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OSCILLATION OF NONLINEAR IMPULSIVE DELAY
HYPERBOLIC EQUATION WITH FUNCTIONAL
ARGUMENTS VIA RICCATI METHOD
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Abstract: In this paper, we mainly deal with the oscillation problems of nonlinear impulsive
hyperbolic equation with functional arguments. By using integral averaging method and a gener-
alized Riccati technique, a sufficient condition for oscillation of the solutions of nonlinear impulsive
hyperbolic equation with functional arguments is obtained. We can make better use of some exist-
ing conclusions about oscillation of the solutions of impulsive ordinary differential equations with
delay.
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1 Introduction

The theories of nonlinear partial functional differential equations are applied in many
fields. In recent years the research of oscillation to impulsive partial differential systems
caught more and more attention. In this paper, we study the oscillation properties of the

solutions to impulsive delay hyperbolic equation
0 0
a—(( r(t )8tu(:t t)) = a(t)h(u(z,t))Au(z,t) Zb t)hi(u(x, 7:(t))) Au(x, 7:(t))

+) g s (ulz, b)), t# b, (2,1) € Q= G x (0,+00),(1.1)

u(x,t;)fu(x,t;) = ogu(x,ty), t=tg,k=1,2---, (1.2)
w(z, tF) —w(w, ty) = Brw(w,ty), t=tgk=1,2---. (1.3)

The following is the boundary condition

0 t
% +7(z, t)u(z,t) =0, (x,t) € 0G x [0, +00). (1.4)
n
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where G is a bounded domain of R"™ with the smooth boundary G and n is the unit exterior
normal vector to 9G.

Following are the basic hypothesis

(H1) r(t) € C([0,400); (0, +0)), a(t),bi(t) € PC([0,+0);[0,400)), i = 1,2,--- ,n.
y(z,t) € C(Ry x 0G, Ry). q;(z,t) € C(;]0,+00)), j=1,2,--- ,m, where PC denotes the
class of functions which are piecewise continuous in ¢ with discontinuities of the first kind
only at t =t k=1,2,---.

(H2) 7;(t) € C([0,+00); R), tliinoon(t) =400, 1=1,2,--- ,n.

(H3) h(u),h;(u) € C(R, R),uh(u) > 0,ub’(u) > 0, uhl(u) > 0,7 =1,2,--- ,n; ¢;(s) €
C(R,R), WT(S) > (C; = const. > 0 for s # 0. ay, [ =const. > -1, 0 < t; <ty <- - <t <

-+, lim t =+o00, k=1,2,---.

t—-+4o0

We introduce the notations U (t) = / u(x,t)dr and g;(t) = chrgg q;(z,t).

Definition 1.1 The solution u(z, t)Gof the problems (1.1)—(1.4) is said to be nonoscil-
latory in domain 2 if it is either eventually positive or eventually negative. Otherwise, it is
called oscillatory.

Definition 1.2 We say that functions H;, i = 1,2, belong to a function class H, if
H; € C(D;[0,4+00)), i = 1,2, satisfy

1. Hi(t,s) =0, i =1,2 for t = s,

2. Hi(t,s) >0, i=1,2fort > s,
where D = {(¢,8) : 0 < s <t < +00}. Moreover, the partial derivatives 9H;/9s and 0H3 /s
exist on D such that

OH, OH,

. (t,s) = hy(t,s)H(t,s) and .

(t,s) = —ha(t, s)Ha(t, s),

where hy, hy € Cpoc(D;R).

In recent years, there was much research activity concerning the oscillation theory of
nonlinear hyperbolic equations with functional arguments by employing Riccati technique.
Riccati techniques were used to obtain various oscillation results. Recently, Shoukaku and
Yoshida [2] derived oscillation criteria by using oscillation criteria of Riccati inequality. In

this work, we study the hyperbolic equation with impulsive.

2 Main Results

Theorem 2.1 If for each T" > 0, there exist (Hy, Hs) € H and a,b,c € R such that
T<a<c<band

1 ¢ 1+ Bk, 4 1 )
HM/I Hi(s,a) H ( k) (CIQZ(S)_ZT(S))\l(S,a))lﬁ(s)ds

szs 1T (2.1)

i | P09 TL ) Cnls) = (el >0

t1<tp<s
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then every solution of the problems (1.1)—(1.4) oscillates in €2, where
P(t) € CH{((Tp, +00); (0, +00))

for some t; > 0 and

!/ !/
Mi(s,t) = i((j)) +h(s,t), Malts) = ‘f;((j)) — ha(t, ).

Proof Suppose to the contrary that there is a nonoscillatory solution u(z,t) of the
problems (1.1)—(1.4). Without loss of generality we may assume that u(z,t) > 0 in G X
[to, +00) for some t; > 0 because the case where u(z,t) < 0 can be treated similarly. Since
(H2) holds, we see that u(x,7;(t)) >0 (i =1,2,---n) in G X [t1,+00) for some t; > t.

(1) For t > ty, t #ty, k=1,2,---, integrating (1) with respect to x over G, we obtain

/uxtdx) = t)/ u(z,t)) Aumtdm—Z/q]xtan u(z,t))

+Zb / w(z, 75(t))) Az, 7 (t))da.

By Green’s formula and the boundary condition, we have

/G h(u(z, b)) Au(z, t)dz = / h(u(x,t))augr ) s — /G W (u)|gradul®dz

oG

= —/’y(:c,t)u(x,t)h(u(x,t))ds—/ R’ (u)|gradul*dz < 0,
G G
/Ghi(u(x,Ti(t)))Au(x,Ti(t))da: <0.

For condition (H3) we can easily obtain

L%@w%wamwz@%m/ummm

G

then U(t) > 0, and it follows that

m

(r(OU'(1))" + Z Ci(H)a:(t)U(t) <0.

For some [ € {1,2,--- ,m}, we can get
(r(U' (1)) + Crq(H)U(t) <0, t >ty,t# ty.

(2) Fort =ty, k=1,2,---. From (1.2)—(1.3), we have that

Lu(w,tg)dx—/(;u(x,t;)dx—ak/Gu(x,tk),
memM—memmszm@m,



1010 Journal of Mathematics Vol. 37

that is
Uty) = (L+ap)U(t), U'(ty) = (1+ B)U’ (t)-

Thus we obtain that the functions U(¢) is a eventually positive solution of the impulsive

differential inequality

(r(t)y' (1) + Cr(t)y(t) <0,
y(t5) = (1 + ap)y(ty), (2.2)
y'(ty) = (1+ Be)y' ().

Set w(t) = WU for ¢ > ¢;. From (2.2), we obtain that

U(t)
1 1 +ﬂk
't) + —~w?(t) < —Cig(t ) = tr).
W) + ) < ~Clal), wlth) = Tatu(t)
Define v(t) = (] (}ig’;)‘l)w(t) In fact, w(t) is continuous on each interval (tx,txi1],
t1<tp<t
and in view of w(t;) = (ij_zi Jw(ty), it follows that for ¢ > 1,
1+ B _ 1+ Bk
+y 1,0 (4+) 1 _
CCIEE | (NG IRUCOR | (N G U CORRUUSE
t1<t; <ty t1<t; <ty

and for all ¢t > ¢,

=TI G ) = ] Gras) un) = viw),

t1<t;<tp_1 t1<t;<tg

which implies that v(t) is continuous on [t;, +00),

v+ [] 1)t 0+ ] G

tlstk<t1+ak Tt) t1<tp<t +a
- Lt By 1y, o L+ B L+ Bk _1\2 2
- (t1:§l;[<t(1+ak) )w (t)+ T(t) (tlgl;;!<tl+ak)(tlg<t(1+ak) ) v (t)
1+ B
+<t1<1;[.<t<1+0‘k) NCiq(t)
1 1
- I (Jgi)_l[w'(tﬂT(t)wQ(tHCzqz(t)J<o.
ty <tp<t

That is to say

v'(t) + (tng iiﬁ)%&(t) < —(tlgq(iii’z)l)clqz(t). (2.3)

Multiplying (2.3) by ¥(s), we obtain

L+ B\ ¥(s)
T ) 7(s) ve(s). (2.4)

CTT G2 ueicias) < —von's) - T

t1<tp<s t1<tp<s
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Multiplying (2.4) by H,(t,s) and integrating over [c, ] for t € [c, b), we have

JOTL G me s Cas)ds

€t <tp<s L+
1
< / Hs(t,s)(s) ds—/ H(t,s)( AL 115??((‘:))@2(5)018
t1<1t_£<9 iigz 1 r(s) 2
= Hy(t,c)v( / Hs(t,s) Tv(s) - §A2(t, s) W) W(s)ds
t1<tp<s
1
/ T G 15 (PN, s
¢ t1<ti<s
< Hs(t,c)v / H 1+6k YHy(t, s)r(s)w(s)A5(t, s)ds,
C 1 <tp<s
and so
e [ ) TT G287 (Cuas) ~ Jromie.s)otsids < viepote)
t1 <tk<s k

Let ¢ — b~ in the above, we obtain

1 b 14 By )
HQ(bC)/ Hj (b, s) H (1+a';) (Craqn(s) - 17“( 5)A5(b, 5))(s)ds < w(c)p(c). (2.5)

t1<tr<s

On the other hand, multiplying (2.4) by H(s,t) and integrating over [t, c| for t € (a, ¢,

we obtain
[ 1l Qif’;)1>H1<s,t>w<s>clql<s>ds
b <tp<s
¢ 1+ B\ ¥(s)
< —/t Hy(s,t)( ds—/ Hy(s,t)( AL 1+Oék)r(s)v2(8)ds
148k
_ H t H t t1<tk<s e 1/\ ¢
= —Hi(c, / 1(s, 1) 05) U(S)_§ 1(s, ) t<t‘<§ }iﬁi V2ah(s)ds
/ II G ”ﬁ ) H (5, )r ()9 ()X (5, 1)ds
o <tp<s
< —H(e,t) /t iig’“ (5, )r(s)w(s)\2(s, £)ds,
t1<trp<s
and so
/ Hi(s,1) 11?) "(Crau(s) — 17“( )AL (5, 1)1 (s)ds < —v(c)(c).

t1<tk<s
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Let ¢ — a™ in the above, we get

1 ¢ 14 Br. 1 )
Hl(c,a)/a Hy(s,a) H ( k) (Czqz(s)fZr(s))\l(s,a))w(s)dsgfv(c)w(c). (2.6)

1+«
t1<tp<s k

Adding (2.5) and (2.6), we easily obtain the following

1 ¢ 1+ B, L,
Hl(c,a)/a Hl(S,a) H (1+a2) (Clql(s)71r(5))\1(37a))w(3)d5

t1<tr<s

+ g e TT Ga (Gt = 0. s)u(s)ds <o,

t1<tp<s

which contradicts condition (2.1).
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