tends to zero as s — oo, for all z1,---,2, € x,. Thus, for a fixed positive

real R:= (')(n —m +2) + 2, we figure out by use of Remark 1.1 (b).

p(%D)\FQ(ml, e ,xn)>

1 D)\f(:u‘sxlv'” 7.u“szn) D)\f(.u“szla'” 7/’Lsxn)
— ol =D, F R )
P(R (1, my) R + R
1 1 pt ey, X
ShX RO S )
1<ip < <im<n H

1<k (#ij,Vi€{l, - m})<n

(B )
=1

+n—m+1< )ip( ,ugcz B )) ;¢1(Nsx17~-~7/1,5$n70)

i=1 ‘LLS
for all z1,- - ,zn € Xp, A € A and all positive integers s. Taking the limit as
s — 00, one obtains p(%D)\FQ(II;l, <o, xp)) =0, and so DyFy(z1,- -+ ,x,) = 0 for
all z1,---,2, € X,. Hence, taking A = 1 in Dy\F5(x1,--- ,x,) = 0, we conclude

that F satisfies the equation (1.1) and SO it is additive by Lemma 2.1.
On the other hand, since Y ;_, ul“ + <1, (g >2) for all s € N, it follows
from (2.5) and Remark 1.1 (a) that

p(f(x) — Fa(x))
: s ICC D (e
=0 (Z () - p ) L %j 'z) _ Bl >>

io“ K

; Ssontuae i)+ p (1) ),

m.

without applying the Fatou property of the modular p for all z € x, and all s € N,
from which we obtain the approximation of f by the additive mapping F5 as follows

p(f( ) F2 '7Nix70):7¢(x7"'7x70)
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for all x € x, by taking s — oo in the last inequality.

Claim 2: Fj is a Lie *-derivation. It follows from the same proof of Theorem
2.1 that the mapping F3 is a linear mapping. From the second inequality in (2.8)
and the second condition in (2.7), we arrive at

o({LDE:(w,9))

P TI r
< To(Ba(yi) - LTIy (T )
+ip([fw;f)’y] - [Fz(x),yD + ip(LDf(ZZ?usy))

for all z,y € x,, which tends to zero as s tends to oo. Therefore, one obtains
p(LDF5(z,y)) =0, and so F5 is a Lie derivation. On the other hand, we observe
from (2.8) that

o(7(BE - BEr)) < (R - f(fsz*)) L (magey - L0520

s

+ip(f(usz*)ﬂ—sf(u5z)*) + %p(% (;) (n — m)f(g))
< go(me = T2 + Jo(mter - T
ORI () mr0)

which tends to zero as s — oo for all vector z. Thus F5 is a Lie *-derivation.
Claim 3: F5 is unique. To show the uniqueness of Fy, let’s assume there exists a
Lie -derivation G : x, — X, which satisfies the inequality (2.9) for all z € x,,, but
suppose Fy (o) # Ga(xo) for some g € x,. Then there exists a positive constant
€ > 0 such that ¢ < p(Fa(zo) — G2(xp)). For such given ¢ > 0, it follows from
the convergence of series (2.8) that there is a positive integer ng € N such that

2 oo g1 wo, 1 wo,0) : fp :
@I Zj=no 10/% < €. Since F, and G4 are additive mappings, we see

m

from the equality Fa(u™0xg) = p™° Fa(xg) and Ga2(u™xg) = ™ Ga(xo) that

e < p(F. ( 0) — Ga(zo))
— ""330 (M"Ol‘o) n f(poxo) —noGz(M"WO))
1
< (F2(M °x0) — f(M"OQJO)) + Miop(f(/t""ivo) - Gz(u""m))
¢1 MJJrnoxO ILLJJrno:CO O)
<
< )ﬂ;) %

oo

2 J ’...’j ,0
- Zd’l(ﬂzo W )<€

which leads a contradiction. Hence the mapping F5 is a unique Lie #-derivation near
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f satisfying the approximation (2.9) on the p-complete convex modular *-algebra
Xp- O

As a corollary of Theorem 2.2, we obtain the following stability result of (m,n)-
Cauchy-Jensen functional equation (1.1) associated with Lie x-derivation on the
Banach *-algebra x,, which may be considered as p = || - ||.

Corollary 2.2. Suppose x, is a Banach *-algebra with norm ||-||. For given positive
real numbers 0;, ¥ > 0, r; < 1(i = 1,---,n+ 1), and a + b < 2, suppose that a
mapping f : X, — Xp satisfies

1D fzr, - Aaa) + (%) = F(2)7I1 < D Oillawl™ + a2

Tn+1
)
i=1
b
ILDf(z,y)| < dll]|*/lyl
for all x1,--+ ,xn,,y,2 € X, and X € A. Then there exists a unique Lie *-

derivation Fy : x, — X, such that

1760 = B0 < 7 3 el

i M H
for all x € x,.
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