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Abstract

In this paper, the modified extended tanh method is used to construct more
general exact solutions of a (2+1)-dimensional nonlinear Schrédinger equation.
With the aid of Maple and Matlab software, we obtain exact explicit kink wave
solutions, peakon wave solutions, periodic wave solutions and their 3D images.
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1 Introduction

It is well known that Schrodinger equation is one of the most basic equation of
quantum mechanics. It reflects the state of micro particle changing with time. As it
is a powerful tool for solving non relativistic problems in atomic physics, it has been
widely used in the field of atomic, molecular, solid state physics, nuclear physics,
chemistry and so on. Recently, searching and constructing exact solutions of nonlin-
ear partial differential (NLPD) equation is very meaningful for it can describe the
problems of mechanics, control process, ecological and economic system, chemical
recycling system and epidemiological.

In the past several decades, much efforts have been made on this aspect and
many useful methods have been proposed such as inverse scattering method, Jacobi
elliptic function method, F-expansion method, Darboux transform, the sine-cosine
method and the tanh method and so on [1-18]. Among them, the tanh method is
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widely used as it can find exact as well as approximate solutions in a systematic
way. Subsequently, Fan has proposed an extended tanh method and obtained the
travelling wave solutions that can not be obtained by the tanh method. Based on
this approach, we employ the modified extended tanh method to construct a series of
exact travelling wave solutions of a (241)-dimensional nonlinear Schrodinger (NLS)

equation as ity + 0igg + Buyy + rlulu = 0. (1)

The rest of this paper is organized as follows. In Section 2, we shall introduce the
modified extended tanh method. In Section 3, we illustrate this method in detail
with the (2+1)-dimensional nonlinear Schrédinger (NLS) equation. In Section 4,
the image simulations of exact Travelling Wave Solutions of (1) are given. Finally,
a short conclusion is given in Section 4.

2 The Modified Extended Tanh Method

In this section, we review the modified extended tanh method.

The modified extended tanh method is developed by Malflied in [10,11], and
used in [12-14] among many others. Since all derivatives of a tanh can represented
by tanh itself, we consider the general NLPDE in two variables

H(u, ug, gy ugp, ugt, ugt, -+ ) = 0.

Now we consider its travelling u(x,t) = u(§), where £ = x —ct or £ = z + ct
and the equation becomes an ordinary differential equation. We apply the following
series expansion

N N
w@) =Y adg' +> big™, ¢ =b+¢%
=0 i=1

where b is a parameter to be determined, ¢ = ¢(&) and ¢’ = %.

To determine the parameter N, we usually balance the linear terms of highest-
order in the resulting equation with the highest-order nonlinear terms. Then we can
get all coefficients of different powers of ¢ and determine «a;, b;, b, ¢ by making them
equal to zeros.

The Riccati equation has the following general solutions:

(a) If b < 0, ¢ = —/—btanh(v/—bE);

(b) if b > 0, ¢ = Vbtan(Vbe);

(c)ifb=0,p=—-1/¢.

3 Exact Travelling Wave Solutions of (1)
We consider the travelling wave solution u(x,y,t) = u(§), { = x + ky — ct of (1),

u(§) = P(&) +iQ(¢). (2)

and also
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According to (1) and (2), we can get
i(Py +1iQ) + (Pow + iQua) + B(Pyy +iQyy) +r(P* + Q*)(P +iQ) = 0. (3)
From (3) we can obtain the following two equation
—Qt + APy + BPyy + 1P° +1Q*P =0, (4a)
P + 0Qaz + BQyy + 7P*Q +1Q° = 0. (4b)

For u(z,y,t) = w(§) and £ = x + ky — ct, we can transform (4) into ordinary
differential equations

c@Q + (a+ BE*)P" +rP3 + rQ*P =0, (5a)
—cP' + (a+ BEHQ" + rP*Q + Q3 = 0. (5b)
The solution can be expressed as the following form
N N
PE)=> ai¢' + > bip . (6a)
R Y
QE) =D ad'+> dip". (6b)
i=0 i=1

Balancing the linear term of highest order with the nonlinear term in both equations,

we find
N—-2+4=2N+ Ny =3N,

N1 —2+4=2N;+ N =3N.
Thus, N = N; =1, and

P(¢) =ap+a1¢p+b1¢ (7a)
QE) =co+c1o+diopt. (7b)
With ¢/ = b+ ¢, we get
P'(&) = (a1b — by) + a1¢® — bibp 2, (8a)
P"(&) = 2a1¢" + 2bar ¢ + 26*b1¢ > + 2bb1¢ ™1, (8b)
Q' (&) = (c1b — dy) + c1¢* — dybo 2, (8c)
Q" (&) = 2¢1¢® + 2bcyp + 20%dy ™3 + 2bd1 L. (8d)

Substitute (7) and (8) into the ordinary differential equations (5a) and (5b), then
we obtain the coefficients of ¢°, ¢, ¢?, ¢, ¢~1, $~2 and ¢ 3, respectively,

0 —c(ath — by) + r(a% + 2a1b1)co + 2rapbicr + 2rapard; + Tco(c% + 2c1dy) +
4’!"6061d1 = 0,

¢: 2(a + Bk?)erb + rei(a0? + 2a1by) + 2repapar + ra3dy + 2rcier + rei(c0? +
chdl) + lec% =0,

¢2: —caj + rcoa% + 2ragaict + 37“000% =0,

®3: 2¢1(a+ Bk?) + repad +red =0,
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¢t 2d1b(a+ Bk?) +2ragcoby +reib?+rd; (a% +2a1b1)+ 2rc(2)d1 +repd? +rd; (0(2) +
201d1) = 0,

(25_2: chb1b + T’C[)b% + 2ragbidy + 37"Cod% =0,

73 2d1b? (o + BE?) + rdib} +1d3 =0
and

#°: c(erb—dy)+rag(ad+2a1by)+4ragaiby+rag(cd+2c1dy)+2raicody +2reoceiby =
0,

¢: 2a1b(a+ BE?) + 27‘0,%&1 +ray (a% +2a1b1) +ra2by +2ragcocy —l—ral(c% +2c1dy)+
rbic? =0,

qb2: ccl + Ta%ao + 27°a0a% + 2raicocy + moc% =0,

#3: 2a1(a + Bk?) + ra3 + rajc? =0,

¢t 2b1b(a+ BE?) —|—21"a(2)b1 +raib?+rby (a%—i—Qalbl) +rajdi+2ragcods +7“b1(c(2)—|—
261d1) = 0,

¢2: —cbdy + raob% + 2ra0b% + mod% + 2rcobidy =0,

73 2010 (o + BE?) + b3 + rbyd? = 0.

With the aid of Maple, we obtain ag, a1, b1, co, c1,d1,b, ¢, k as follows.

Case (1)

1

2a+2ﬁk2+rcl) 5 ( 2a+2ﬁk2+rc%)§

r

ag = —Cocl(
c%( 2a+26k2+rcl> 3
4 Y

C%T'

1
b = — » )
! 420+ 2B3k2 +rc?

r

200 + 28k% + rc%)—é
) C¢o = Co,

c=—2co(a+ ﬁk2)< -

r
1 cderr

= d = —
C1 C1, 1 420&—&—2,3]{:2—1—7“6%’

k =k,

where 7, 5, a, k, cg, c1 are arbitrary constants.

Case (2)
20+ 2Bk & 2a + 28k2\ —4
(SN, e (202
a0 ! rd? + rb? “ e rd? + rb?
200 + 28k2\ § 200 + 2Bk%\ 1
= —r(d2 4+ - = b - =127
r(di+ 1)< rd%—krb%) ’ 1< rd%—l—rb%) ’

ClZO, d1:d1> k:kv

where 7, 5, a, k, b1, dy are arbitrary constants.
Case (3)

( 2ad%+2d§5k2>i
@w=\—"7V7"—"""""), @«

20d? 4 2d3 Bk? ) -3
r )

=0, b =0, b:(ﬁ(_ .
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2ad? + 2d3 Bk?
T( u), C():O, 6120, dlzdl, k:k,

Cc = dfl ,
where 7, 8, , k,d; are arbitrary constants.
Case (4)
1 ra% 2a+26k:2 1
ap=ap, a1 =0, b =0, b:_§a+5k2’ c:—mo(_ r ) ’
200+ 20k*\ 5
60:07 01:(_M)27 dlZO, ]{?:k?,
r
where 7, 5, a, k, ag are arbitrary constants.
Case (5)
1 rad 200 + 28k2\ 3
ap =agp, ar =0, b =0, __§a+5k;2’ C——?“ao(_ r ) )
44 20k%\ 3 20 + 208k%\ 3
C:—T'ao(—i) ) 0207 01:(_7> )
r r
dy = _(1(2)< _ 204_'_2’8k2>57 k= k;,
4 r
where 7, 5, a, k, ag are arbitrary constants.
Case (6)
20 + 28k%\ 3 1 rcd
=0 = <_ ) ’ by = Oa = )
a0 “ r ! 2 a+ Bk?

200+ 20k%\ 3
CZTC()(- OZ_FIB )2, 0o = Co, 61—0 d1—0 k= 5
T
where r, 8, a, k, cg are arbitrary constants.
Case (7)
20+ 2Bk +redN -3 2a+26k2+rcl 3
a02—0061<— 5 ) ; a1=< ) b1 =0,

2 2 1
cgr 9 ( 200 + 20k~ + rcl) 2

= = —2(a+ Bk
200+ 28k% + rc}’ ¢ (o4 Bk%)co 2 ’

co=cy, c1=c1, di =0, k=Ek,

where 7, 5, a, k, cg, c1 are arbitrary constants.

Case (8)
(IO:O a1:<—2a+2ﬂk2>% blzl 7“03 ( 20[—"_2/8]{2)%
’ r ’ 8 av + Pk2 r ’
1 Tcg 200 + 28k2\ 3
:—éma C:TCO<_T)7 co=c, =0, d=0, k=0,

where 7, 5, , k, co are arbitrary constants.
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Case (9)
1 r
_ _ [ S N N
a0 =0, a=0, br=c 20 + 28k?’ 2+ Bk
CZ_L k;:k’ co = Cp, 01:07 d1:0,

)
-
\/  2a+2pk?

where 1, 5, a, k, ¢g are arbitrary constants.
Ifb> 0, we get

u = ag + ayv(x,y,t) + bro(z,y,t) " +i(co + crv(z,y, t) + div(z,y, 1)),

where v(z,y,t) = Vbtan(vb(x + ky — ct)).
If b =0, we get

U =ap+ alv(x,y,t) + bl’U(x, Y, t)_l =+ i(CO + Cl’l)(%’, y7t) + dl?}(.iﬂ,y,t)_l),

1
Where v(x,y,t) = m

If b <0, we get
u=ag+ alv(xa Y, t) + blv(ajvyvt)_l + i(CO + ClU(l’,y,t) + dl’U(.’E,y,t)_l),
where v(z,y,t) = —v/—btanh(v/—b(z + ky — ct)).
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(9a)

(9¢)

Substituting all those situation into (9) respectively, we can get all solutions of

the derivative nonlinear Schrodinger equation.

4 Image Simulation

In order to grasp these exact travelling solutions, we choose several exact so-

lutions and use the Matlab software to simulate images. In the process of image

simulation, the figures and values of parameters we selected are shown as follows.

Figure 1: 3-dimensional wave of Case (1). Figure 2: 3-dimensional wave of Case (2).

In Figure 1, we take r = —1, 8§ =11, k = 0.1, ¢p = —0.25, ¢; = 0.1, a = —0.2,
t = 0.1. In Figure 2, we take r = =6, = -3, k=1, di =1, a =1, by = —1,

t=0.1.
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Figure 3: 3-dimensional wave of Case (3). Figure 4: 3-dimensional wave of Case (3).
In Figure 3, we take r = 0.1, 5 =03,k =0.1,dy = -2, «a = 0.2, ¢t = 0.1. In
Figure 4, we take r = —6, =2, k=0.1,¢cg =6, a = —4,d; =2,t =0.1.

Figure 5: 3-dimensional wave of Case (4). Figure 6: 3-dimensional wave of Case (5).
In Figure 5, we take r = —1, 8 =3, k=3, ap = 2, o« = —0.7, t = 0.1. In Figure
6, we take r = -1, § =-0.3, k=0.1, ag = —0.25, a = —1, t = 0.1.

Figure 7: 3-dimensional wave of Case (6). Figure 8: 3-dimensional wave of Case (7).
In Figure 7, we take r = —6, 8 =3, k = 2.5, ¢g = —0.5, a = =2, ¢t = 0.1. In
Figure 8, we take r = —1, 6 =3,k=29,¢c0 =6, a=—2,¢; =2, t =0.1.

Figure 9: 3-dimensional wave of Case (8).  Figure 10: 3-dimensional wave of Case (9).



No.1 S.H. Zheng, etc., Exact Solutions of Schrodinger Equation 109

In Figure 9, we take r = =2, 8 =2, k = 1.6, ¢g = 2.5, a = 3.2, t = 0.1. In

Figure 10, we take r = —-0.1, =1, k=1, ¢ =25, a=—-1,¢1 =1, t =0.1.

Figure 11: 3-dimensional wave of Case (9).  Figure 12: 3-dimensional wave of Case (9).

12,

5

In Figure 11, we take r = —6, 5 =1, k= —6, ¢ =1, a = —1, t = 0.1. In Figure
wetaker =6,8=1,k=—-6,¢cg=1,a=—1,t=0.01.

Conclusion

In this paper we study the nonlinear Schrédinger equation by finding its exact

travelling wave solutions through the modified extended tanh method. With the

aid

of waveform graphs of the solutions, we can obtain the related properties of

the equation. In addition, we can also use other methods to obtain the bounded

solutions. However, the modified extended tanh method is more concise, more direct

and simpler than any other existing methods.
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