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Abstract

Consider the Cauchy problems for an n-dimensional nonlinear system of
fluid dynamics equations. The main purpose of this paper is to improve the
Fourier splitting method to accomplish the decay estimates with sharp rates
of the global weak solutions of the Cauchy problems. We will couple togeth-
er the elementary uniform energy estimates of the global weak solutions and
a well known Gronwall’s inequality to improve the Fourier splitting method.
This method was initiated by Maria Schonbek in the 1980’s to study the op-
timal long time asymptotic behaviours of the global weak solutions of the
nonlinear system of fluid dynamics equations. As applications, the decay esti-
mates with sharp rates of the global weak solutions of the Cauchy problems for
n-dimensional incompressible Navier-Stokes equations, for the n-dimensional
magnetohydrodynamics equations and for many other very interesting nonlin-
ear evolution equations with dissipations can be established.

Keywords nonlinear systems of fluid dynamics equations; global weak
solutions; decay estimates; uniform energy estimates; Fourier transformation;
Plancherel’s identity; Gronwall’s inequality; improved Fourier splitting method
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1 Introduction

1.1 The mathematical model equations
First of all, consider the Cauchy problems for the n-dimensional incompressible
Navier-Stokes equations
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?;—aAuvL(wV)quVp:f(X,t% V-ou=0, V-f=0, (1)

u(x,0) = up(x), V-ug=0. (2)
The real vector valued function u = u(x,t) represents the velocity of the fluid at
position x and time ¢. The real scalar function p = p(x,t) represents the pressure
of the fluid at x and t¢.
Secondly, consider the Cauchy problems for the n-dimensional magnetohydro-
dynamics equations

ou 1
0A 1
V-u=0, V.-f=0, V-A=0, V-g=0, (5)
u(x,0) =up(x), A(x,0)=Ag(x), V-up=0, V-Ay=0. (6)

In this system, the real vector valued function u = u(x,t) represents the velocity
of the fluid at position x and time ¢, the real vector valued function A = A(x,t)
represents the magnetic field at position x and time ¢. The real scalar function
P(x,t) = p(x,t) + %|A(X,t)|2 represents the total pressure, where the real
scalar function p = p(x,t) represents the pressure of the fluid and %]A(x, t)|? repre-
sents the magnetic pressure. Additionally, M > 0 represents the Hartman constant,
RE represents the Reynolds constant and RM represents the magnetic Reynolds
constant.

Now let us consider the Cauchy problems for the following n-dimensional non-

linear system of fluid dynamics equations

0

5~ alutN(u V) = £(x,1), ™)

u(x, 0) = uo(x). (8)
In this system, o > 0 is a positive constant, x = (x1,x2, -+ ,x,) represents the spa-
tial variable, the dimension n>3. Moreover, u(x, t) = (u1(x,t), ua(x,t), -+, um(x,t))

represents the unknown function, f(x,t) = (fi1(x,t), fo(x,t), -+, fm(x,t)) represents
the external force, and N (u, Vu) = (Ni(u, Vu), Nao(u, Vu),- -+, N, (u, Vu)) repre-
sents the nonlinear function, which is sufficiently smooth, m > n is an integer.

The general system (7)-(8) contains the n-dimensional incompressible Navier-
Stokes equations (1)-(2) and the n-dimensional magnetohydrodynamics equations
(3)-(6) as particular examples. The general system also contains many other inter-
esting nonlinear evolution equations with dissipations as examples.

Many mathematicians have accomplished the existence of the global weak so-
lutions of the Cauchy problems for the n-dimensional incompressible Navier-Stokes
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equations. They have also established the existence of the global smooth solutions
with small initial functions and small external forces. However, the uniform ener-
gy estimates of all order derivatives of the global weak solutions with large initial
functions or large external forces have been open, see [4,8,9]. For the n-dimensional
magnetohydrodynamics equations, there hold very similar results. Very recently,
Lei and Lin [1], Lei, Lin and Zhou [2], Peng and Zhou [5] established the existence
of large global smooth solution of three-dimensional incompressible Navier-Stokes
equations for special cases.

1.2 The main purpose

The decay estimates with sharp rates of the global weak solutions of the Cauchy
problems for the n-dimensional incompressible Navier-Stokes equations (1)-(2), the
global weak solutions of the Cauchy problems for the n-dimensional magnetohydro-
dynamics equations (3)-(6) and the global weak solutions of the Cauchy problems for
many other interesting nonlinear evolution equations with dissipations are of great
interests and importance in applied mathematics. The Fourier splitting method was
developed by Maria Schonbek [6,7] to accomplish the optimal long time asymptotic
behaviors of the global weak solutions. Today, it has become a very popular tool
to study the asymptotic behaviors and thus has been widely used, see [3,10-12] for
closely related results. To obtain the optimal decay rate, one must iterate some of
the most important steps in the Fourier splitting method for finitely many times,
see [6,7]. We will make complete use of the uniform energy estimates (see Lemmas
3, 4 and 8 in Section 2) and the Gronwall’s inequality to avoid the iteration process
for n-dimensional problems, where n > 3. Therefore, the main purpose of this paper
is to improve the Fourier splitting method so that it may become the most powerful
tool to accomplish the decay estimates with sharp rates for the global weak solutions
of many nonlinear evolution equations with dissipations.

1.3 The main results — decay estimates with sharp rates

First of all, let us make several reasonable assumptions needed for the main
results.

(A1) Suppose that the initial function uy € L'(R") N L?(R™) and the external
force f € LY(R™ x R*) N LY(R*, L2(R")).

(A2) Suppose that there exist real scalar functions ¢y € C1(R™) N LY(R") and
Y € CHR™ x RT) N LY(R™ x RT), such that

8<Z>1l 3¢21 3¢mz
<Z 8.%'[ Z 81‘1 Z a:Bl >
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6¢11 3%1 =~ Oy
(Z &L‘l Z 8xl ’; 0x; (X’t)> ’
and

Ol Ou

axl 8:Ul
foralk=1,2,--- ,mandl=1,2,---,n

(A3) Suppose that there holds the condition

/ (1+t)1+”/2/ If(x, )2 dxdt < .
0 n

(A4) Suppose that there holds the condition

/ (1+t)2+“/2/ If(x,)|?dxdt < oo,
0 n

/]Rn up (x)dx + /OOO/n £(x, t)dxdt = 0.

(A5) Suppose that the nonlinear function satisfies
/ u(x,t) - N(u(x,t), Vu(x, t))dx = 0,

for all u € L>®(R*, L2(R")) with Vu € L2(R*, L2(R")).
(A6) Suppose that the nonlinear function satisfies the condition

IV (u, Vu)| < Ci|u]|Vu|,

€ LY(R™) n L*(R™), € LY(R™ x R") n LY(R™, L2(R™)),

if

for all u € C'(R"), where C; > 0 is a positive constant, independent of u and Vu.
(A7) Suppose that the nonlinear function satisfies

AT, 0] < ol [ a0,

for all u € L (R*, L2(R")) with Vu € L*(R*, L2(R")) and for all (£,t) € R" x RT,
where Cy > 0 is a positive constant, independent of u, Vu and (&,1).
(A8) Suppose that there exists a global weak solution to the Cauchy problems
for the nonlinear system of fluid dynamics equations (7)-(8):
ue L®R", L*(R"), Vue L*R", L*R").

)
Theorem 1 (I) Suppose that assumptions (A1), (A3), (A5)-(A8) hold. There
holds the decay estimate

(1+ 02 / [u(x, )2dx < Cs,
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for all time t > 0, where C3 > 0 is a positive constant, independent of u and (x,t).
(IT) Suppose that assumptions (A1)-(A8) hold. There holds the decay estimate
with sharp rate

n

(14 1)tens2 / [u(x, t)%dx < Ci,

for all time t > 0, where Cy > 0 is a positive constant, independent of u and (x,t).

The global weak solutions of the Cauchy problems for the n-dimensional incom-
pressible Navier-Stokes equations (1)-(2) and for the n-dimensional magnetohydro-
dynamics equations (3)-(6) satisfy these conditions and results.

2 The Mathematical Analysis and the Proofs of the
Main Results

We will couple together the elementary uniform energy estimates, the Fourier
transformation, the Plancherel’s identity and the Gronwall’s inequality to improve
the Fourier splitting method to accomplish the decay estimates with sharp rates
for the global weak solutions of the Cauchy problems for the nonlinear systems of
fluid dynamics equations (7)-(8). The improved Fourier splitting method involves
the splitting of the frequency space into two time-dependent subspaces (a small ball
with radius proportional to (1 +¢)~'/2 and the exterior of the small ball) and the
delicate estimates of the Fourier transformation of the global weak solutions. The
key point of the improvement is that for many nonlinear evolution equations with
dissipations, we may apply the improved Fourier splitting method to accomplish the
decay estimates with sharp rates for the global weak solutions.

2.1 The uniform energy estimates

The main purpose is to use traditional ideas, methods and techniques to establish
some uniform energy estimates.

Lemma 1(The Cauchy-Schwartz’s inequality) Let the functions f € L*(R")
and g € L*(R™). There holds the following Cauchy-Schwartz’s inequality

[ o JC(X)Q(X)dX]2 < /n |f(x)|2dx/n |g(X)|2dx.

Lemma 2(The Holder’s inequality) Let f € LP(R™) and g € LY(R™), where
p > 1 and q > 1 are positive constants, such that 113 + % = 1. There holds the

following estimate
1/p 1/q
< | [ treorax| | [ laoapax]

f(x)g(x)dx
R
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Lemma 3 Suppose that the initial function ug € L*(R™) and the external force
f € LY(R*, L?(R™)). There holds the following uniform energy estimate

[/ u(x, £)[2dx + 20 /Ot/ Vu(x, T)|2dxd7'] v
< | [ tuatorax] " [7| [ eexopad Can

In particular, if the initial function ug € L2(R™) and the external force f = 0, then
there holds the following uniform energy estimate

t
/ \u(x,t)de—i—Qa// |Vu(x,7')|2dxd7'§/ lug (x)|?dx.
R" 0JRrn Rn

Proof Multiplying system (7) by 2u and integrating the result with respect to
x over R" yield the following energy equation

d

— lu(x, t)?dx + 2a/ |Vu(x,t)?dx = 2/ u(x,t) - f(x,t)dx,
dt R R”

n

where
/n u(x,t) - N(u(x,t), Vu(x,t))dx = 0.

By using Cauchy-Schwartz’s inequality, there hold the following estimates

/ et f(x, t)dx) < [ / i !u(x,t)fzdx} v [ /R i !f(x,t)]zdx} v

< V a(x, £)[2dx + 20 /Ot/ fu(x, T)\dedf} v [/R f(x,t)]de} "

Now the above energy equation becomes the differential inequality

t
4 [/ lu(x, t)|2dx—|—2a// |Vu(x, T)‘QdXdT:|

¢ 1/2 1/2
<2 [/ lu(x, t)]?dx + 2a// |Vu(x,7')\2dxd7'} [/ 1f(x, t)|2dx} .
n 0JR"™ R"

Simplifying the inequality gives

q ¢ 1/2 1/2
T {/ lu(x, t)2dx + 2a// |Vu(x, T)|2dXdT:| < [/ \f(x,t)de] .
Rn 0JRn R"

Integrating this inequality with respect to time ¢ leads to the desired energy estimate
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{/ a(x, £)[2dx + 2a /Ot/R ]Vu(x,T)IQdXdT}lﬂ
< {/ |u0(x)2dx}1/2+/0t {/n \f(x,7)|2dx}1/2 dr.

If f = 0, then the uniform energy estimate

t
/ \u(x,t)]zdx+2a// |Vu(x77')|2dxd7'§/ lug (x)[2dx
n 0 n Rn”

follows immediately. The proof of Lemma 3 is finished.

2.2 The Fourier transformation of the global weak solutions
Lemma 4 (I) There holds the following Fourier representation

u(é,t) =eXp(—a|£|2t)ﬁo(£)+/0 exp[—al¢[*(t — 7)F (€, 7)dr

- /0 exp[—alé[(t — )N Tw, V) (€, 7)dr,

for all (£,t) € R™ x RT.
(IT) There holds the following estimate

(e )] < [io(E)] + /0 B¢, 7)ldr

t 12 et 1/2
+C5 [// ]u(x,7)2dxd7'} {// |Vu(x, 7)|*dxdr )
0JRrn 0J/Rrn

for all (€,t) € R™ x RT, where Cs > 0 is a positive constant, independent of U and

(&1)-
(III) There holds the following estimate

[a(s, t)| < Celél,

where Cg > 0 is a positive constant, independent of U and (§,t), if
(102 [ uixpPdx < G,

for all time t > 0 and for another positive constant C7y > 0, independent of u and
(x, ).
Proof Performing the Fourier transformation to (7) leads to

d

G860 + alePaE ) + Nu V)&, 0) = T(E.0).
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Multiplying this equation by the integrating factor exp(a|¢|?t) gives

d ~ —_— ~
a[exp(alﬂzﬂu(f, £)] + exp(alé[*N (u, Vu) (€, 1) = exp(alé[POE(E, ).
Integrating with respect to time ¢ yields

t —
exp(al€PHa(E, 1) + /0 exp(alé*rIN (w, Vu)(€, 7)dr

t o~
— G(6) + /0 exp(alé?r)E(E, 7)dr.

Finally, we have the representation.
Now let us make estimates about u(&,t). First of all, there hold the following
estimates

—

N, V(& 1)] < 0 /R e, )|V, 1) dx

<0 [/ |u(x,t)|2dx] " [/ |Vu(x,t)|2dx] "

In particular, for the n-dimensional incompressible Navier-Stokes equations (1)-(2),

there hold the following estimates

(w-Vul <l¢l | |u(x.0)Pdx, [Vp(E.1)] < \fl/ u(x, t)[*dx,
R R™

@< { [ moopac) [ wueored

e <2{ [ meentac | [ vueoped

for all (¢,t) € R x RT.
Therefore, there hold the following estimates

[B(E, )] < [Tol€)] + /O £(¢,7)ldr

e /0 t [ / n |u(x,7‘)\2dx] v [ /R ) |Vu(x,7‘)|2dx] 7

t o~
< [f0(&)] + /O Fe.7)ldr

+C Uot/n lu(x, T)|2dXdT] v [/Ot/n |Vu(x, T)|2dXdT}

Moreover, if there exist real scalar functions ¢y € CH(R™) N LY(R") and ¢y €
CHR™ x RT) N LY(R™ x RT), such that

1/2
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B 3¢1l 3<f>2l 3¢>mz
- ( -1 8%1 8$l Z &El )
. n 8¢1l 8¢2l 3@%1

foral k=1,2,--- ,mandl=1,2,- 'nthenwehave

n

:i<Z (s 725@21 Z&msml )
(Z &u(E,t) Zfz@ﬁzz &), Zfz@bmz £t ) :

Vol.32

By applying Cauchy-Schwartz’s mequahty to the Fourier transformations, we get

the following estimates

(O =D aon(©)
k; 1 l 1
<ZZ@Z!¢M =120 [on(©P,
k=1 Il=1 = k=1 1=1

(e, t)] = Z Zazﬁms,w

=1 |1=1
< ZZ& ZWH EDP =12 et
k=11=1 I=1 k=11=1

Recall that there exists a positive constant Cy > 0, independent of u(¢,¢) and (&, 1),

such that
N V) (€] < el [ futot)Pax,

for all (¢,t) € R x RT. Now we obtain the following estimate

t t
(e, 6)] < [F0(6)] + /0 B¢, 7)ldr + Calé] / / ju(x, 7)2dxdr

m n 1/2
<[] ZZ’?EM(&) +|§|/ [ZZW’I@Z &) ] dr
k=1 1=1 k=1 1=1
+09‘€|/ n/2
§010|£|>

for all (¢,t) € R™ x Rt. The proof of Lemma 4 is finished.
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2.3 The Fourier splitting method

Now let us review the Fourier splitting method developed in [6,7] to establish
the decay estimates for the global weak solutions of system (7)-(8).

Lemma 5(The Plancherel’s identity) There holds the following Plancherel’s
identity for all real vector valued functions f € L*(R™)

1 —~
f(x)|%dx = £(6)|2de.
| reopax = o [ e P
Lemma 6(The Gronwall’s inequality) Suppose that the nonnegative continuous
functions f >0, g > 0 and h > 0 satisfy the inequality

ot) < F(t) + /0 g(r)h(r)dr,

for all t > 0, where the deriwative f' > 0. Then

g(t) < f(t)exp {/Ot h(r)dr} ,

for allt > 0.
Lemma 7 Lett > 0 and define

Q(t) = {€ e R : a¢]?(1 +t) < 2n).

There holds the following estimate

glarom [ reora)

<an(r ot [ orass g oo [ o

Proof Multiplying system (7) by 2u and integrating the result with respect to
x over R" yield

d

— lu(x, t)[2dx + 2@/ |Vu(x,t)|?dx = 2/ u(x,t) - f(x,t)dx,

n

where
/ u(x,t) - NM(u(x,t), Vu(x, t))dx = 0.
Applying the Plancherel’s identity to this equation gives

d = 2 2 290 = 7
G | orae 2 [ PR nPas—2 [ aen-fends

Multiplying it by (1 + #)?" to get the energy equation
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d

glarom [ Reorac) a0 [ (PR pa

=2n(1 +t)>" ! /

R

(e Pds+20+0™ [ alen - Fe i

By applying Cauchy-Schwartz’s inequality, we have

<ont+0P [ e nPdg+ 5140 [ EE 0P
R R

Now the above energy equation becomes the inequality

d

glarom [ Reorac) a0 [ (PR ra

2(1 + )"

2n—1 = 2 1 2n+1 e 2
<an 2 [ (e Pdg+ o0 [ RE Pds

Recall that Q(t) = {¢ € R : af¢]?(1 +t) < 2n}. Then we have the following
estimates

2a(1+0 [ P D

c

— 20(1 + 1) /Q PR D 420010 /Q leface e

> 20(1 4 1) / €2[(E, 1) 2de

Q(b)°

> dn(1 4 1)1 / G(e 1)Pde

Q(t)°
=4n(1+t)*! /

Now the energy inequality

d

2n = 2 2n 2| 2
glarom [ Reorac) a0 [ (PR pa

B(E, ) de — dn(1 + 1)1 / B(e, 1) de.

Q(t)

n

<ant+0P [ e nPdg+ o0 [ EE 0P,
R” Rn

becomes the new differential inequality

G {aeom [ eopa)

<an( ot [ oras s g [ o

The proof of Lemma 7 is finished.
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2.4 The improved Fourier splitting method
Lemma 8 (I) There holds the following decay estimate for the global weak
solutions of the Cauchy problems (7)-(8) if assumptions (A1), (A3), (A5)-(A8) hold:

(1 +t)”/2/ u(x, £)2dx < Chi,

for all time t > 0, where C11 > 0 is a positive constant, independent of u and (x,t).
(IT) There holds the following decay estimate with sharp rate for the global weak
solutions of the Cauchy problems for the nonlinear system of fluid dynamics equa-

tions (7)-(8) if assumptions (A1)-(A8) hold:

(1+ t)H"/Z/ \u(x,t)\de < Cho,

n

for all time t > 0, where C12 > 0 is a positive constant, independent of u and (x,t).
Proof (I) Recall that there exists a positive constant C5 > 0, independent of
u(&,t) and (&,t), such that

t o~
B )] < [Go(€)] + / £(e,7)ldr
1/2

t 1/2 t
e [ / / |u(x,7)|2dxdT] [ / / Vu(x, 7)Pdxdr|
0 n 0JR"™

for all (&,t) € R x RY.
Therefore, by using Lemma 7, we have

glarom [ reopa)

<an(r ot [ nras s oo [ o

l\D

i 2n+1 t 2 2n—1 {A L
St R nRas a0t [ fiso@)+ [ e niar

+Cs [/Ot/ |11(X,T)|2dxd7'] v [/Ot/ |VU(X,T)|2dxdT] 1/2}2d£
1

< e+ 0™ [ o

s W Y \f(x,t>dxdt}2
(14 132 {/Ot/ |u(x,7)|2dxd7} {/Ot/ Vu(x, T)|2dxd7'} .

[\.’J
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Integrating this inequality with respect to time ¢ yields
(o [P
R
t
< [ o@Pag + g0 [aenr [ Ee ) Pacar

+Cy5(1 + )32 {/ [up(x ]dx—l—/ / (x,1) ]dxdt}
+016(1+t)3"/2{/0/nu(x,T)dedT} {/O/n|Vu(x,T)2dxdT}.

o [ ok
< [ Roras 5o [Cavor [ e

+017{/ (% |dx—|—// xt|dxdt}
+C’1g{/0/n|u(x,7')2dxd7'} {/0 /RnVu(x,t)dedt},

Where C17 > 0 and C13 > 0 are positive constants, independent of u, u, (x,t) and
. Note that

/ / It rPar = o [t e it e]

Recall that there holds the following uniform energy estimate

{/ u(x, £)2dx + 20 /Ot/ Vu(x, T)]ded7}1/2
< |110(X)2dx}1/2 [T t>|2dx}l/2 at.

By using Gronwall’s inequality, it follows that

(a0 [ e

<{ [ o@Pas+ 5. [T [ e opaca
+ Cio [/R ()| dx + /oo/ ]f(x,t)]dxdtr}
wolo] [l [ wucoranal )

That is




No.4 L.H. Zhang, Decay Estimates of the Cauchy Problems 409

where C19 > 0 and Cyy > 0 are positive constants, independent of u(&,t) and (¢, ).
(IT) Recall that

[u(¢, )| < Celél,

for all (£,t) € R™ x R*. Now we have the following estimates

d ~
Glarom [ reora)
on—1 BN 2 1 2n+1 z 2
<an( ot [ e i oo [ Re 0P

1 —~
<an(+ ot [ cnlgag+ oo m [ RE P
Q(t) 2n R
Integrating the inequality in time ¢ yields the estimate
(0 [t

~ 1 L n 2 n/2—
< [ fho(€)PAg+o (1) / (1+7)/2 | (g, 7)Pdgdr+Coa (14271
R™ 0 R™

That is
(14 1)tHn/2 / (0P
Rn

S/n|ﬁ0(§)|2df+023+024/0 (14 t)>t7/2 /Rn F(&, t)[2dedt.

The proof of Lemma 8 is finished.
Therefore, the proofs of the main results stated in Theorem 1 are finished.
Remark Both the global weak solutions of the Cauchy problems for the n-
dimensional incompressible Navier-Stokes equations (1)-(2) and the global weak so-
lutions of the Cauchy problems for the n-dimensional magnetohydrodynamics equa-
tions (3)-(6) enjoy the decay estimates.

3 Conclusions and Remarks

3.1 Summary

The main purpose of this paper is to improve the Fourier splitting method to
simplify the mathematical analysis to accomplish the decay estimates with sharp
rates.

We considered the Cauchy problems for the following n-dimensional nonlinear
system of fluid dynamics equations

N (0, V) = £(x,1), u(x,0) = uo(x).



410 ANN. OF APPL. MATH. Vol.32

The general system contains the n-dimensional incompressible Navier-Stokes equa-
tions (1)-(2) and the n-dimensional magnetohydrodynamics equations (3)-(6) as
particular examples. There holds the following decay estimate with sharp rate

(1 + t)1+n/2/ |u(x,t)|2dx < Cos,

n

for all time ¢ > 0, where Ca5 > 0 is a positive constant, independent of u and (x,t).
The uniform energy estimate played a key role in the mathematical analysis.

3.2 Summary about the n-dimensional incompressible Navier-
Stokes equations
Consider the Cauchy problems for the n-dimensional incompressible Navier-
Stokes equations

%—?—a&u—l—(u Viu+Vp=1£f(x,t), V-u=0, V-f=0,

(X,O) :uo(x), V-uo = 0.

Suppose that the initial function ug € L'(R™) N L?(R™) and the external force
f € LYR" x RY) N LY(RT, L2(R")). There exists a global weak solution u €
L>®(RT, L?(R™)), such that Vu € L?(R*, L?(R")).

There holds the following uniform energy estimate

{/n lu(x, )| 2dx + 20 /Ot/Rn |Vu(x77)’2dxd7—}l/2
< {/n |U()(x)2dx}1/2 4 /Ot {/n ‘f(XvT)Ide}l/Q "

Due to the divergence free conditions V -ug = 0 and V - f = 0, it is necessarily
true that [, ug(x)dx = 0 and [, f(x,t)dx = 0, for all ¢ > 0.

Suppose that there exist real scalar functions ¢y, € CH(R™) N LY(R™) and ¢y €
CHR"™ x R*) N LY(R™ x RT), such that

i, 0 “~ Oy,
w(x) = (lZ o Z S0, 2 o <x>>7
=1 =

) 0 = Oy,
Fx1) = (Z LD LTVRES'S ;@l%x,w) ,
=1 =1

and that
0ou L'(R™) N L*(R™), O%ut LYR™ x RT) N LY(RT, L*(R™)),
8561 aﬂjl

foralk=1,2,--- ,nandl=1,2,---,n
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There holds the following decay estimate for the global weak solutions of the
Cauchy problems for the n-dimensional incompressible Navier-Stokes equations

n

(1+t)1+”/2/ lu(x, t)[2dx < Oy,

for all time ¢ > 0, where Cqs > 0 is a positive constant, independent of u and (x,t).

Let us review some important open problems about the global smooth solutions
and their influences. Suppose that the initial function up € LY(R") N H*™F1(R")
and the external force f € L'(R™ x R*) N LY(R*, L2(R")) N L2(R*, H*™(R")). The

following uniform energy estimates have been open

/ Vu(x, t)dx < Cor,
/ A, £)[2dx < O,
/ |Amu(x, t)|2dX S 029,

/ |VAmu(x, t)|2dX S 030,

for all positive integers m > 1 and for all time ¢ > 0, where Cy7y > 0, Caog > 0,
Ca9 > 0 and C3g > 0 are positive constants, independent of u and (x,t). Therefore,
the existence of the global smooth solution u € L*®(R*, H*"*1(R")) such that
Vu € L?(RT, H*™1(R")) has been open.

Suppose that the initial function uy € L'(R") N H*™T1(R") and the external
force f € L'(R™ x R*) n LY(R*, L2(R")) N L2(RT, H>™(R")). Suppose that there
exists a global smooth solution to the Cauchy problems for the n-dimensional in-
compressible Navier-Stokes equations (1)-(2): u € L*®(R*, H?™+1(R")), such that
Vu € L?(R*, H?™FY(R")), where m > 1 is a positive integer. There hold the
following decay estimates with sharp rates

n

(1+ t)1+”/2/ \u(x,t)]de < O3,

(1+ t)2+”/2/ \Vu(x,t)]de < Csa,

n

(1+ t)2m+1+"/2/ |AMu(x, t)]2dx < Css,

n

(1 + t)2m+2+n/2 / IVA™u(x, t)[2dx < Oy,

n

and
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(1+ )22 u(, t)]| L < Chs,
(1+ )2 Vu(-, )| e < Cs,
(14 )™/ A 1) oo < Ciz,
(1+ )" 42| VAT (-, 1) 1 < Css,

for all positive integers m > 1 and for all time ¢ > 0, where C3; > 0, C32 > 0,
C33 >0, C34 >0, C35 >0, C36 >0, C37 > 0, C3g > 0 are positive constants,
independent of u and (x,1).

Now let us consider a very interesting question for the global smooth solutions of
the Cauchy problems for the n-dimensional incompressible Navier-Stokes equations
(1)-(2). As t — oo, how do the following exact limits

: 1+n/2 2
i {40 [ uxoPax ]
lim {(1+t)2+”/2/ |Vu(x7t)|2dx},

t—o00

lim {(1 + t)2m+1+n/2/ Amu(x,t)\de} ,

t—o00

lim {(1 + t)2m+2+”/2/ VAmu(x,t)\zdx} ,

t—o00

depend on the nonlinear function, the initial function, the nonhomogeneous func-
tion, the dimension n and the order of the derivative (that is, the integer m)? Do the
global smooth solutions carry initial information (e.g. mass, energy and momentum
of physical objects) to the very end? In another word, can the global smooth solu-
tions “remember the very beginning” at “the very end”? We will couple together
existing ideas, methods, results and new ideas to generate a very different method to
solve these complicated mathematical problems and accomplish very general results.

Again consider the Cauchy problems for the n-dimensional incompressible Navier-

Stokes equations
Ju

a—a&u—l—(u-V)u—i—Vp:f(x,t), V-u=0, V-f=0,

u(x,0) =up(x), V-uy=0.
The following estimate has been open
N, V) (€,0)| < (][R, ) m ([, 1)) + [€2[TE, 8)r2([TE, 1)),

for all (£,t) € R® x RT, where k1 = r1(t) and ko = ka(t) are positive, continuous,
increasing functions defined on (0,00), 0 < € < 1 is a constant.
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If this estimate is true, then there exists a unique global smooth solution u €
C>®(R™ x RT) to (1)-(2) and there hold the following decay estimates with sharp
rates

(1+ t)2m+1+”/2/ |A™u(x,t)|2dx < Csg,

n

for all positive integers m > 1 and for all time ¢ > 0, where C39 > 0 is a positive
constant, independent of u and (x,t).

If there exists a global smooth solution u € C*°(R"™ xR ™) to the Cauchy problems
for the m-dimensional incompressible Navier-Stokes equations (1)-(2), then there
holds the following solution representation

u(x, t) = ! / exp[ |_y‘2] uo(y)dy

(47rat (4mat)™/? dat

{ dra(t —7) n/2/ xp _4!:;(;_}’!5) f(y,T)dy}dT
{ Ara(t — )|/ / exp —m [(u(y,7)- V)u(y,T)]dy}dT

3.3 Summary about the n-dimensional magnetohydrodynamics

equations
Consider the Cauchy problems for the n-dimensional magnetohydrodynamics
equations
9u_ L ud(u-Viu- (A V)A+VP = f(x,b),
ot RE
% _ RLMAA b (u-V)A — (A-V)u = g(x,b),

V-u=0, V- f=0, V-A=0, V.-g=0,
u(x,0) =ug(x), A(x,0)=Ag(x), V-up=0, V-Ay=0.
Suppose that the initial functions
u € LYR") N LA(R™), Age LY(R™) N LAR™).
Suppose that the external forces
f ¢ LY(R™ x RY) N LY R, L*(R™)),
g€ L'(R" x RT)n L' (R, L*(R™)).

There exists a global weak solution
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uc L®(R", L*(R")), A c L®RT,L*R")),
such that
Vue L*(RT,L*(R™)), Vfe L*(RT,L*(R").

There holds the following uniform energy estimate

{/ o O 1A 0P x| / n[REIVu@c )P VA Tﬂ dXdT}1/2
= {/nﬂuo(x)|2 + |A0(X)’2]dx}1/2 T /ot {/nﬂf(xn'ﬂz + |g(x,7-)2]dx}1/2 dr.

Suppose that there exist real scalar functions

o € CHR™) NLYR™), gy € CHR™ x RT) N LY (R™ x RT),
kg € CHRM) NLYR™), wy € CHR™ x RT) N LY(R™ x RY),

such that
B 34511 (%21 =~ 0y
N (Z 81‘1 Z 6%’[ 72 6%’[
=1 I=1 =1
- & 8¢11 8¢2[ 8wnl
- (Z 81‘[ Z 81’1 ( t) ) 81’[ ( 7t> 9
=1 I=1
o - 8%11 aligl - alﬁ?nl
- ( al'l aCITl ( ) : ’Z 8xl (X)> )
=1 =1
- 8 - 8002[ - 8wnl
(Za axl ( 7t)7 ) 8%’[ (Xat)> 5
=1 =1 I=1
and that
T LML, G € LR xR 1 LR, L)
l ga)
%ﬁ’“ e LY(R™) n LA(R™), % e L'(R" x RY) n LY(R*, LA(R™)),
T x

forallk=1,2,--- ,nand [ =1,2,--- ,n
There holds the following decay estimate with sharp rate

(14642 / ([, ) + [A(x, £)[2)dx < Cro,
Rn
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for all time ¢ > 0, where Cyy > 0 is a positive constant, independent of (u, A) and

(x,t).
Let us review some open problems and their influences about system (3)-(6).
Suppose that the initial functions

u € LYR™) N H*™ T HR™), Ay € L'(R") n H*™TH(R").
Suppose that the external forces
f e LYR" x RT)n LY(RT, L*(R")) N L2(RT, H*™(R")),
g € LYR™ x RY) N LY(RY, L*(R™)) N L2(RT, H*™(R™)).
The following uniform energy estimates have been open

| [ 0 + VA G, ldx <

[ 1utx 0 + A A G DPdx < Con

[ 1 + a7 A Pldx < Cos

[ I9A™ ) + [VA™ A, ) )dx < Cus,

for all positive integers m > 1 and for all time ¢ > 0, where Cy; > 0, Cyo > 0,
Cy3 > 0, Cyq > 0 are positive constants, independent of (u, A) and (x,1).

The existence of the global smooth solution of the Cauchy problems for the
n-dimensional magnetohydrodynamics equations (3)-(6):

uc LR, H*TY(RY), A e L®°(R*T, H*™(R")),
such that
Vu e L*(RY, H*"TH(R™), VA € L*(RT, H*"THR")),

has been open.
Suppose that there exists a global smooth solution to the Cauchy problems for

the n-dimensional magnetohydrodynamics equations:
uc L®RY, H*"THR™)), A€ L®RT, H*HR")),
such that
Vu € L*(RT, H*"TY(R"™)), VA € L*(R*, H*"H(R™)),

where m > 1 is a positive integer.
For the global smooth solution of the n-dimensional magnetohydrodynamics
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equations (3)-(6), there hold the following decay estimates with sharp rates
(10772 [ (fuGet) + A6 6Pl < Cas
R

(14 t)2+"/2/ [[Vu(x,t)]* + |[VA(x,1)]?]|dx < Cyg,

n

(1+ t)Qm“*"/z/ [A™u(x, ) + |A™A(x, 1)[*)dx < Cur,
]Rn

(14 )2mt24n/2 / (VA™u(x, £)% + |VA™A(x, £)|2]dx < Cis,

n

and

L+ )22 a1l + |AC )] zoe] < Cao,
(L+ )2 Va(, 1) Lo + [[VA( 8[| 2] < Cso,
(1+ )22 A )| e + [|A™A( 1) o] < Crp
(L+ )2 VAT, 1) L + VAT A1) 2] < 052,
for all positive integers m > 1 and for all time ¢ > 0, where Cy5 > 0, Cyg > 0, Cy7 >

0, Cyg >0, Cyg > 0, C59 > 0, C51 > 0, C59 > 0 are positive constants, independent

of (u,A) and (x,t). The proofs follow from the Fourier splitting method.

Let o = ﬁ and a9 = RLM. If there exists a global smooth solution u €

C>®([R"™ x RT), A € C®°(R" x R") to the Cauchy problems for the n-dimensional
magnetohydrodynamics equations (3)-(6), then there hold the following solution
representations

u(x,t) = W/nexp [—'2;3;'2} up(y)dy
I 4m1<t1— 7 oo [ s far
[ e [ e [ () 9ty iy far
Ot{ i Lo e A vaw s
Al

t / _M VP(y,7)dy +d
[Amaq (t — 7)]7/2 . P don (t — ) Yo )Y &t

0
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A(x,t) = L /HEXp [—'X_y'z] Ao(y)dy

(4maugt)n/? 4ot

+/0{ e [‘M] g3y
i Lo [ | i DAy far
[ f v [ () Ot iy
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