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1. Introduction

Direct product of semigroups is an important topic in the theory of semigroups. The struc-
ture of prime ideals in the direct product of semigroups was first studied by M.Petrich in 1962 '3,
Moreover, R.Plemmas have further studied the structure of maximal ideals in the direct product
of two semigroups!®.. On the other hand, Tamura, Markel and Latimer[!6=17] have discussed the
M-groupoids as the direct product of a right zero semigroup and a groupoid with identity. It was
shown by Warner in!'® that an M-semigroup is isomorphic to the direct product of a right zero
semigroup and a semigroup with two-sided identity. In 1965, Zadeh has initiated the fuzzy set
theory which turned out to be far reaching implications. A detailed study on fuzzy subgoupoids

[15] [8-10] has contributed

and fuzzy subgroups has been done by Rosenfeld!*”!. In particular, Kuroki
many results in fuzzy semigroups. Recently, AL.Narayanan and AR.Meenakshil'?l have defined
the concept of fuzzy M-subsemigroups of an M-semigroup and extended the characterization
theorem of an M-semigroup to a fuzzy M-subsemigroup. The notion of intuitionistic fuzzy sets
was introduced by Atanassovl'). The concept of intuitionistic fuzzy sets was applied by Biswas to
the theory of groups and he studied the intuitionistic fuzzy subgroups of semigroups. Kim et al.l%
introduced the notion of intuitionistic fuzzy ideals of semigroups and obtained some interesting
results. Also, Dudek, Davvaz and Jun have introduced the intuitionistic sub-hyperquasigroup in

a hyperquasigroup and investigated some properties of such hyperquasigroups!®!.
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In this paper, we consider the intuitionistic (S, T')-fuzzy M-subsemigroups of an M -semigroup
M defined on intuitionistic fuzzy sets. By using fuzzy M-subsemigroups and the new oper-
ations defined on the intuitionistic fuzzy sets, we are able to extend some results of fuzzy M-
subsemigroups to intuitionistic (S, T')-fuzzy M-subsemigroups of an M-semigroup. In particular,
the properties of intuitionistic (S, T')-direct products of an M-semigroup M are described. The
fuzzy subsemigroups (ideals) theory of semigroups and other fuzzy algebraic systems have been
recently widely studied by many authors.

For notations and terminologies not given in this paper, the readers are referred to [1-3],
[12-14], [18-19] and [21-22].

2. Preliminaries

In this section, we first give some definitions and theorems to be used in the paper.

Definition 2.11'21 Let X; and X, be semigroups. Then we define the direct product of X; and
Xo as the set X1 x Xo of all pairs (x,y) of elements x of X1 and y of X5 with the coordinate
multiplication (z,y)(x1,y1) = (zz1,yy1), for x, 21 € X7 and y,y1 € Xo.

Definition 2.2I" A semigroup X is said to be a right (left) zero semigroup if for all z,y €
X,zy =y (vy = ).

Definition 2.3['2) Let X be a semigroup. If there exists an element e € X such that re = ex = x

for every x € X, then X is called a monoid.

Definition 2.4 A semigroup M is called an M -semigroup if the following two conditions are
satisfied:

(i) There exists at least one left identity e € M such that ex = x, for all x € M;

(ii) For every x € M, there is a unique left identity, say e, such xe, = x, that is, e, is a
two-sided identity for x.

We now call an M-semigroup a left M-semigroup if we consider only the left identities. In
the same manner, we can define a right M-semigroup. Throughout this paper, an M-semigroup

always means a left M-semigroup unless otherwise specified.

Lemma 2.5[18]

An M-semigroup M is isomorphic to the direct product of a right zero semi-
group R and a semigroup X with two sided identity. That is, M = R x X, where the right zero

semigroup R is the set of all left identities of M and X = Me for a left identity e € M.

Lemma 2.6['8) The direct product of a right zero semigroup R and a semigroup X with two
sided identity is an M -semigroup.

Lemma 2.7'"! An M-semigroup M can be always decomposed into the union of some isomor-
phic M -subsemigroups of M.

Recall that a mapping p : X — [0,1], where X is an arbitrary non-empty set, is called
a fuzzy set in X. The complement of u, denoted by the @, is the fuzzy set in X defined by
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(xz) =1 — p(x). For a € [0,1], the set U(u; ) = {x € X | u(x) > a} is called an upper a-level
cut of  and the set L(p; ) = {z € X | u(x) < a} is called a lower a-level cut of p.

Definition 2.8!") (i) The fuzzy meet of two fuzzy sets p and v of X, denoted pNv of X, is a
fuzzy set of X defined by (1 Nv)(z) = min{u(x),v(z)} for all z € X;

(ii) The fuzzy union of two fuzzy sets p and v of X, denoted pUwv of X, is a fuzzy set of
X defined by (pUv)(z) = max{pu(x),v(x)} for allx € X.

Definition 2.90'2 Let M be an M-semigroup. A fuzzy subset u : M — [0,1] is a fuzzy

M -subsemigroup of M if the following conditions are satisfied:

(i) p(zy) > min{p(z), p(y)} for all z,y € M;
(ii) p(e) = 1 for every left identity e € M.

For the sake of completeness, we now review some basic definitions.

Definition 2.101'""! By a t-norm T, we mean a function T : [0,1] x [0, 1] — [0, 1] satisfying the
following conditions: (T1) T(z,1) =x; (T2) T(z,y) < T(x,z2) ify < z; (T3) T(x,y) = T(y,x);
(T4) T(x,T(y,z)) =T (T(x,y),2), for all x,y, z € [0, 1].

For a t-norm T on [0, 1], we write it by Ar = {a € [0,1]|T (o, ) = a}. It is clear that every
t-norm T has the following property: T'(a, ) < min{a, 8} for all «, 8 € [0, 1].

Definition 2.111"! By an s-norm S, we mean a function S : [0,1] x [0,1] — [0, 1] satisfying the
following conditions: (S1) S(x,0)=x; (S2) S(z,y) < S(z,z) ify < z; (S3) S(z,y) = S(y, z);
(S4) S(z,S(y,z))=S(S(z,y),2), for all z,y,z € [0, 1].

Let S be an s-norm on [0, 1]. Then we write Ag = {a € [0,1]|S(c, @) = a}. It is clear that
for every s-norm S, S(«, 8) > max{«, 5}, for all o, 8 € [0, 1].

Definition 2.12 Let T (resp. S) be a t-norm (resp. s-norm). Then we say that the fuzzy set
w in X satisfies the imaginable property if Imp C Ap (resp. Imu C Ag).

As an important generalization of the notion of fuzzy sets in X, Atanassovl! =2 introduced
the concept of intuitionistic fuzzy sets defined on a non-empty set X which are the objects
having the form A = {(z,aa(x),B4(x)) | * € X}, where the functions ay : X — [0,1] and
Ba : X — [0, 1] denote the degree of membership and the degree of non-membership, respectively,
and the following inequality 0 < aa(z) + fa(zr) < 1,Vz € X is satisfied.

For the sake of simplicity, we use A = (a4, 54) to denote the intuitionistic fuzzy set A, that
is, A=IFSA = {(z,as(x),Ba(z)) |z € X}.

For every two intuitionistic fuzzy sets A = (aa, 84) and B = (ap,fp) in X, we definel?
the following:

(i) AC B ifand only if aa(z) < ap(z) and Sa(x) > Bp(z), for all z € X,

(il) A=Bifand only if AC B and B C A,

(i) A= {(z,Ba(2), an(2))|z € X},
(iv) ANB={(z,aa(z) Aap(z),Ba(z)V Bp(z))|z € X},
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(v) AUB ={(z,aa(x) Vap(x),Ba(x) A Bp(x))|x € X}.

3. Intuitionistic (5, T)-fuzzy M-subsemigroups

In what follows, let M be an M-semigroup unless otherwise specified. We first consider the

intuitionistic fuzzy M-subsemigroups in M-semigroups as follows.

Definition 3.1 An intuitionistic fuzzy set A = (aa,4) in M is called an intuitionistic fuzzy
M-subsemigroup of M if it satisfies the following conditions:

(IF1) aa(zy) = minfaa(z), aaly)} and Ba(zy) < max{fa(z), Ba(y)}, for all x,y € M;
(IF2) aa(e) =1 and Ba(e) = 0, for every left identity e € M.

Example 3.2 Let M = {e, f,a,b} be an M-semigroup with the following Cayley table:

Qw0
Q0 0|®
[SAEES U S e
O 0 Q QL
el = RS

Define an intuitionistic fuzzy set A = (a4,84) in M by

1, if z=e,f
a1, otherwise

0, if z=e,f

g, otherwise ’

ato) = { - ot ={

where 0 < a3 <1,0<as<land 0 < aj; +as <1.
By routine calculation, we see that A = («a,34) is an intuitionistic fuzzy M-subsemigroup
of M.

Definition 3.3 An intuitionistic fuzzy set A = (aa,4) in M is called an intuitionistic fuzzy
M -subsemigroup of M with respect to t-norm T and s-norm S (briefly, intuitionistic (S, T)-fuzzy
M -subsemigroup of M) if it satisfies the condition (IF2) and (ISTF1) aa(zy) > T(aa(z), aa(y))
and Ba(xy) < S(Ba(x), Baly)) , for all x,y € M.

Definition 3.4 An intuitionistic (S, T)-fuzzy M-subsemigroup A = (a4, 4) of M is said to be
imaginable if ax and (B4 satisfy the imaginable property.

Example 3.5 Let M be an M-semigroup as in Example 3.2. Define an intuitionistic fuzzy set
A= (OéAuﬁA) in M by

|1, if z=ef _
aa(w) = { 0, otherwise ’ Pa(z) = {
Let T be a t-norm defined by T'(«,5) = max{a + 8 — 1,0} and S an s-norm defined
by S(«a,8) = min{a + 8,1} for all «, 5 € [0,1]. By routine calculation, we can check that
A = (aa,B4) is an imaginable intuitionistic (S, T')-fuzzy M-subsemigroup of M.

0, if x=e,f
1, otherwise

Proposition 3.6 Every imaginable intuitionistic (S,T)-fuzzy M-subsemigroup of M is an

intuitionistic fuzzy M -subsemigroup of M.
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Proof Assume that A = (a4, 54) is an imaginable intuitionistic (S, T')-fuzzy M-subsemigroup
of M. Then we have

aa(zy) 2 T(aa(z), aa(y)) and Ba(zy) < S(Ba(z),Baly)) forall z,y e M.

Since A = («a,4) is imaginable, we have

min{aa (), a(y)} = T(min{aa(z), aa(y)}, minfaa (), a(y)}) < T(ea(z), @aly))

< min{aa(z), aa(y)}

That is, T'(aa(z), @a(y)) = min{aa(z),va(y)}. On the other hand, we have

max{G4(z), Ba(y)} = S(max{Ba(x), Ba(y)}, max{Ba(z), Ba(y)})
> S(Ba(x), Ba(y)) = max{Ba(z), Ba(y)}.

That is, S(Ba(z), Ba(y)) = max{Ba(z), Ba(y)}.
It follows that aa(zy) = T(aa(x), aa(y)) = min{aa(z),aa(y)}, Balzy) < S(Ba(x), Baly)) =
max{fa(z),Ba(y)}. Therefore, A = (aa,[4) is an intuitionistic fuzzy M-subsemigroup of M.
The following is a characterization theorem of intuitionistic (S, T)-fuzzy M-subsemigroups

of an M-semigroup.

Theorem 3.7 Let T and S be, respectively, t-norm and s-norm. If A = (a4, ) is an imaginable
intuitionistic (S, T)-fuzzy M-subsemigroup in M, then the level sets U(aa; «) and L(B4; ) are
M -subsemigroups of M, for every « € [0, 1], whenever U(a4;a) # 0 # L(84; o).

Proof Assume that A = (a4, 54) is an imaginable intuitionistic (S, T')-fuzzy M-subsemigroup
of M. Let z,y € U(aa;a). Then as(z) > o and aa(y) > a. It follows that aa(xy) >
T(aa(x),aa(y)) > T(o, o) = a, and thus xy € U(aa;a). Hence U(ay; @) is a subsemigroup of
M. For any left identity e € M, we have a4(e) = 1, and hence e € U(a ;). Let © € U(aa; ).
Then ex € U(aa; ) € M. This leads to ex = z, and so U(aa; ) is an M-subsemigroup of M.
Similarly, we can show that L(84;«) is an M-subsemigroup of M. |

The following example illustrates that there exist t-norm 7" and s-norm S such that an
intuitionistic fuzzy M-subsemigroup of M may not be an imaginable intuitionistic (.S, T)-fuzzy

M-subsemigroup of M.

Example 3.8 Let M = {e, f,a,b} be an M-semigroup with the following Cayley table:

. | e f a b
ele f a b
flf e e f
ala e e a
blb b b e

Define an intuitionistic fuzzy set A = (a4, 04) by

1, if x=e, 0, if x=e,
aps(z) =< 06, if z=fa, Palx)=< 0.2, if z=f aq,
0.3, if z=b, 0.5, if z=b.
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Then, A = (a4, S4) is an intuitionistic fuzzy M-subsemigroup of M.
Let v € (0,1) and define the binary operation 7, and S, on (0,1) as follows:
aAfB, if max{a,f} =1,

Ty(a,5) =4 0, if max{a,f}<l,a+8<1+7,
v, otherwise;

aV g, if min{a,p} =0,
Sy(a, B) = ¢ 1, if min{a,B} >0,a+08>1+7,
v, otherwise,

for all a, B € [0,1]. Then T, and S, are, respectively, the t-norm and s-norm on [0,1].

Hence T, (aa(f), aa(f)) = T5(0.6,0.6) = v # aa(f) and S, (Ba(f), Ba(f)) = S4(0.2,0.2) =
v # Ba(f) whenever v < 0.2, and so aa(f) ¢ Ar and Ba(f) ¢ As, ie., Imas € Az, and
ImfBa € Ag, whenever v < 0.2. Thus, A = (aa, 34) is not an imaginable intuitionistic (S, T')-
fuzzy M-subsemigroup of M whenever v < 0.2.

The following Lemma is obvious, and we omit the proof.

Lemma 3.9 Let A = (a4, 4) be an intuitionistic fuzzy set in M. If each level subsets U(aa; o)
and L(B4; ) are M -subsemigroups of M, for every a € [0, 1], whenever U(aa; @) # 0 # L(B4; @),
then A = (a4, B4) is an intuitionistic fuzzy M -subsemigroup of M.

Now, we consider the converse of Theorem 3.7.

Theorem 3.10 Let T and S be, respectively, t-norm and s-norm, and let A = («a,[4) be
an imaginable intuitionistic fuzzy set in M. If each level subsets U(aa; ) and L(Ba; o) are M-
subsemigroups of M, for every a € [0, 1], whenever U(aa;a) # 0 # L(Ba; ), then A = (4, 84)
is an imaginable intuitionistic (S, T)-fuzzy M-subsemigroup of M.

Proof Assume that each level subsets U(a4; «) and L(84; «) are M-subsemigroups of M. Then
by Lemma 3.10, A = (a4, 84) is an intuitionistic fuzzy M-subsemigroup of M, and so

aa(zy) > min{aa(z), aa(y)} = T(aa(@), aaly))

and B4 (zy) < max{Ba(z),LBa(y)} = S(Ba(x),Ba(y)) for all z,y € M. Hence A = (a,4) is an
imaginable intuitionistic (S, T')-fuzzy M-subsemigroup of M. i

Theorem 3.11 Let T and S be, respectively, t-norm and s-norm. If A = («aa,B4) is an
intuitionistic (S, T)-fuzzy M-subsemigroup of M, then for all x € M, we have

aa(z) =sup{a € [0,1]|z € U(aa; )}, Ba(z)=inf{a € [0,1]|x € L(Ba;a)}.

Proof Suppose that § = sup{a € [0,1]|z € U(aa;a)} and let € > 0 be given. Then, we can see
that 6 — e < a, for some « € [0,1] such that € U(a4;«). This means that § — e < ag(x) and
hence ¢ < a4(x), because ¢ is arbitrary.

We now show that as(z) < d. If as(x) = 3, then we have z € U(wa; 3) so that 8 € {a €
[0,1)]z € U(aa;)}. Thus, as(x) = § < sup{a € [0,1]|z € U(aa;a)} = 0. Consequently, we
can deduce that a4(x) = = sup{a € [0,1]|z € U(wa; )}
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Now, let n = inf{a € [0,1]|z € L(B4a;a)}. Then, we have inf{a € [0,1]|z € L(Ba;0)} <
n+e¢, for any € > 0, and so a < 1 + ¢, for some « € [0,1] with € L(84; ). Since fSa(x) < «
and ¢ is arbitrary, we obtain G4(z) < 7.

In order to prove that Sa(x) > 7, we let S4(x) = £ Then we have z € L(84;&) and so
¢ € {a € [0,1)]z € L(Ba;)}. Hence, inf{ax € [0,1]|z € L(Ba;0)} < &, ie, n < & = Ba(z).
Consequently, we obtain 84(z) =n = inf{a € [0,1]|z € L(Ba4;a)}. O

Definition 3.12 A mapping f : M — M’ of M-semigroups is called a homomorphism if

(i) f(zy) = f(x)f(y), for all z,y € M;
(ii) f maps all left identities of M into the same left identity of M’.

Definition 3.13 Let f : M — M’ be a mapping of M-semigroups. If A = («a,4) is an
intuitionistic fuzzy set in M', then the inverse image of A under f, denoted by f=1(A), is an
intuitionistic fuzzy set in M, defined by f~1(A) = (f~Y(aa), f~1(B4)).

Theorem 3.14 Let T and S be, respectively, t-norm and s-norm, and let f : M — M’
be a homomorphism of M-semigroups. If A = («aa,B4) is an intuitionistic (S,T)-fuzzy M-
subsemigroup of M', then the inverse image f~1(A) = (f~'(aa), f~1(Ba)) of A under f is an
intuitionistic (S, T)-fuzzy M-subsemigroup of M.

Proof Assume that A = (4, [4) is an intuitionistic (S, T)-fuzzy M-subsemigroup of M’ and
z,y € M. Then we have

(ISTF1)
FHaa)(zy) = aa(f(zy)) = aa(f(2)f(y) = T(aa(f(2), aa(f(y)))
=T(fHaa)(@), f~H(aa) ),
FH(Ba)(wy) = Ba(f(xy)) = Ba(f(2)f(y)) < S(Ba(f(@)), Ba(f(y)))
= S(f7H(Ba) (@), FH(Ba)(y))-
(IF2)
FHaa)(e) = aa(f(e)) = aale)) =1, fH(Ba)(e) = Ba(f(e)) = Bale’) =
This completes the proof. O

Definition 3.15 Let A = (aa,34) be an intuitionistic fuzzy set on M, and let f be a mapping
defined on M. The intuitionistic fuzzy set A = (aﬁ, ﬁf‘) in f(M) is defined by

oh(y) = swp aa(z), Biy)= inf Bala),
z€f~1(y) zef~1(y)

for ally € f(M). We now call ozf; the image of A under f.

Definition 3.16 A t-norm T (resp. s-norm) on [0,1] is called a continuous t-norm if T (resp.
S) is a continuous function from [0, 1] x [0,1] — [0, 1] with respect to the usual topology.
We observe that the functions “min” and “max” are always continuous t-norm and s-norm,

respectively.
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Theorem 3.17 Let T and S be continuous t-norm and s-norm, respectively, and let [ be a
homomorphism on M. If A = (aa,4) is an intuitionistic (S, T)-fuzzy M -subsemigroup of M,
then the image of A under f is an intuitionistic (S, T)-fuzzy M-subsemigroup of f(M).

Proof First, we show that afg is a T-fuzzy M-subsemigroup of f(M). Let Ay = f~(y1), Aa =
fYy2) and A1z = f~1(y1y2), where y1,y2 € f(M). Consider the set

A1As ={x € M|z = ajay for some a1 € A; and ag € As}.

If © € A1 As, then & = z129 for some z1 € Ay and 29 € Ay so that we have f(x) = f(z122) =
f(x1)f(x2) = y1y2, that is , € f = (y1y2) = A12. Thus A1 Ay C Aja. It hence follows that

oy (1y2) = sup{aa(z)|z € F (y112)} = sup{oa(z)|z € A1z}
> sup{aa(z)|z € A1As} = sup{aa(z122)|z1 € A1, 20 € As}
> sup{T (aa(z1), aa(x2))|z1 € A1, 22 € A2}

Since T is continuous, for every € > 0, we see that if sup{aa(zi)lz;1 € A1} — 2] < ¢ and
sup{aa(z2)|ze € A2} — 23 < 4, then

T(sup{aa(z1)|z1 € A1}, sup{aa(ze)|ze € Ag}) — T(a],23) < e.
Choose a1 € A1 and as € As, such that
sup{aa(z1)|z1 € A1} — aalar) <9, sup{aa(za)|ze € Ao} — aalaz) <.

Then we have T'(sup{aa(z1)|r1 € A1}, sup{aa(zs)|ze € A2}) — T(cwa(ar), va(az)) < e. Conse-

quently, we have
oy (y1y2) > sup{T (cva(21), ca(w2)) |21 € A1, 22 € Ao} > T(sup{aa(w1)|z1 € Ar},

sup{aa(as)|as € Az}) = T(ay(y1), @y (32)), aly (¢) = sup{aa(e)le € f ()} = 1.

This shows that a'z is a T-fuzzy M-subsemigroup of f(M). Similarly, we can show that ﬁf‘ is
an S-fuzzy M-subsemigroup of f(M). Therefore, AT = (af;, 6,7:1) is an intuitionistic (S, T)-fuzzy
M -subsemigroup of f(M). O

4. Intuitionistic (5,T")-direct products

Hereafter, we use R and X to denote the right zero semigroup and semigroup with two sided
identity respectively, unless otherwise stated.

Any element € M = R x X can be written as the product (binary operation in M) of two
elements: One element in R is called the two sided identity(right identity) of =, denoted by e,
and the other element is ze in X (= Me). That is , x = ze, = x(ee,) = (ze)e,. Hence, we can

express an element z in M by the element (e, ze) in R x X.
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Definition 4.1 Let T and S be, respectively, t-norm and s-norm. The intuitionistic (S, T)-direct

product of A and B, denoted by A x B, is an intuitionistic fuzzy set in M, defined by
Ax B = (aa,Ba) x (ap,Bp) = (aa x ap,Ba X Bp),
where (aaxap)(z,y) = T(aa(z),ap(y)) and (BaxBp)(z,y) = S(Ba(x), Bp(y)) for all z,y € M.

Definition 4.2 An intuitionistic fuzzy set A = (aa,84) in M is called an intuitionistic fuzzy
subsemigroup of M with respect to t-norm T and s-norm S (briefly, intuitionistic (S, T)-fuzzy
subsemigroup of M ) if it satisfies only the condition (ISTF1).

Clearly, every intuitionistic (S,T)-fuzzy M-subsemigroup is an intuitionistic (S, T)-fuzzy

subsemigroup.

Theorem 4.3 Let T and S be, respectively, t-norm and s-norm. If A = (aa,f4) is an
imaginable intuitionistic (S, T)-fuzzy M-subsemigroup of M = R x X such that Imay = {1, a1}
and ImB4 = {0,a2}, where 0 < a3 < 1,0 < as < 1land 0 < a1 + as < 1. Then A = (a4, [4)
can be written as a union of intuitionistic (S, T)-fuzzy subsemigroups.

Proof Let M, = {z € M|aa(z) =1 and Sa(z) = 0}. Then we have

1, if e M., B
aa(w) = { 0, otherwise ’ Pa(z) = {

We claim that M, is an M-subsemigroup of M. In fact, if we choose z,y € M, then we have

0, if xe€ M,,
1, otherwise

aa(z) = aaly) =1 and Ba(x) = Ba(y) = 0. Since A = (a4, S4) is an intuitionistic (S, T')-fuzzy

M-subsemigroup of M, we have

aa(ry) 2 T(aa(z),aaly)) =T(1,1) =1, Balzy) < S(Ba(x),Baly)) = 5(0,0) = 0.

Hence aa(xy) =1 and B4(xy) = 0, so that xy € M, and hence M, is a subsemigroup of M. By
the definition of intuitionistic (S, T)-fuzzy M-subsemigroup, we have as(e) = 1 and Ba(e) =0
for every left identity e € R. Hence e € M. Since M, is a subgroup, we can choose e,x € M,,
such that ex € M. Clearly ex € M. This leads to ex = x, and so M, is an M-subsemigroup
of M. By applying Lemma 2.7, there exist M-subsemigroups Mye, M, f, ... of M, such that
My = MuyeUMof---, wheree, f,... € R.

For each e € R, define the intuitionistic fuzzy sets Ae = (@a,,B4.) on M by

an={ b R g =

a1, otherwise

0, if x € Mgue,
g, otherwise

Then it is easy to prove that every A, = (4., 4, ) is an intuitionistic (S, T')-fuzzy subsemigroup
of M. Now it is straightforward to verify that aa = aa, Jaa, J--- and Ba = Ba, N Ba, -~

The proof is now completed. O

Example 4.4 Let M be an M-semigroup as in Example 3.2. Let M, = {e, f}, M,e = {e} and
Muf={f}. Then M, = Mye|JM,f. Moreover, we have

aa(e) =1,aa (f) =aa(a) = aa (b) = ar; as(f) =1,aa,(e) = aa,(a) = aa,(b) = 1.
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Ba.(e) =0,8a.(f) = Ba.(a) = Ba.(b) = az; Ba,(f)=0,Ba,(e) = Ba,(a) = Ba,(b) = as.

Clearly, ap = aa, UaAf and ﬂA = 51‘\@ ﬂﬂAf.
Now, we generalize Theorem 4.3.

Corollary 4.5 Let T and S be, respectively, t-norm and s-norm. If A = (aa,04) Is an
imaginable intuitionistic (S,T)-fuzzy M-subsemigroup of M = R x X such that Ima, =
{1,a1,0a9,...,a,} and ImB4 = {0,01,02,...,0n}, where 1 > a3 > -+ > a, > 0 and 0 <
B1 < Py <---<Pp <1 Then A= (wa,a) can be written as a union of intuitionistic (S,T)-

fuzzy subsemigroups.

Lemma 4.6!'% Let T and S be, respectively, t-norm and s-norm. Then for all a, 3,6, € [0,1],
we have T(T(«, 3),T(v,90)) = T(T(a,v),T(5,9)); S(S(a, B),S(7,0)) = S(S(a, ), S(5,9)).

By using the above lemma, we obtain the following lemma.

Lemma 4.7 Let T and S be, respectively, t-norm and s-norm. If A = («a,(4) is an intu-
itionistic (S,T)-fuzzy M-subsemigroup of R and B = (ap,g) Is an intuitionistic (S, T)-fuzzy
M -subsemigroup of X, then for any e, f € R and x1,x2 € X, we have

T(T(cale), aa(f)), T(ap(z1), ap(2))) = T(T(aale), ap(x1)), T(a(f), ap(z2)))

S(S5(Bale), Ba([)), S(Bp(21), Bp(22))) = S(S(Bale), Br(x1)), S(Ba(f), B (x2)))-

Theorem 4.8 Let T and S be, respectively, t-norm and s-norm, and let M = R x X be
an M-semigroup. If A = (aa,4) is an intuitionistic (S, T)-fuzzy M-subsemigroup of R and
B = (ap, Bp) is an intuitionistic (S, T')-fuzzy M -subsemigroup of S, then AX B is an intuitionistic
(S, T)-fuzzy M-subsemigroup of M, where A x B is defined by

Ax B = (aa,Ba) % (aB,BB) = (a X ap, B4 X BB),

where (a4 X ag)(a,b) = T(aa(a),ap(b)) and (Ba X Bs)(a,b) = S(Ba(a),Bp(b)), for alla € R
and b e X.

Proof Let x = (e,x1) and y = (f,z2) in R x X =2 M, where e, f € R and 21,22 € X. Then we
have
(ISTF1)

(aa x ap)(zy) = (aa x ap)((e,21)(f, 22)) = (aa x ap)(ef, x122)
aalef),ap(z1z2)) > T(T(cvale), a(f)), T(ap(z1), ap(r2)))
T(aale),ap(z1)), T(aa(f), ap(z2)))

aa x ap)(e,z1), (va x ap)(f, x2))

aa x ap)(z), (@a x ap)(y)).

Similarly, (84 x g)(zy) < S((Ba x Bs)(x), (Ba x B5)(y))-
(IF2) Let e; be any left identity of R and e the two sided identity of X. Then, we have

(aa x ap)(er,e) =T(aaler),ap(e)) =T(1,1)=1
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and (Ba x Bg)(e1,e) = S(Ba(er), Br(e)) = S(0,0) = 0.
It follows that A x B is an intuitionistic (S, T')-fuzzy M-subsemigroup of M. |

Lemma 4.9 Let T and S be, respectively, t-norm and s-norm. If A = (as, S4) is an intuitionistic
(S, T)-fuzzy M-subsemigroup of M = R x X, then there exists a homomorphic image A¥ on R,

which is also an intuitionistic (S, T)-fuzzy M-subsemigroup of R.

Proof Let z € M. Denote the unique (right) identity of « by e;. Then ze, = x. Consider the
map ¢ : M — R such that ¢(z) = e, for all x € M. Since (zy)esy, = zy = x(yey) = (xy)ey,
we have ez, = e,. Since e, is a left identity of e,, we have e,, = e, = eze,. This shows that
o(xy) = egy = egey = p(x)p(y). Clearly, ¢ is an onto homomorphism.

Define an intuitionistic fuzzy subset B = (ap,85) on R by

aB(ew) = ESUR )OCA(x) = aA(em) =1, 63(61) = eg)l{llf( )BA(‘T) = ﬁA(em) =0.
z€EPp—1(ey T ex

For any e,,e, € R, by the definition of B = (ap, 8p) and that ¢ is a homomorphism from M
onto R, we have
(ISTF1)

ap(esey) = afi(esey) = af(eay) = 1 = aalesey),

ﬁB (emey) = 6ﬁ(emey) = ﬁﬁ(emu) =0= 6A(ewey)'

Since A = (a4, [4) is an intuitionistic (S, T)-fuzzy M-subsemigroup of M, we have

aalezey) > T(aales),aaley)), Balezey) < S(Baler), Baley)),

and thus

ap(ezey) = aa(erey) > T(aales), aaley)) = T(ap(es), apley)),
Be(exey) = Balesey) < S(Balex), Baley)) = S(Br(ex), Br(ey)).

(IF2) ap(es) = a’(eg) = maxaa(ey) =1 and Bp(es) = 8% (€x) = min Sa(e;) = 0.
This shows that B = A¥ is an intuitionistic (S, T)-fuzzy M-subsemigroup of R. O

Lemma 4.10 Let T and S be, respectively, t-norm and s-norm. If A = («a,f4) is an intu-
itionistic (S, T)-fuzzy M-subsemigroup of M = R x X, then there exists a homomorphic image
A on X which is also an intuitionistic (S, T)-fuzzy M -subsemigroup of X.

Proof Consider the map ¢ : M — X(= Me) such that ¢(z) = xe for all z € M. Then
Y(zy) = zye = z(ey)e = (ze)(ye) = ¥(x)y(y). Clearly, ¢ is an onto homomorphism.
Define an intuitionistic fuzzy set B = (ap,8p) on X by

ap(ze) = 65?3 )aA(:C) = ag(ze), Pp(ze) = wewigif(me) Balx) = Ba(ze).

Putting r = ze, z = ye in X(= Me). Then by the definition of B and that ¢ is a homomor-

phism from M onto X, we have
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(ISTF1)
ap(rz) = aﬁ(rz) = aﬁ(xeye) = ozjﬁ (xye) = aa(zye) = aa(rz),
Bp(rz) = B4 (rz) = B4 (weye) = B4 (wye) = Ba(wye) = Ba(rz).

Since A = (a4, [4) is an intuitionistic (S, T)-fuzzy M-subsemigroup of M, we have

ap(rz) = aa(rz) =2 T(aa(r), aa(2)) = T(ap(r), ap(2)),

Bp(rz) = Ba(rz) < S(Ba(r), Ba(z)) = S(Br(r), Br(2)).

(IF2)
ap(fe) = ay(fe) = ay(e) = aa(ee) = aale) =1,
Bp(fe) = Bi(fe) = BA(e) = Balee) = Ba(e) = 0.
Therefore, B = AY is an intuitionistic (S, T)-fuzzy M-subsemigroup of X. O

Now, we give the following main result.

Theorem 4.11 Let T and S be, respectively, t-norm and s-norm. If A = (aa,[B4) is an
intuitionistic (S, T)-fuzzy M -subsemigroup of M = R x X, then A = (a4, 84) can be written as
the intuitionistic (S, T)-direct product of intuitionistic (S, T)-fuzzy M-subsemigroup of R and
X (= Me), respectively.

Proof Since A = (a4, 4) is an intuitionistic (S, T)-fuzzy M-subsemigroup of M, by Lemmas
4.9 and 4.10, there exist A¥ and A¥ which are intuitionistic (S, T)-fuzzy M-subsemigroups of
R and X (= Me), respectively. Again since A = (aa,4) is an intuitionistic (S,T)-fuzzy M-
subsemigroup of M, for each x € M, we have

aa(z) = aa(zey) = aa(zeey) > T(aa(ey), aa(ze)) = T(a%(ez), ajﬁ(me))
= (aﬁ x O‘ﬁ)(e%xe) = (aﬁ x Oéﬁ)(.%‘),
Ba(e) = falzes) = falzecs) < S(Bales), Balxe)) = S(B5(ea), B4 (we))
= (8% x B ex, we) = (BF x BY) ().
Thus as D af x a'y and 84 C 5% x (5.

Now, let y € M, then we have y = (ey,ye) € R x X. Hence we can deduce that

(af x al)(y) = (af x a}})(ey, ye) = T(af(ey), @y (ye))
= T(aa(ey), aa(ye)) = T(1, ca(ye))

= S(Ba(y),0) = Ba(y).

This leads to as C o x 'y and Ba D 6% x 3.
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Therefore, ay = o X aﬁ and 4 = 3% X ﬁﬁ, that is, A = A% x AY. O

Theorem 4.12 Let T and S be, respectively, t-norm and s-norm. Let A = («a,[4) be an
intuitionistic (S, T')-fuzzy M-subsemigroup of M = R x X. For e € R, let the intuitionistic fuzzy
set AL = (a’y_,34.) be defined on M by o (z) = aa(we) and } (x) = Ba(we) for all z € M.
Then we have

(i) A% is an intuitionistic (S, T')-fuzzy M-subsemigroup of M ;

(ii)) () A% is also an intuitionistic (S, T)-fuzzy M-subsemigroup of M.
e€ER

Proof (i) Since A = (a4, 4) is an intuitionistic (S, T')-fuzzy M-subsemigroup of M, we have:
(ISTF1) For all z,y € M,
oy, (zy) = aa(zye) = aa(zeye) > T(aa(re), aa(ye)) = T(a, (x), o, (y),
Ba.(xy) = Ba(zye) = Ba(weye) < S(Balze), Ba(ye)) = S(Ba, (x), B4, (v))-
(IF2) For every f € R, oy (f) = aa(fe) = aale) =1 and B} (f) = Ba(fe) = Bale) = 0.
Hence A% is an intuitionistic (S, T')-fuzzy M-subsemigroup of M.
(ii) For any x,y € M, we have:

(ISTF1)

[ e, (wy) = min{ad, (zy)le € R} > min{T(a}, (2), 0%, (y))le € R}
e€ER

> T'(min{c’y_(z)|e € R}, min{a’y (y)|e € R})

=T(() @, (@), [ @4, W),

eER eER

U 82, (wy) = max{B3, (zy)le € R} < max{S(83, (x), 4, (y))le € R}
ecR

< S(max{f} (v)le € R}, max{f}_(y)le € R})
=5(U 84, (@), | 82, w))-

ecR e€ER

(IF2) For any f € R, we have

() . (f) = min{ey (f)le € R} = min{aa(fe)le € R} = min{aa(e)le € R} =1,

ecR
U 8. () = max{53,(f)|e € R} = max{Ba(fe)le € R} = max{fa(e)le € R} = 0.
ecR
Therefore, (.. A% is also an intuitionistic (S, T)-fuzzy M-subsemigroup of M. O
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