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1. Introduction

Direct product of semigroups is an important topic in the theory of semigroups. The struc-

ture of prime ideals in the direct product of semigroups was first studied by M.Petrich in 1962 [13].

Moreover, R.Plemmas have further studied the structure of maximal ideals in the direct product

of two semigroups[9]. On the other hand, Tamura, Markel and Latimer[16−17] have discussed the

M -groupoids as the direct product of a right zero semigroup and a groupoid with identity. It was

shown by Warner in[18] that an M -semigroup is isomorphic to the direct product of a right zero

semigroup and a semigroup with two-sided identity. In 1965, Zadeh has initiated the fuzzy set

theory which turned out to be far reaching implications. A detailed study on fuzzy subgoupoids

and fuzzy subgroups has been done by Rosenfeld[15]. In particular, Kuroki[8−10] has contributed

many results in fuzzy semigroups. Recently, AL.Narayanan and AR.Meenakshi[12] have defined

the concept of fuzzy M -subsemigroups of an M -semigroup and extended the characterization

theorem of an M -semigroup to a fuzzy M -subsemigroup. The notion of intuitionistic fuzzy sets

was introduced by Atanassov[1]. The concept of intuitionistic fuzzy sets was applied by Biswas to

the theory of groups and he studied the intuitionistic fuzzy subgroups of semigroups. Kim et al.[6]

introduced the notion of intuitionistic fuzzy ideals of semigroups and obtained some interesting

results. Also, Dudek, Davvaz and Jun have introduced the intuitionistic sub-hyperquasigroup in

a hyperquasigroup and investigated some properties of such hyperquasigroups[5].
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In this paper, we consider the intuitionistic (S, T )-fuzzyM -subsemigroups of anM -semigroup

M defined on intuitionistic fuzzy sets. By using fuzzy M -subsemigroups and the new oper-

ations defined on the intuitionistic fuzzy sets, we are able to extend some results of fuzzy M -

subsemigroups to intuitionistic (S, T )-fuzzy M -subsemigroups of an M -semigroup. In particular,

the properties of intuitionistic (S, T )-direct products of an M -semigroup M are described. The

fuzzy subsemigroups (ideals) theory of semigroups and other fuzzy algebraic systems have been

recently widely studied by many authors.

For notations and terminologies not given in this paper, the readers are referred to [1–3],

[12–14], [18–19] and [21–22].

2. Preliminaries

In this section, we first give some definitions and theorems to be used in the paper.

Definition 2.1[12] Let X1 and X2 be semigroups. Then we define the direct product of X1 and

X2 as the set X1 ×X2 of all pairs (x, y) of elements x of X1 and y of X2 with the coordinate

multiplication (x, y)(x1, y1) = (xx1, yy1), for x, x1 ∈ X1 and y, y1 ∈ X2.

Definition 2.2[7] A semigroup X is said to be a right (left) zero semigroup if for all x, y ∈

X,xy = y (xy = x).

Definition 2.3[12] LetX be a semigroup. If there exists an element e ∈ X such that xe = ex = x

for every x ∈ X , then X is called a monoid.

Definition 2.4[17] A semigroup M is called an M -semigroup if the following two conditions are

satisfied:

(i) There exists at least one left identity e ∈M such that ex = x, for all x ∈M ;

(ii) For every x ∈ M , there is a unique left identity, say ex such xex = x, that is, ex is a

two-sided identity for x.

We now call an M -semigroup a left M -semigroup if we consider only the left identities. In

the same manner, we can define a right M -semigroup. Throughout this paper, an M -semigroup

always means a left M -semigroup unless otherwise specified.

Lemma 2.5[18] An M -semigroup M is isomorphic to the direct product of a right zero semi-

group R and a semigroup X with two sided identity. That is, M ∼= R×X , where the right zero

semigroup R is the set of all left identities of M and X = Me for a left identity e ∈M.

Lemma 2.6[18] The direct product of a right zero semigroup R and a semigroup X with two

sided identity is an M -semigroup.

Lemma 2.7[11] An M -semigroup M can be always decomposed into the union of some isomor-

phic M -subsemigroups of M .

Recall that a mapping µ : X → [0, 1], where X is an arbitrary non-empty set, is called

a fuzzy set in X . The complement of µ, denoted by the µ, is the fuzzy set in X defined by
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µ(x) = 1 − µ(x). For α ∈ [0, 1], the set U(µ;α) = {x ∈ X | µ(x) ≥ α} is called an upper α-level

cut of µ and the set L(µ;α) = {x ∈ X | µ(x) ≤ α} is called a lower α-level cut of µ.

Definition 2.8[7] (i) The fuzzy meet of two fuzzy sets µ and ν of X , denoted µ ∩ ν of X , is a

fuzzy set of X defined by (µ ∩ ν)(x) = min{µ(x), ν(x)} for all x ∈ X ;

(ii) The fuzzy union of two fuzzy sets µ and ν of X , denoted µ ∪ ν of X , is a fuzzy set of

X defined by (µ ∪ ν)(x) = max{µ(x), ν(x)} for all x ∈ X .

Definition 2.9[12] Let M be an M -semigroup. A fuzzy subset µ : M → [0, 1] is a fuzzy

M -subsemigroup of M if the following conditions are satisfied:

(i) µ(xy) ≥ min{µ(x), µ(y)} for all x, y ∈M ;

(ii) µ(e) = 1 for every left identity e ∈M .

For the sake of completeness, we now review some basic definitions.

Definition 2.10[19] By a t-norm T , we mean a function T : [0, 1]× [0, 1] → [0, 1] satisfying the

following conditions: (T1) T (x, 1) = x; (T2) T (x, y) ≤ T (x, z) if y ≤ z; (T3) T (x, y) = T (y, x);

(T4) T (x, T (y, z)) = T (T (x, y), z), for all x, y, z ∈ [0, 1].

For a t-norm T on [0, 1], we write it by ∆T = {α ∈ [0, 1]|T (α, α) = α}. It is clear that every

t-norm T has the following property: T (α, β) ≤ min{α, β} for all α, β ∈ [0, 1].

Definition 2.11[19] By an s-norm S, we mean a function S : [0, 1]× [0, 1] → [0, 1] satisfying the

following conditions: (S1) S(x, 0) = x; (S2) S(x, y) ≤ S(x, z) if y ≤ z; (S3) S(x, y) = S(y, x);

(S4) S(x, S(y, z)) = S(S(x, y), z), for all x, y, z ∈ [0, 1].

Let S be an s-norm on [0, 1]. Then we write ∆S = {α ∈ [0, 1]|S(α, α) = α}. It is clear that

for every s-norm S, S(α, β) ≥ max{α, β}, for all α, β ∈ [0, 1].

Definition 2.12 Let T (resp. S) be a t-norm (resp. s-norm). Then we say that the fuzzy set

µ in X satisfies the imaginable property if Imµ ⊆ ∆T (resp. Imµ ⊆ ∆S).

As an important generalization of the notion of fuzzy sets in X , Atanassov[1−2] introduced

the concept of intuitionistic fuzzy sets defined on a non-empty set X which are the objects

having the form A = {(x, αA(x), βA(x)) | x ∈ X}, where the functions αA : X → [0, 1] and

βA : X → [0, 1] denote the degree of membership and the degree of non-membership, respectively,

and the following inequality 0 ≤ αA(x) + βA(x) ≤ 1, ∀x ∈ X is satisfied.

For the sake of simplicity, we use A = (αA, βA) to denote the intuitionistic fuzzy set A, that

is, A=IFSA = {(x, αA(x), βA(x)) | x ∈ X}.

For every two intuitionistic fuzzy sets A = (αA, βA) and B = (αB , βB) in X , we define[2]

the following:

(i) A ⊆ B if and only if αA(x) ≤ αB(x) and βA(x) ≥ βB(x), for all x ∈ X ,

(ii) A = B if and only if A ⊆ B and B ⊆ A,

(iii) A = {(x, βA(x), αA(x))|x ∈ X},

(iv) A
⋂

B = {(x, αA(x) ∧ αB(x), βA(x) ∨ βB(x))|x ∈ X},
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(v) A
⋃

B = {(x, αA(x) ∨ αB(x), βA(x) ∧ βB(x))|x ∈ X}.

3. Intuitionistic (S, T )-fuzzy M-subsemigroups

In what follows, let M be an M -semigroup unless otherwise specified. We first consider the

intuitionistic fuzzy M -subsemigroups in M -semigroups as follows.

Definition 3.1 An intuitionistic fuzzy set A = (αA, βA) in M is called an intuitionistic fuzzy

M-subsemigroup of M if it satisfies the following conditions:

(IF1) αA(xy) ≥ min{αA(x), αA(y)} and βA(xy) ≤ max{βA(x), βA(y)}, for all x, y ∈M ;

(IF2) αA(e) = 1 and βA(e) = 0, for every left identity e ∈M .

Example 3.2 Let M = {e, f, a, b} be an M -semigroup with the following Cayley table:

· e f a b
e e f a b
f e f a b
a a b e f
b a b e f

Define an intuitionistic fuzzy set A = (αA, βA) in M by

αA(x) =

{

1, if x = e, f
α1, otherwise

, βA(x) =

{

0, if x = e, f
α2, otherwise

,

where 0 ≤ α1 < 1, 0 < α2 ≤ 1 and 0 < α1 + α2 ≤ 1.

By routine calculation, we see that A = (αA, βA) is an intuitionistic fuzzy M -subsemigroup

of M .

Definition 3.3 An intuitionistic fuzzy set A = (αA, βA) in M is called an intuitionistic fuzzy

M -subsemigroup of M with respect to t-norm T and s-norm S (briefly, intuitionistic (S, T )-fuzzy

M -subsemigroup of M) if it satisfies the condition (IF2) and (ISTF1) αA(xy) ≥ T (αA(x), αA(y))

and βA(xy) ≤ S(βA(x), βA(y)) , for all x, y ∈M .

Definition 3.4 An intuitionistic (S, T )-fuzzy M -subsemigroup A = (αA, βA) of M is said to be

imaginable if αA and βA satisfy the imaginable property.

Example 3.5 Let M be an M -semigroup as in Example 3.2. Define an intuitionistic fuzzy set

A = (αA, βA) in M by

αA(x) =

{

1, if x = e, f
0, otherwise

, βA(x) =

{

0, if x = e, f
1, otherwise

.

Let T be a t-norm defined by T (α, β) = max{α + β − 1, 0} and S an s-norm defined

by S(α, β) = min{α + β, 1} for all α, β ∈ [0, 1]. By routine calculation, we can check that

A = (αA, βA) is an imaginable intuitionistic (S, T )-fuzzy M -subsemigroup of M .

Proposition 3.6 Every imaginable intuitionistic (S, T )-fuzzy M -subsemigroup of M is an

intuitionistic fuzzy M -subsemigroup of M .
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Proof Assume that A = (αA, βA) is an imaginable intuitionistic (S, T )-fuzzy M -subsemigroup

of M . Then we have

αA(xy) ≥ T (αA(x), αA(y)) and βA(xy) ≤ S(βA(x), βA(y)) for all x, y ∈M.

Since A = (αA, βA) is imaginable, we have

min{αA(x), αA(y)} = T (min{αA(x), αA(y)},min{αA(x), αA(y)}) ≤ T (αA(x), αA(y))

≤ min{αA(x), αA(y)}.

That is, T (αA(x), αA(y)) = min{αA(x), αA(y)}. On the other hand, we have

max{βA(x), βA(y)} = S(max{βA(x), βA(y)},max{βA(x), βA(y)})

≥ S(βA(x), βA(y)) ≥ max{βA(x), βA(y)}.

That is, S(βA(x), βA(y)) = max{βA(x), βA(y)}.

It follows that αA(xy) ≥ T (αA(x), αA(y)) = min{αA(x), αA(y)}, βA(xy) ≤ S(βA(x), βA(y)) =

max{βA(x), βA(y)}. Therefore, A = (αA, βA) is an intuitionistic fuzzy M -subsemigroup of M .

The following is a characterization theorem of intuitionistic (S, T )-fuzzy M -subsemigroups

of an M -semigroup.

Theorem 3.7 Let T and S be, respectively, t-norm and s-norm. If A = (αA, βA) is an imaginable

intuitionistic (S, T )-fuzzy M -subsemigroup in M , then the level sets U(αA;α) and L(βA;α) are

M -subsemigroups of M , for every α ∈ [0, 1], whenever U(αA;α) 6= ∅ 6= L(βA;α).

Proof Assume that A = (αA, βA) is an imaginable intuitionistic (S, T )-fuzzy M -subsemigroup

of M . Let x, y ∈ U(αA;α). Then αA(x) ≥ α and αA(y) ≥ α. It follows that αA(xy) ≥

T (αA(x), αA(y)) ≥ T (α, α) = α, and thus xy ∈ U(αA;α). Hence U(αA;α) is a subsemigroup of

M . For any left identity e ∈M , we have αA(e) = 1, and hence e ∈ U(αA;α). Let x ∈ U(αA;α).

Then ex ∈ U(αA;α) ⊆ M . This leads to ex = x, and so U(αA;α) is an M -subsemigroup of M .

Similarly, we can show that L(βA;α) is an M -subsemigroup of M . 2

The following example illustrates that there exist t-norm T and s-norm S such that an

intuitionistic fuzzy M -subsemigroup of M may not be an imaginable intuitionistic (S, T )-fuzzy

M -subsemigroup of M .

Example 3.8 Let M = {e, f, a, b} be an M -semigroup with the following Cayley table:

· e f a b
e e f a b
f f e e f
a a e e a
b b b b e

Define an intuitionistic fuzzy set A = (αA, βA) by

αA(x) =







1, if x = e,
0.6, if x = f, a,
0.3, if x = b,

βA(x) =







0, if x = e,
0.2, if x = f, a,
0.5, if x = b.
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Then, A = (αA, βA) is an intuitionistic fuzzy M -subsemigroup of M .

Let γ ∈ (0, 1) and define the binary operation Tγ and Sγ on (0,1) as follows:

Tγ(α, β) =







α ∧ β, if max{α, β} = 1,
0, if max{α, β} < 1, α+ β ≤ 1 + γ,
γ, otherwise;

Sγ(α, β) =







α ∨ β, if min{α, β} = 0,
1, if min{α, β} > 0, α+ β ≥ 1 + γ,
γ, otherwise,

for all α, β ∈ [0, 1]. Then Tγ and Sγ are, respectively, the t-norm and s-norm on [0,1].

Hence Tγ(αA(f), αA(f)) = Tγ(0.6, 0.6) = γ 6= αA(f) and Sγ(βA(f), βA(f)) = Sγ(0.2, 0.2) =

γ 6= βA(f) whenever γ < 0.2, and so αA(f) /∈ ∆T and βA(f) /∈ ∆S , i.e., ImαA ( ∆Tγ
and

ImβA ( ∆Sγ
whenever γ < 0.2. Thus, A = (αA, βA) is not an imaginable intuitionistic (S, T )-

fuzzy M -subsemigroup of M whenever γ < 0.2.

The following Lemma is obvious, and we omit the proof.

Lemma 3.9 Let A = (αA, βA) be an intuitionistic fuzzy set in M . If each level subsets U(αA;α)

and L(βA;α) areM -subsemigroups ofM , for every α ∈ [0, 1], whenever U(αA;α) 6= ∅ 6= L(βA;α),

then A = (αA, βA) is an intuitionistic fuzzy M -subsemigroup of M .

Now, we consider the converse of Theorem 3.7.

Theorem 3.10 Let T and S be, respectively, t-norm and s-norm, and let A = (αA, βA) be

an imaginable intuitionistic fuzzy set in M . If each level subsets U(αA;α) and L(βA;α) are M -

subsemigroups of M , for every α ∈ [0, 1], whenever U(αA;α) 6= ∅ 6= L(βA;α), then A = (αA, βA)

is an imaginable intuitionistic (S, T )-fuzzy M -subsemigroup of M .

Proof Assume that each level subsets U(αA;α) and L(βA;α) are M -subsemigroups of M . Then

by Lemma 3.10, A = (αA, βA) is an intuitionistic fuzzy M -subsemigroup of M , and so

αA(xy) ≥ min{αA(x), αA(y)} = T (αA(x), αA(y))

and βA(xy) ≤ max{βA(x), βA(y)} = S(βA(x), βA(y)) for all x, y ∈M . Hence A = (αA, βA) is an

imaginable intuitionistic (S, T )-fuzzy M -subsemigroup of M . 2

Theorem 3.11 Let T and S be, respectively, t-norm and s-norm. If A = (αA, βA) is an

intuitionistic (S, T )-fuzzy M -subsemigroup of M , then for all x ∈M , we have

αA(x) = sup{α ∈ [0, 1]|x ∈ U(αA;α)}, βA(x) = inf{α ∈ [0, 1]|x ∈ L(βA;α)}.

Proof Suppose that δ = sup{α ∈ [0, 1]|x ∈ U(αA;α)} and let ε > 0 be given. Then, we can see

that δ − ε < α, for some α ∈ [0, 1] such that x ∈ U(αA;α). This means that δ − ε < αA(x) and

hence δ < αA(x), because ε is arbitrary.

We now show that αA(x) < δ. If αA(x) = β, then we have x ∈ U(αA;β) so that β ∈ {α ∈

[0, 1]|x ∈ U(αA;α)}. Thus, αA(x) = δ ≤ sup{α ∈ [0, 1]|x ∈ U(αA;α)} = δ. Consequently, we

can deduce that αA(x) = δ = sup{α ∈ [0, 1]|x ∈ U(αA;α)}.



No.3 MA X L, et al: Intuitionistic (S, T )-fuzzy M -subsemigroups of an M -semigroup 461

Now, let η = inf{α ∈ [0, 1]|x ∈ L(βA;α)}. Then, we have inf{α ∈ [0, 1]|x ∈ L(βA;α)} <

η + ε, for any ε > 0, and so α < η + ε, for some α ∈ [0, 1] with x ∈ L(βA;α). Since βA(x) ≤ α

and ε is arbitrary, we obtain βA(x) ≤ η.

In order to prove that βA(x) ≥ η, we let βA(x) = ξ. Then we have x ∈ L(βA; ξ) and so

ξ ∈ {α ∈ [0, 1]|x ∈ L(βA;α)}. Hence, inf{α ∈ [0, 1]|x ∈ L(βA;α)} ≤ ξ, i.e., η ≤ ξ = βA(x).

Consequently, we obtain βA(x) = η = inf{α ∈ [0, 1]|x ∈ L(βA;α)}. 2

Definition 3.12 A mapping f : M →M ′ of M -semigroups is called a homomorphism if

(i) f(xy) = f(x)f(y), for all x, y ∈M ;

(ii) f maps all left identities of M into the same left identity of M ′.

Definition 3.13 Let f : M → M ′ be a mapping of M -semigroups. If A = (αA, βA) is an

intuitionistic fuzzy set in M ′, then the inverse image of A under f , denoted by f−1(A), is an

intuitionistic fuzzy set in M , defined by f−1(A) = (f−1(αA), f−1(βA)).

Theorem 3.14 Let T and S be, respectively, t-norm and s-norm, and let f : M → M ′

be a homomorphism of M -semigroups. If A = (αA, βA) is an intuitionistic (S, T )-fuzzy M -

subsemigroup of M ′, then the inverse image f−1(A) = (f−1(αA), f−1(βA)) of A under f is an

intuitionistic (S, T )-fuzzy M -subsemigroup of M .

Proof Assume that A = (αA, βA) is an intuitionistic (S, T )-fuzzy M -subsemigroup of M ′ and

x, y ∈M . Then we have

(ISTF1)

f−1(αA)(xy) = αA(f(xy)) = αA(f(x)f(y)) ≥ T (αA(f(x)), αA(f(y)))

= T (f−1(αA)(x), f−1(αA)(y)),

f−1(βA)(xy) = βA(f(xy)) = βA(f(x)f(y)) ≤ S(βA(f(x)), βA(f(y)))

= S(f−1(βA)(x), f−1(βA)(y)).

(IF2)

f−1(αA)(e) = αA(f(e)) = αA(e′) = 1, f−1(βA)(e) = βA(f(e)) = βA(e′) = 0.

This completes the proof. 2

Definition 3.15 Let A = (αA, βA) be an intuitionistic fuzzy set on M , and let f be a mapping

defined on M . The intuitionistic fuzzy set Af = (αfA, β
f
A) in f(M) is defined by

αfA(y) = sup
x∈f−1(y)

αA(x), βfA(y) = inf
x∈f−1(y)

βA(x),

for all y ∈ f(M). We now call αfA the image of A under f .

Definition 3.16 A t-norm T (resp. s-norm) on [0, 1] is called a continuous t-norm if T (resp.

S) is a continuous function from [0, 1] × [0, 1] → [0, 1] with respect to the usual topology.

We observe that the functions “min” and “max” are always continuous t-norm and s-norm,

respectively.
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Theorem 3.17 Let T and S be continuous t-norm and s-norm, respectively, and let f be a

homomorphism on M . If A = (αA, βA) is an intuitionistic (S, T )-fuzzy M -subsemigroup of M ,

then the image of A under f is an intuitionistic (S, T )-fuzzy M -subsemigroup of f(M).

Proof First, we show that αfA is a T -fuzzy M -subsemigroup of f(M). Let A1 = f−1(y1), A2 =

f−1(y2) and A12 = f−1(y1y2), where y1, y2 ∈ f(M). Consider the set

A1A2 = {x ∈M |x = a1a2 for some a1 ∈ A1 and a2 ∈ A2}.

If x ∈ A1A2, then x = x1x2 for some x1 ∈ A1 and x2 ∈ A2 so that we have f(x) = f(x1x2) =

f(x1)f(x2) = y1y2, that is , x ∈ f−1(y1y2) = A12. Thus A1A2 ⊆ A12. It hence follows that

αfA(y1y2) = sup{αA(x)|x ∈ f−1(y1y2)} = sup{αA(x)|x ∈ A12}

≥ sup{αA(x)|x ∈ A1A2} = sup{αA(x1x2)|x1 ∈ A1, x2 ∈ A2}

≥ sup{T (αA(x1), αA(x2))|x1 ∈ A1, x2 ∈ A2}.

Since T is continuous, for every ε > 0, we see that if sup{αA(x1)|x1 ∈ A1} − x∗1 ≤ δ and

sup{αA(x2)|x2 ∈ A2} − x∗2 ≤ δ, then

T (sup{αA(x1)|x1 ∈ A1}, sup{αA(x2)|x2 ∈ A2}) − T (x∗1, x
∗

2) ≤ ε.

Choose a1 ∈ A1 and a2 ∈ A2, such that

sup{αA(x1)|x1 ∈ A1} − αA(a1) ≤ δ, sup{αA(x2)|x2 ∈ A2} − αA(a2) ≤ δ.

Then we have T (sup{αA(x1)|x1 ∈ A1}, sup{αA(x2)|x2 ∈ A2}) − T (αA(a1), αA(a2)) ≤ ε. Conse-

quently, we have

αfA(y1y2) ≥ sup{T (αA(x1), αA(x2))|x1 ∈ A1, x2 ∈ A2} ≥ T (sup{αA(x1)|x1 ∈ A1},

sup{αA(x2)|x2 ∈ A2}) = T (αfA(y1), α
f
A(y2)), α

f
A(e′) = sup{αA(e)|e ∈ f−1(e′)} = 1.

This shows that αfA is a T -fuzzy M -subsemigroup of f(M). Similarly, we can show that βfA is

an S-fuzzy M -subsemigroup of f(M). Therefore, Af = (αfA, β
f
A) is an intuitionistic (S, T )-fuzzy

M -subsemigroup of f(M). 2

4. Intuitionistic (S, T )-direct products

Hereafter, we use R and X to denote the right zero semigroup and semigroup with two sided

identity respectively, unless otherwise stated.

Any element x ∈M ∼= R×X can be written as the product (binary operation in M) of two

elements: One element in R is called the two sided identity(right identity) of x, denoted by ex,

and the other element is xe in X(= Me). That is , x = xex = x(eex) = (xe)ex. Hence, we can

express an element x in M by the element (ex, xe) in R×X .
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Definition 4.1 Let T and S be, respectively, t-norm and s-norm. The intuitionistic (S, T )-direct

product of A and B, denoted by A×B, is an intuitionistic fuzzy set in M , defined by

A×B = (αA, βA) × (αB , βB) = (αA × αB, βA × βB),

where (αA×αB)(x, y) = T (αA(x), αB(y)) and (βA×βB)(x, y) = S(βA(x), βB(y)) for all x, y ∈M .

Definition 4.2 An intuitionistic fuzzy set A = (αA, βA) in M is called an intuitionistic fuzzy

subsemigroup of M with respect to t-norm T and s-norm S (briefly, intuitionistic (S, T )-fuzzy

subsemigroup of M) if it satisfies only the condition (ISTF1).

Clearly, every intuitionistic (S, T )-fuzzy M -subsemigroup is an intuitionistic (S, T )-fuzzy

subsemigroup.

Theorem 4.3 Let T and S be, respectively, t-norm and s-norm. If A = (αA, βA) is an

imaginable intuitionistic (S, T )-fuzzy M -subsemigroup of M ∼= R×X such that ImαA = {1, α1}

and ImβA = {0, α2}, where 0 ≤ α1 < 1, 0 < α2 ≤ 1 and 0 < α1 + α2 ≤ 1. Then A = (αA, βA)

can be written as a union of intuitionistic (S, T )-fuzzy subsemigroups.

Proof Let Mα = {x ∈M |αA(x) = 1 and βA(x) = 0}. Then we have

αA(x) =

{

1, if x ∈Mα,
0, otherwise

, βA(x) =

{

0, if x ∈Mα,
1, otherwise

.

We claim that Mα is an M -subsemigroup of M . In fact, if we choose x, y ∈ Mα, then we have

αA(x) = αA(y) = 1 and βA(x) = βA(y) = 0. Since A = (αA, βA) is an intuitionistic (S, T )-fuzzy

M -subsemigroup of M , we have

αA(xy) ≥ T (αA(x), αA(y)) = T (1, 1) = 1, βA(xy) ≤ S(βA(x), βA(y)) = S(0, 0) = 0.

Hence αA(xy) = 1 and βA(xy) = 0, so that xy ∈Mα and hence Mα is a subsemigroup of M . By

the definition of intuitionistic (S, T )-fuzzy M -subsemigroup, we have αA(e) = 1 and βA(e) = 0

for every left identity e ∈ R. Hence e ∈Mα. Since Mα is a subgroup, we can choose e, x ∈ Mα,

such that ex ∈ Mα. Clearly ex ∈ M . This leads to ex = x, and so Mα is an M -subsemigroup

of M . By applying Lemma 2.7, there exist M -subsemigroups Mαe, Mαf , . . . of Mα, such that

Mα = Mαe
⋃

Mαf
⋃

· · ·, where e, f, . . . ∈ R.

For each e ∈ R, define the intuitionistic fuzzy sets Ae = (αAe
, βAe

) on M by

αAe
(x) =

{

1, if x ∈Mαe,
α1, otherwise

, βAe
(x) =

{

0, if x ∈Mαe,
α2, otherwise

.

Then it is easy to prove that every Ae = (αAe
, βAe

) is an intuitionistic (S, T )-fuzzy subsemigroup

of M . Now it is straightforward to verify that αA = αAe

⋃

αAf

⋃

· · · and βA = βAe

⋂

βAf

⋂

· · ·.

The proof is now completed. 2

Example 4.4 Let M be an M -semigroup as in Example 3.2. Let Mα = {e, f},Mαe = {e} and

Mαf = {f}. Then Mα = Mαe
⋃

Mαf . Moreover, we have

αAe
(e) = 1, αAe

(f) = αAe
(a) = αAe

(b) = α1; αAf
(f) = 1, αAf

(e) = αAf
(a) = αAf

(b) = α1.
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βAe
(e) = 0, βAe

(f) = βAe
(a) = βAe

(b) = α2; βAf
(f) = 0, βAf

(e) = βAf
(a) = βAf

(b) = α2.

Clearly, αA = αAe

⋃

αAf
and βA = βAe

⋂

βAf
.

Now, we generalize Theorem 4.3.

Corollary 4.5 Let T and S be, respectively, t-norm and s-norm. If A = (αA, βA) is an

imaginable intuitionistic (S, T )-fuzzy M -subsemigroup of M ∼= R × X such that ImαA =

{1, α1, α2, . . . , αn} and ImβA = {0, β1, β2, . . . , βn}, where 1 > α1 > · · · > αn ≥ 0 and 0 <

β1 < β2 < · · · < βn ≤ 1. Then A = (αA, βA) can be written as a union of intuitionistic (S, T )-

fuzzy subsemigroups.

Lemma 4.6[19] Let T and S be, respectively, t-norm and s-norm. Then for all α, β, δ, γ ∈ [0, 1],

we have T (T (α, β), T (γ, δ)) = T (T (α, γ), T (β, δ)); S(S(α, β), S(γ, δ)) = S(S(α, γ), S(β, δ)).

By using the above lemma, we obtain the following lemma.

Lemma 4.7 Let T and S be, respectively, t-norm and s-norm. If A = (αA, βA) is an intu-

itionistic (S, T )-fuzzy M -subsemigroup of R and B = (αB, βB) is an intuitionistic (S, T )-fuzzy

M -subsemigroup of X , then for any e, f ∈ R and x1, x2 ∈ X , we have

T (T (αA(e), αA(f)), T (αB(x1), αB(x2))) = T (T (αA(e), αB(x1)), T (αA(f), αB(x2)))

S(S(βA(e), βA(f)), S(βB(x1), βB(x2))) = S(S(βA(e), βB(x1)), S(βA(f), βB(x2))).

Theorem 4.8 Let T and S be, respectively, t-norm and s-norm, and let M ∼= R × X be

an M -semigroup. If A = (αA, βA) is an intuitionistic (S, T )-fuzzy M -subsemigroup of R and

B = (αB, βB) is an intuitionistic (S, T )-fuzzyM -subsemigroup of S, then A×B is an intuitionistic

(S, T )-fuzzy M -subsemigroup of M , where A×B is defined by

A×B = (αA, βA) × (αB , βB) = (αA × αB, βA × βB),

where (αA × αB)(a, b) = T (αA(a), αB(b)) and (βA × βB)(a, b) = S(βA(a), βB(b)), for all a ∈ R

and b ∈ X .

Proof Let x = (e, x1) and y = (f, x2) in R×X ∼= M , where e, f ∈ R and x1, x2 ∈ X . Then we

have

(ISTF1)

(αA × αB)(xy) = (αA × αB)((e, x1)(f, x2)) = (αA × αB)(ef, x1x2)

= T (αA(ef), αB(x1x2)) ≥ T (T (αA(e), αA(f)), T (αB(x1), αB(x2)))

= T (T (αA(e), αB(x1)), T (αA(f), αB(x2)))

= T ((αA × αB)(e, x1), (αA × αB)(f, x2))

= T ((αA × αB)(x), (αA × αB)(y)).

Similarly, (βA × βB)(xy) ≤ S((βA × βB)(x), (βA × βB)(y)).

(IF2) Let e1 be any left identity of R and e the two sided identity of X . Then, we have

(αA × αB)(e1, e) = T (αA(e1), αB(e)) = T (1, 1) = 1
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and (βA × βB)(e1, e) = S(βA(e1), βB(e)) = S(0, 0) = 0.

It follows that A×B is an intuitionistic (S, T )-fuzzy M -subsemigroup of M . 2

Lemma 4.9 Let T and S be, respectively, t-norm and s-norm. IfA = (αA, βA) is an intuitionistic

(S, T )-fuzzy M -subsemigroup of M ∼= R×X , then there exists a homomorphic image Aϕ on R,

which is also an intuitionistic (S, T )-fuzzy M -subsemigroup of R.

Proof Let x ∈ M . Denote the unique (right) identity of x by ex. Then xex = x. Consider the

map ϕ : M → R such that ϕ(x) = ex for all x ∈ M . Since (xy)exy = xy = x(yey) = (xy)ey,

we have exy = ey. Since ex is a left identity of ey, we have exy = ey = exey. This shows that

ϕ(xy) = exy = exey = ϕ(x)ϕ(y). Clearly, ϕ is an onto homomorphism.

Define an intuitionistic fuzzy subset B = (αB , βB) on R by

αB(ex) = sup
x∈ϕ−1(ex)

αA(x) = αA(ex) = 1, βB(ex) = inf
x∈ϕ−1(ex)

βA(x) = βA(ex) = 0.

For any ex, ey ∈ R, by the definition of B = (αB, βB) and that ϕ is a homomorphism from M

onto R, we have

(ISTF1)

αB(exey) = αϕA(exey) = αϕA(exy) = 1 = αA(exey),

βB(exey) = βϕA(exey) = βϕA(exy) = 0 = βA(exey).

Since A = (αA, βA) is an intuitionistic (S, T )-fuzzy M -subsemigroup of M , we have

αA(exey) ≥ T (αA(ex), αA(ey)), βA(exey) ≤ S(βA(ex), βA(ey)),

and thus

αB(exey) = αA(exey) ≥ T (αA(ex), αA(ey)) = T (αB(ex), αB(ey)),

βB(exey) = βA(exey) ≤ S(βA(ex), βA(ey)) = S(βB(ex), βB(ey)).

(IF2) αB(ex) = αϕA(ex) = maxαA(ex) = 1 and βB(ex) = βϕA(ex) = minβA(ex) = 0.

This shows that B = Aϕ is an intuitionistic (S, T )-fuzzy M -subsemigroup of R. 2

Lemma 4.10 Let T and S be, respectively, t-norm and s-norm. If A = (αA, βA) is an intu-

itionistic (S, T )-fuzzy M -subsemigroup of M ∼= R ×X , then there exists a homomorphic image

A on X which is also an intuitionistic (S, T )-fuzzy M -subsemigroup of X .

Proof Consider the map ψ : M → X(= Me) such that ψ(x) = xe for all x ∈ M . Then

ψ(xy) = xye = x(ey)e = (xe)(ye) = ψ(x)ψ(y). Clearly, ψ is an onto homomorphism.

Define an intuitionistic fuzzy set B = (αB , βB) on X by

αB(xe) = sup
x∈ψ−1(xe)

αA(x) = αA(xe), βB(xe) = inf
x∈ψ−1(xe)

βA(x) = βA(xe).

Putting r = xe, z = ye in X(= Me). Then by the definition of B and that ψ is a homomor-

phism from M onto X , we have
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(ISTF1)

αB(rz) = αψA(rz) = αψA(xeye) = αψA(xye) = αA(xye) = αA(rz),

βB(rz) = βψA(rz) = βψA(xeye) = βψA(xye) = βA(xye) = βA(rz).

Since A = (αA, βA) is an intuitionistic (S, T )-fuzzy M -subsemigroup of M , we have

αB(rz) = αA(rz) ≥ T (αA(r), αA(z)) = T (αB(r), αB(z)),

βB(rz) = βA(rz) ≤ S(βA(r), βA(z)) = S(βB(r), βB(z)).

(IF2)

αB(fe) = αψA(fe) = αψA(e) = αA(ee) = αA(e) = 1,

βB(fe) = βψA(fe) = βψA(e) = βA(ee) = βA(e) = 0.

Therefore, B = Aψ is an intuitionistic (S, T )-fuzzy M -subsemigroup of X . 2

Now, we give the following main result.

Theorem 4.11 Let T and S be, respectively, t-norm and s-norm. If A = (αA, βA) is an

intuitionistic (S, T )-fuzzy M -subsemigroup of M ∼= R×X , then A = (αA, βA) can be written as

the intuitionistic (S, T )-direct product of intuitionistic (S, T )-fuzzy M -subsemigroup of R and

X(= Me), respectively.

Proof Since A = (αA, βA) is an intuitionistic (S, T )-fuzzy M -subsemigroup of M , by Lemmas

4.9 and 4.10, there exist Aϕ and Aψ which are intuitionistic (S, T )-fuzzy M -subsemigroups of

R and X(= Me), respectively. Again since A = (αA, βA) is an intuitionistic (S, T )-fuzzy M -

subsemigroup of M , for each x ∈M , we have

αA(x) = αA(xex) = αA(xeex) ≥ T (αA(ex), αA(xe)) = T (αϕA(ex), α
ψ
A(xe))

= (αϕA × αψA)(ex, xe) = (αϕA × αψA)(x),

βA(x) = βA(xex) = βA(xeex) ≤ S(βA(ex), βA(xe)) = S(βϕA(ex), β
ψ
A(xe))

= (βϕA × βψA)(ex, xe) = (βϕA × βψA)(x).

Thus αA ⊇ αϕA × αψA and βA ⊆ βϕA × βψA.

Now, let y ∈M , then we have y = (ey, ye) ∈ R×X . Hence we can deduce that

(αϕA × αψA)(y) = (αϕA × αψA)(ey, ye) = T (αϕA(ey), α
ψ
A(ye))

= T (αA(ey), αA(ye)) = T (1, αA(ye))

= αA(ye) ≥ T (αA(y), αA(e)) = T (αA(y), 1) = αA(y),

(βϕA × βψA)(y) = (βϕA × βψA)(ey, ye) = S(βϕA(ey), β
ψ
A(ye))

= S(βA(ey), βA(ye)) = S(0, βA(ye)) = βA(ye) ≤ S(βA(y), βA(e))

= S(βA(y), 0) = βA(y).

This leads to αA ⊆ αϕA × αψA and βA ⊇ βϕA × βψA.
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Therefore, αA = αϕA × αψA and βA = βϕA × βψA, that is, A = Aϕ ×Aψ. 2

Theorem 4.12 Let T and S be, respectively, t-norm and s-norm. Let A = (αA, βA) be an

intuitionistic (S, T )-fuzzy M -subsemigroup of M ∼= R×X . For e ∈ R, let the intuitionistic fuzzy

set A∗

e = (α∗

Ae
, β∗

Ae
) be defined on M by α∗

Ae
(x) = αA(xe) and β∗

Ae
(x) = βA(xe) for all x ∈ M .

Then we have

(i) A∗

e is an intuitionistic (S, T )-fuzzy M -subsemigroup of M ;

(ii)
⋂

e∈R

A∗

e is also an intuitionistic (S, T )-fuzzy M -subsemigroup of M .

Proof (i) Since A = (αA, βA) is an intuitionistic (S, T )-fuzzy M -subsemigroup of M , we have:

(ISTF1) For all x, y ∈M ,

α∗

Ae
(xy) = αA(xye) = αA(xeye) ≥ T (αA(xe), αA(ye)) = T (α∗

Ae
(x), α∗

Ae
(y)),

β∗

Ae
(xy) = βA(xye) = βA(xeye) ≤ S(βA(xe), βA(ye)) = S(β∗

Ae
(x), β∗

Ae
(y)).

(IF2) For every f ∈ R, α∗

Ae
(f) = αA(fe) = αA(e) = 1 and β∗

Ae
(f) = βA(fe) = βA(e) = 0.

Hence A∗

e is an intuitionistic (S, T )-fuzzy M -subsemigroup of M .

(ii) For any x, y ∈M , we have:

(ISTF1)

⋂

e∈R

α∗

Ae
(xy) = min{α∗

Ae
(xy)|e ∈ R} ≥ min{T (α∗

Ae
(x), α∗

Ae
(y))|e ∈ R}

≥ T (min{α∗

Ae
(x)|e ∈ R},min{α∗

Ae
(y)|e ∈ R})

= T (
⋂

e∈R

α∗

Ae
(x),

⋂

e∈R

α∗

Ae
(y)),

⋃

e∈R

β∗

Ae
(xy) = max{β∗

Ae
(xy)|e ∈ R} ≤ max{S(β∗

Ae
(x), β∗

Ae
(y))|e ∈ R}

≤ S(max{β∗

Ae
(x)|e ∈ R},max{β∗

Ae
(y)|e ∈ R})

= S(
⋃

e∈R

β∗

Ae
(x),

⋃

e∈R

β∗

Ae
(y)).

(IF2) For any f ∈ R, we have

⋂

e∈R

α∗

Ae
(f) = min{α∗

Ae
(f)|e ∈ R} = min{αA(fe)|e ∈ R} = min{αA(e)|e ∈ R} = 1,

⋃

e∈R

β∗

Ae
(f) = max{β∗

Ae
(f)|e ∈ R} = max{βA(fe)|e ∈ R} = max{βA(e)|e ∈ R} = 0.

Therefore,
⋂

e∈RA
∗

e is also an intuitionistic (S, T )-fuzzy M -subsemigroup of M . 2
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