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Abstract

Using the averaging theory of first and second order we study the maximum
number of limit cycles of generalized Liénard differential systems

i =y+eh}(z) + hi(z),
§=—z—e(fu(@)y? ! + g5, (2) + ([ ()P + g7, (2)),

which bifurcate from the periodic orbits of the linear center # =y, y = —=x,
where € is a small parameter. The polynomials h} and h? have degree I; f;
and f2 have degree n; and g}, g2, have degree m. p € N and [-] denotes the
integer part function.

Keywords limit cycle; periodic orbit; Liénard differential system; aver-
aging theory
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1 Introduction and Statement of the Main Results

One of the main problems in the theory of differential systems is the study of
the existence, number and stability of limit cycles. A limit cycle of a differential
system is an isolated periodic orbit in the set of all periodic orbits of the differential
system. These last years hundreds of papers have studied the limit cycles of planar
polynomial differential systems. The main reason of these studies is the unsolved
16" Hilbert problem, see [7,8,10]. In this paper, we will try to give a partial answer
to this problem for the class of generalized Liénard polynomial differential system
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T =y+ h(z),
y=—x— f(z)y* —g(z),

where h(z), f(z) and g(z) are polynomials in the variable x of degree I,n and m
respectively and p € N. This system was studied when A(z) = 0 in [1]. [12] and [13]
considered the similar case of differential system (1) for p = 0.

Note that when h(z) = g(z) = 0 and p = 0 system (1) coincides with the classical
polynomial Liénard differential system

(1)

T =y,
2

where f(z) is a polynomial in the variable x of degree n. A generalization of classical
Liénard differential system (2) is the following system

T =y,
3
y=—f(2)y —g(z), )

where f(z) and g(x) are polynomials in the variable x of degree n and m respectively.
We denote by H(m,n) the maximum number of limit cycles of system (3). This
number is usually called the Hilbert number for system (3).

e In 1928, Liénard [14] proved that if m = 1 and F(z) = [; f(s)ds is a continu-
ous odd function, which has a unique root at x = a and is monotone increasing
for © > a, then system (3) has a unique limit cycle.

e In 1973, Rychkov [19] proved that if m = 1 and f(x) is an odd polynomial of
degree five, then system (3) has at most two limit cycles.

e In 1977, Lins de Melo and Pugh [15] proved that H(1,1) = 0 and H(1,2) = 1.
e In 1988, Coppel [5] proved that H(2,1) = 1.

e In 1997, Dumortier and Li [6] proved that H(3,1) = 1.

e In 2012, Li and Llibre [11] proved that H(1,3) = 1.

A well known method for obtaining results on the limit cycles of polynomial differen-
tial systems perturbs the linear center & = y, ¥ = —x inside the class of polynomial
differential systems, or inside the class of classical polynomial Liénard differential
systems. The limit cycles obtained in this way are sometimes called medium ampli-
tude limit cycles.
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In 2010, Llibre, Mereu and Teixeira [16] studied how many limit cycles H (m,n)
can bifurcate from the periodic orbits of the linear center to system (3) using the
averaging theory. In fact they compute lower estimations of H (m,n). More precisely
they compute the maximum number of limit cycles H (m,n) which bifurcate from
the periodic orbits of the linear center & = y, y = —x, using the averaging theory of
order k, for k = 1,2, 3. For the limit cycles obtained by bifurcation of the orbits of
the center of the Liénard differential systems, see [4,18,22].

In this work, we provide estimations of H (I,m,n) for all [,m,n > 1 computing
I;Tk(l,m,n) for k =1,2. Of course I;Tk(l,m, n) < ﬁ(l,m,n) < H(l,m,n).

Let k be a positive integer. We define ev(k) as the largest even integer < k, and
od(k) as the largest odd integer < k.

First we consider system (1) with h(z) = ehi(z), f(z) = ef}(z) and g(z) =
gt (z). We obtain the following system

i =y+ehi(z),
§=—x—e(fi(x)y* T + g5 (),

where the polynomials hll, f}and gl have degree [, n and m respectively, p € N and

(4)

€ is a small parameter.
Theorem 1 For |e| > 0 sufficiently small, the mazimum number of limit cycles
of the generalized polynomial Liénard differential systems (4) bifurcating from the

periodic orbits of linear center © = y, y = —x, using the averaging theory of first
order is:
(a) Forp=0,

Hi(l,m,n) = max{ [5_21] : [g} }

(b) For p > 1, we have three cases:
(i) If1 <od(l) <2p—+1,

,mn) = |52+ [5].

(i) If 2p+1 < od(l) < ev(n) +2p+1,
ﬁl(l7m7n) = 7i| +p.

(iii) If od(l) > ev(n) +2p + 1,

Hi(l,m,n) = ] .
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The proof of Theorem 1 is given in Section 3.

Now we consider system (1) with
h(z) = eh} (x) + h}(x
flz) = efy() + (@
9() = egm (@) + g5, ().

)
);
We obtain the following system

i =y +ehi(z) + hi(x),

g =—z—e(fa(x)y? ! + g, () + E(f1(x)y*P T + g2 (x)),

where the polynomials hl1 and th have degree [; f} and f2 have degree n and g, g2,

()

have degree m. p € N and € is a small parameter.
Theorem 2 For |¢| > 0 sufficiently small, the mazimum number of limit cycles
of the generalized polynomial Liénard differential systems (5) bifurcating from the

periodic orbits of linear center & =y, y = —x, using the averaging theory of second
order is:
(a) For p=0,

s = {51,051 [54] [ 5] ) [

(b) For p > 1, we have three cases to be considered:

(i) If 0 < oy < 2p,

ot mom) = max {2[5] + [ ] + [“54] [ 4] + [3]}-
(ii) If 2p < o1 < o2 + 2p,

Hy(1,m,n) :max{[rg: n [n_l] +p, [E] —|—p}.

2 2
(iii) If o1 > o2 + 2p,

Ho(l,m,n) = max{[g‘] + F;z] : [1_21} }

where
o1 = max {ev(l) + ev(m) — 2,0d(l) — 1},
o9 = max {od(n) + ev(m) — 1,ev(n)} .

The proof of Theorem 2 is given in Section 4.
In Section 2, we introduce the averaging theory of first and second orders.



No.3  A. Boulfoul, etc., Limit Cycles of Liénard Differential Systems 225

2 Averaging Theory of First and Second Orders

Theorem 3 We consider the following differential system
&= eF(t,x) + EFy(t,x) + ER(t, ) €), (6)

where F1,Fo :Rx D =R, R:Rx D x (—¢€f,er) = R are continuous, T-periodic in
the first variable, and D is an open subset of R. Assume that the following hypotheses
(i), (ii) hold.

(i) Fi(t,") € C*(D), Fy(t,-) € CY(D) forall t € R, F1, F5, R are locally Lips-
chitz with respect to x, and R is twice differentiable with respect to €.

We define Fro: D - R for k=1,2 as

1 T
Fip(z) = T/ Fi(s, z)ds,
0
1 (T

Fy(z) = T/o [D,Fi(s,2)yi(s, z) + Fa(s, z)|ds,

where

Yy1(s,2) = /OS Fi(t, z)dt.

(ii) For V.C D an open and bounded set and for each € € (—€f,er)\{0}, there
exists an a € V' such that Fip(a) + eFyy(a) = 0 and dp(Fio + €Fa0,V,a) # 0. The
expression dp(Fio + €Fy, V,a) # 0 means that the Brouwer degree (see [2]) of the
function Fig+ eFay : V — R at the fized point a is not zero. A sufficient condition
for the inequality to be true is that the Jacobian of the function Fig + eFsy at a is
not zero.

Then, for |e| > 0 sufficiently small there exists a T-periodic solution ¢(-,€) of the
equation (6) such that ¢(0,¢) — a when € — 0.

If Fig is not identically zero, then the zeros of Fig + €Fbg are mainly the zeros
of Fig for € sufficiently small. In this case the previous result provides the averaging
theory of first order.

If Fyg is identically zero and Fyg is not identically zero, then the zeros of Fig +
eFoy are mainly the zeros of Fag for € sufficiently small. In this case the previous
result provides the averaging theory of second order.

For a general introduction to averaging theory see [3,20,21].

3 Proof of Theorem 1

In order to apply the first order averaging method we write system (4) in polar

n .
coordinates (r,6) where x = rcosf, y = rsinf, r > 0. If we take f}(z) = Y a;2’,
i=0
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m . l )
gl (x) = Y biat and h}(z) = 3 ¢;a?, system (4) can be written in the following way
i=0 i=0

1=0 1=0 =0

l n m
r=c¢ (Z c;irt costT O — Z a;r" TPt cost 9 sin?P T2 9 — Z b;r" cos’ O sin 0) + O(ez),

n m
. € . . . . . .
f=—-1—- ( E a;ir' TP cogt T g sin?P T 9 4+ g b;r' sin* 6 cos
T
i=0 i=0

!
- Z cir' cos® B sin 9) + O(€%).

1=0

If we take 0 as a new independent variable, this system becomes

=0 =0

l n m
d o . ) S
d—g = —¢ (;—%cirz cos't1 Q—Zaﬂ“l”pﬂ cos' 0 sin2(Pt1) G—Zbir’ cos' 0sin 9) +O(62)
= cF1(0,7) + O(€%).
By using the notation introduced in Section 2 we have that

! 2w n o
1 A , , '
Fio(r) = 5 (Z er' /0 cos'™ 0do — Z a;ritptl /0 cos' 0 sin2®+1) gde
=0

=0
— Z b;r' / cos' fsinfdo | .
i=0 0

In order to calculate the exact expression of Fjg, we use the following formulas

0, ifiis even,

1+ 1

1+1 ] = Ai+1, if iis odd,
2

2
/ cos'(0)sin(0)dg =0, i=1,2,---
0

2m
/ cos'1(#)do =
0

ST

2m
/ cos' (0) sin®P+(9)dg
0

0, if7is odd,
=37 ! (2p+ 1)! -
21 % B t2+i)2pti)---(it2) ety Hiseven
where (2p+1)!!'=1-3-5---(2p+ 1).
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Hence
_ ! ) 27 ) n ' o ‘
Fio(r) = 2—; Z cirZI/O cos' Tt odh — Z air”2p/0 cost 0sin2®*D) gde
2 i=0

S
-

i od. ieven

l n
- 2 : i—1 } : i+2
= — CZ‘Ai_H’I”Z — aiBLp_HTH_ P
2w | 4 ‘
=1 =0

iodd ieven

(a) For p = 0, we have that

o .
FlO(’f') = g (ClAZ + 63A4r2 + C5A6’I“4 4+ Cod(l)Aod(l)_A,_lTOd(l) 1
—agBo1 — azBo1r? — ayByrt - — aev(n)Bev(n),lrev(n)).

Note that in order to find positive roots of Fig, we must find the zeros of a polynomial
in the variable 72 of degree equal to

ma fodl) = Levir)} _ max{ [1—21} 12 } |

(b) For p > 1, we distinguish three cases:
(i) If 1 <od(l) < 2p+1,

—r )
FlO(T’) = % (ClAQ + 03A4r2 + C5A6714 N cod(l)Aod(l)+17'Od(l) 1

2 242
—a0Boy1r? — asBayiartt — .

T aev(n)Bev(n),p+1Tev(n)+2p) .

The maximum number of positive roots of a polynomial in 2 in this case is

od(l) =1 N ev(n) 1= od(l) + 1+ ev(n) _ [l + 1] N [n]

2 2 2 2 2
(i) If 2p+ 1 < od(l) < ev(n) +2p+ 1,
_r .
FlO(T’) = % (C1A2 + .= a0B07p+1r2p — 4+ Cod(l)Aod(l)+1TOd(l) 1

e aev(n)Bev(n)’p+1r6v(n)+2p)_

In this case, The polynomial Fjy has at most
+2p—od(l) + 1 d(l) — 1 +2
coln) + 2 o)+ od) =1 _ vl 2 _m)

2 2 2 2

real positive roots.
(iii) If od(l) > ev(n) + 2p + 1,

— )
FlO(T‘) = % (61A2 4= aev(n)Bev(n)7p+1,r.ev(n)+2p 4+ 4 Cod(l)Aod(l)+17"Od(l) 1) )
This polynomial has at most [Z_Tl] positive roots. Hence Theorem 1 is proved.
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4 Proof of Theorem 2

For proving Theorem 2 we shall use the second order averaging theory. We
consider the differential system (5)

i =y +eh}(z) + 2hi(z),

§=—x—e(fa(@)y® + g, (x) — € (fAx)y* T + g5, (2))

where
l

n m
hi(z) = Zéizi, f2(x) = Zdixi and ¢2 (z) = Z biz'.
i=0 i=0 =0
Then system (5) in polar coordinates (r,6), r > 0 becomes

) <r cos Ohj (rcos ) — fl(rcos@)(rsin)*2 — rsinfg} (r cos ) )
T=¢

n

r

Oh? ) — f2 0 in 0)?P+2 — 1 sin fg> 0
2 <rcos i(rcos®) — fr(rcos )(rrsm ) rsinfg;, (r cos )) L0,
J ) (r cos O f}(rcos 0)y?PT! + r cos fg, (r cos 0) + yhj (r cos 0))
=—1-—c¢
2

o (7 cosOf2(rcos)(rsin )P4 cos Og2, (1 cos 0)+rsin OhZ (1 cos 0) 3
—e 2 +0(€’).

(7)

Now taking 6 as a new independent variable, system (5) becomes

dr (r cos Oh} (rcos0) — fL(rcos®)(rsin@)**2 — rsinfg;, (r cos 9))
- ,
2 <r cos OhZ(r cos0) — f2(r cos 0)(rsin0)*+2 — rsin Og2, (r cos )

r
—%3 (rcosOh} (rcos) — fr(rcos0)(rsin)**2 — rsinfg,, (rcosf))

x (1 cos O (r cos 0)(r sin 0)* 47 cos Og;., (r cos §)+r sin Ok} (r cos 0))) +0(€%)
= eF1(0,7) + EFy(0,7) + O(e?).

Now we determine the corresponding function

27 d 0
Fy = 217r/0 <drF1(9,7")'/0 Fi(o, T)d¢+F2(9;7”)> do.

For this we put Fj9 = 0 which is equivalent to

a; =0 foriis even.

{cl- =0 for<is odd,
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First, we have that

l n
d*F1(9a r)=— Z icir Y eostt O + Z (i + 2p + 1)air"+t? cos’ 0 sin2@+D) g
r - 2
izeign iodd
+) ibr' T cos fsin 6,
i=1
and
/ Fi(g.r) Z GiT / cos't pdg + Za 7"Z+2p+1/0 cos’ ¢sin?PtY pde
0
Zeven lDdd
+ Z bir" / cos’ ¢ sin ¢pde
i=0 0
l
1— cosl+1 0
- ; Z+2 +1 ) 17 VU
- Es i S ()
ieven ilodd
where ,
A;(0) 2/ cos’ pdo
0
iz2 2 : 2 . 2
— kB2 (= (k=2))2.-- (i =1 '
- Z (J U=k ((_ k)Q)) G=1? . beosi—to
j —
k odd
— (5 — 2
+(] 2 (‘7, 3) sin 6
4!
and

0 .
Bipt1(0) = / cos’ ¢psin®PH) pde
0

_ costle Wl g Z (2p+1)(2p—1)--- (2p—2k+3) G221 g
Ci2(p+1) (2p+i)(2p+i—2) - -- (2p+i—2k)

(2p+1)!! /9 :
 pdep.
T2t @i G12) )y %
For more details see [9)].
So

27 d
/ d—Fl(H,r)yl(G,r)dG

0 T
-y Z

=0 k=2

ieven k even

2m
bickrrf'k—l / COSZ+I€+2 0de
0
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m . 2
—Z Z Mjﬁwaibkri+k+zp / Wcosi+k+1QSin2(p+1) 0do
0

iodd k even

n m 2T
+3 3 kagbprt P /0 cos® fsin 0B; ,1(0)d0
i=1 k=0

iodd k even

m l o
=)0 it / cos’ 0sin 0.Ay1(0)d6.
0

1=2 k=0

ieven k even

Moreover

2w

! n 27
Fy(r,0)d0 = — Z GiAipir' + Z a;rtertt / cos’ 0sin’P*) 9de
0 i=1 i=0 0

i odd ieven

n m 2T
—22 Z aibkr”ka/ cost A1 9 sin2(Pt1) gqg
i=1 k=0 0

iodd k even

m ! 27
+ Z Z bickr“rk_l/ cos™* 6 cos 264d6.
i=0 k=0 0

ieven k even

Then Fyq is the polynomial

n m m l
Fy(r)=r Z Aip azby R Z Z 1 bicy, 12
0 k=2

i=1 k= i=0 k=
1odd keven ieven keven
l n ‘
—+ Z Ai—‘rl G 7"171 + Z Bi,p-i-l a; 7"1+2p> , (8)
i=1 i=0
i odd ieven
where (2% i+ 2+ 3)
—(2k+1+2p+ .
i = 1 Bitkt1p+1 + kEivkpi1, with
27
Eitkpi1 = / cos” § sin 0B, ,+1(0)do,
0
and
k ) .
Wik = mAi+k+2 —iD; g1+ Ciyg, with

2T ) 2 .
D; 1= / cos' Osin Ay 1(0)d0, Cirx = / cos' T 0 cos 20d6.
0 0
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(a) For p = 0, equation (8) becomes

Fg()(?“) =r [)\170a1b0 + ()\172a1b2 + )\370(131)0)7”2 —+ -+ Z )\i,k a;bg T‘Od(n)Jrev(m)il

ith=
od(n)+ev(m)

+,U0,25002 + (MQ’QbQCQ —+ M0,4b004)T2 NI Z Mi,kbickrev(m)+ev(l)_2
i+k=
ev(m)+ev(l)
+Asé1 + A463r2 4ot Aod(l)+léod(l)7“0d(l)71

+Bopr1do + Boppraor® + - + Bev(n),p+1dev(n)7“€”(”)} )

This polynomial has at most

ax { od(n) +ev(m) —1 ev(m)+ev(l) —2 od(l) —1 ev(n)}
2 ’ 2 ’ 2 T2

e { [+ 22 (20 159 [0 12

real positive roots.
(b) For p > 1, we denote by

o1 =max {ev(l)+ev(m)—2,0d(l)—1} and o9 =max{od(n)+ev(m)—1,ev(n)}.

Note that
o1 =od(l) —1, if and oly if m =1,

o9 = ev(n), if and only if m =1,

so, we have three cases:
(i) If 0 < 01 < 2p, in this case equation (8) can be written as

Fy(r)=r [(M0,2b002 + Agéy) 4 (p2,9baca + poabocs + Agéz)r? + - -

+< ) Mi,kbick+Aj+1éj)rm+"'+(A1,0a1b0+30,p+1do)7“2p+"'

i+k—2=0c1=35—1
1 even
k even
J odd

+ < Z )\i,kaibk +Bj7p+1&j> T02+2p] .

itk—l=09=j
i odd
k even
Jj even

This polynomial has at most
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ev(l) + ev(m) + od(n) + ev(m) —1  od(l) + 1 + ev(n)
max{ 5 , T 5 }

—max (2 (2] [ P2 [ 4 2]

real potive roots.
(i) If 2p < 01 < o2 + 2p,

Fy(r)=r [(Mo,zb(m + Agéy) + (p2,9baca + po abocs + Agéz)r? + - -

+()\170albo+Boyp+1d0)7“2p+' -+ < Z [Li7kbick+x4j+1éj> ot
ith—2=01=j—1
k cven
J odd

+< Z /\i,kaibk+Bj,p+1&j> 7’U2+2p] .

itk—1l=09=j
i odd
k even
Jj even

The maximum number of positive real roots that can has Fyg is at most

e { [ev(m) + odgn) +2p— 1} | [ev(n);— Qp] }

:max{[gq + [ngl] +p, [g] +p}.

(iii) If o1 > o9 + 2p, the polynomial Fyg is

Fy(r)=r [(M0,25002 + Aséy) + (paabaca + poabocs + Agéz)r? + -

~ 2 ~ 2
+(A1,0a1b0+Bo p+1G0)r P+ - -+ ( E Ai ko @ibg +Bj,p+1<lj> ro 4
ithk—1=0o=j
i odd
k even
Jj even

+< > mikbick +Aj+léj>7ﬂl]7
ith—2=01=j—1

k even
j odd

which has at most

[0 e0) 2) o) A} (g 1220, [0

positive roots. Hence Theorem 2 follows.
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