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Abstract: In this paper, the boundedness of some Schrodinger type operators and the com-
mutators is considered. Using the boundedness of them on L? space, we obtain the boundedness
of some schrédinger type operators and the commutators on Morrey with variable exponents.

Keywords: Morrey spaces; commutators; Schrédinger type operators; variable exponent

2010 MR Subject Classification: 42B20; 42B35

Document code: A Article ID: 0255-7797(2016)06-1149-11

1 Introduction

In this paper, we consider the schrodinger differential operator
L=-A4+V(z) on R" n>3,

where V() is a nonnegative potential belonging to the reverse Holder class B, for ¢ > 7.
A nonnegative locally L7 integrable function V(z) on R” is said to belong to B,(g > 1)

if there exists a constant C' > 0 such that the reverse Holder inequality

CYRORUCIAD

holds for every ball in R"™, see [1].

Shen [1] established LP estimates for schrodinger type operators with certain poten-
tials. Kurata, Nishigaki and Sugano [2] considered the boundedness of integral operators on
generalized Morrey spaces and its application to Schrodinger operators. Recently, paper [3]
by Tang and Dong proved the boundedness of some Schrodinger type operators on Morrey
spaces related to certain nonnegative potentials.
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It is well known that function spaces with variable exponents were intensively studied
during the past 20 years, due to their applications to PDE with non-standard growth condi-
tions and so on, we mention e.g. [4, 5]. A great deal of work was done to extend the theory
of potential, singular type operators and their commutators on the classical Lebesgue spaces
to the variable exponent case (see [6-8]). Also, many results about potential, singular type
operators and their commutators were studied on Morrey Spaces with variable exponent (see
[9-12]). Hence, it will be an interesting problem whether we can establish the boundedness of
some schrodinger type operators on Morrey spaces with variable exponent related to certain
nonnegative potentials. The main purpose of this paper is to answer the above problem.

To meet the requirements in the next sections, here, the basic elements of the theory of
the Lebsegue spaces with variable exponent are briefly presented.

Let p(-) : R" — [1,00) be a measurable function. The variable exponent Lebesgue space
LPO(R™) is defined by

p(z)

f@)
A

dx < oo for some constant A > O} .

LPO(R™) = {f is measurable : /
RTL

The space L) (R") is defined by

loc

loc

Lp(')(]R") = {f is measurable : f € LP*)(K) for all compact subsets K C R”} .
LPO)(R™) is a Banach space with the norm defined by

p(x)
@ dx < 1}.

11l Lo gy = inf{A >0 /

R

We denote p_ := ess ian p(z), py :=ess sup p(z).
TER™ rER®
Let P(R™) be the set of measurable function p(-) on R™ with value in [1, c0) such that
1<p- <p()<ps < oo
Given a function f € L] (R"), the Hardy-Littlewood maximal operator M is defined

loc
by
1
M (@) = sup o /B £ ()ld,

B3a
where the supremum is taken over all balls B containing z. B(R™) is the set of p(-) € P(R"™)
satisfying the condition that M is bounded on LP()(R™).

We say a function p(-) : R® — R is locally log-Hélder continuous at the origin, if there
exists a constant C' such that

C
lp(z) — p(0)] < log(e + 1/[z|)

for all x € R™. If, for some p(c0) € R and C > 0, there holds

C
Ip(z) — p(oo)| < w
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for all x € R™, then we say p(-) is log-Holder continuous at infinity.
By P,°8(R") and P%%(R") we denote the class of all exponents p(-) € P(R") which are
log-Hélder continuous at the origin and at infinity with p(co) := ‘ llim p(z). Obviously, we

can show that p(-) € P5(R™) (| PL8(R™) implies p/(-) € P8 (R™) () P2¢(R"). Moreover, we
can easily show that p(-) € Py8(R"™) () P¢(R") implies p(-) € B(R™), see [13].

Definition 1.1 [9] For any p(-) € B(R™), let k,(., denote the supremum of those ¢ > 1
such that p(-)/q € B(R™). Let ey be the conjugate of k(.

Definition 1.2 [9] Let p(-) € L>*°(R™) and 1 < p(z) < co. A Lebesgue measurable
function u(z,r) : R™ x (0,00) — (0, 00) is said to be a Morrey weight function for L) (R™)
if there exists a constant C' > 0 such that for any € R™ and r > 0, u fulfills

oo

3 ” IXBG@.mLro @ w(z, 217) < Culz, 7). (1.1)

XB(e,27+17) || Lr() (&)

We denote the class of Morrey weight functions by W,,.).

Next we define the Morrey spaces with variable exponent related to the nonnegative
potential V.

For z € R™, the function my (z) is defined by

1 1
= sup {7’ o / Viy)dy < 1} :
my (.Z') >0 T B(z,r)

Definition 1.3 Let p(-) € B(R"), u(z,r) € Wy and —oo < a < oo. For f €
(R™) and V € B,(¢ > 1), we say the Morrey spaces with variable exponent related to

Lp(

loc

the nonnegative potential V is the collection of all function f satisfying

14+ rmy(2))”
F ey = sup LMD

3 ny < i
z€R™,r>0 U(Z, ’I") HXB(Z7T)f”Lp( ) (R7) 00

In particular, when a« = 0 or V = 0, the spaces MZ(‘),U(R") is the Morrey spaces
with variable exponent M, ,(R") introduced in [9]. It is easy to see that MS&“(R") C
Mpyu(R ) for @ > 0 and M, .(R") C ./\/lp )U(R") for a < 0. If p(z) is a constant,
u(x,r) = r* and X € [0,n/p), we have

IXB@nllr@ny  (27F17)
HXB(xzm Wer@ny

i ||XB(ac T)HLZD( ) (R™) (1‘,2j+1r)
I

XB(x,2i+17r) ||Lp( ) (R™) u(x, r)

QU+ A=n/p) ~ (1

M 10

Il
=)

J

In this case, the space MZ(‘)/"(R") is the Morrey spaces Li’ﬁ, (R™) related to the nonnegative
potential V', see [3].

Now it is in this position to state our results.
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In [1], Shen showed the schrédinger type operators V(—A + V)71V, V(=A + V)~1/2
and (—A + V)~Y/2V are the standard Calderén-Zygmund operators provided that V € B,,.

In particular, the kernels K of above operators satisfy the following inequality

Cy 1

@S =y @ T

(1.2)

for any k£ € N, where C}, denotes a positive constant depend on k. In the rest of this paper,
we always assume that T is one of the schrodinger type operators V(—A 4+ V)71V, V(=A +
V)~2 and (A +V)"Y2V with V € B,,.

Theorem 1.1 Suppose V € B, —00 < a < 00, p(x) € B(R"). If u € W), then

IT fllagrcyn < ClENgocy -
Let b € BMO (see its definition in [14]), we define the commutator of T" by
b, T]f = bT f — T(bf).

Theorem 1.2 Suppose V € B, b € BMO, —c0 < a < o0, p(z) € B(R™). If

oo

G+ pAeenliOE iy < o), (19
||XB(Z,2‘7+1T)| LP() (R)

Jj=1

then
116, T]f lgrpe < Clibllmatoll fll gy

Remark 1 We can easily show that u fulfills (1.3) implies u € W)
Next, we consider the boundedness of fractional integrals related to schrodinger opera-
tors.

The L-fractional integral operator is defined by

Igf(x)zﬁ_ﬂ/zf(a:):/e_tﬁf(m)tﬂ/z_ldt:/ Kg(z,y)f(y)dy for 0< B <n.
Rn

By Lemma 3.3 in [15], one can get the kernel Kg(x,y) of I3 satisfy the following inequality

Ck 1

(1 + |z — y[(my () + my(y)))* |z —y|"=F
_ C 1
= (14 |z —ylmy(z)* |z — y[»F

[Ks(z,y)| <

(1.4)

for any k € Nand 0 < 3 < n.

Theorem 1.3 Suppose V € B, /2, —00 < a < 00, p(x),q(x) € B(R") satisfy p; < %

ﬁ = ﬁ — % If exists go satisfying ;25 < ¢qo < o0, % € B(R") and u € W), then

g fllpgay o = CllFll gy
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Remark 2 W,) C W,). Indeed, for j > 0, by inequality (2.3) in the next section, we

have
IXB )l Lre) @n) _ IXBzmllLar @y IXBE lLro @) 1XBE 25410 | Lae) @)
IXBz2itim Iy IXBE2+10) Lt @) IXBEmILao @) IXB(220+ 1) | o) @)
~ 9-G+1)B X Bzl Lae) ®m) X Bzl Lae) &)
IXB(z2i+1m) |Lacr ®n)y — IXB(z20+10) | Lat) @)

Therefore, using inequality (1.1), we obtain W,y C W,(.
Let b € BMO, we define the commutator of I3 by [b, Ig]f = blgf — I5(bf).
Theorem 1.4 Suppose V € B,,/2,b € BMO, —00 < av < 00, p(+) € PrRE(R™) ) Plog(R™).

n 1 _ 1 _ B
Itpy <5 5 = 59 — » and

o0

Z(j +1) RETCRIIARIED u(z,27r) < Cu(z,r),
X B(z,2+1r) | Lac) @)

j=1
then
105, T30 e < Clolmoll g

For brevity, C' always means a positive constant independent of the main parameters and
may change from one occurrence to another. B(z,r) = {y € R" : |z —y| < r}, xp, be the
characteristic function of the set By, for k € Z. |S| denotes the Lebesgue measure of S. The
exponent p’(x) means the conjugate of p(z), that is, 1/p'(z) + 1/p(z) = 1.

2 Proofs of Theorems

In order to prove our result, we need some conclusions as follows.

Lemma 2.1 [16] Let p(-) € P(R™). Then the following conditions are equivalent:

(1) p() € B(R");

(2) P'(1) € B(R™);

(3) p(-)/q € B(R™) for some 1 < g < p_;

(4) (p(-)/q)" € B(R™) for some 1 < ¢ < p_.

Lemma 2.1 ensures that k,.) is well-defined and satisfies 1 < k,y < p_. Moreover,
P+ 2 €p()-

Lemma 2.2 [17] If p(:) € P(R"), then for all f € LP()(R™) and all g € L” O)(R™) we
have

[ U@t@lde < o gl
RTL
where 7, :=1+1/p_ — 1/p4.
Lemma 2.3 [6] If p(-) € B(R™), then there exists C' > 0 such that for all balls B in R",
CB| < Ixsll oo @mllxslliro @y < C|BJ.

Lemma 2.4 [9] Let p(z) € B(R") and 1 < p_ < p; < oco. There exist C;,Cy > 0 such
that for any B € B,

1 1
C1|B|75 < |Ixsllproy@ny < Co| B|75,
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1
1 _ 1
where 55 = B'/Bp(a:)dx'
Lemma 2.5 [9] Let p(x) € B(R"). For any 1 < ¢ < kp.y and 1 < s < ky (), there exist
constants Cy,Cy > 0 such that for any zop € R" and r > 0, we have

X B (0,257 | Lr) (7

Cy2im(1-1) < ) < 2%, VjeN.

||XB(ac0,7") | oc )(R™)

The next lemma can be get by inequality (1.4) and Corollary 2.12 in [6]

Lemma 2.6 [6] Let 3 > 0,p(z),q(z) € P(R") satisfy p; < £ and p(m) - qé) g1t
exists o satisfying ;"5 < go < 0o and % € B(R™), then ||I5f||Lq<.)(Rn < Ol fllrer @ny for
some C' > 0.

Theorem 1 in [8] and inequality (1.4) are rewrited as the following lemma

Lemma 2.7 Suppose that p(-) € Py*(R") () P8 (R") satisfies p; < £ and
g. then we have

p<a:> Ta@ —

116, L]l Locr @ny < ClibllBmo [ f [l oo (rn)
for f € LPO)(R™) and b € BMO(R™).
Using Corollary 2.5 and Corollary 2.10 in [6] and the inequality (1.2), we can get the
following result.
Lemma 2.8 Let T be a Calderén-Zygmund operator and let b be a BMO function. If
p(-) € B(R™), then there exists a constant C' independent of the function f € LP()(R™) such
that

1T flleor@ny < Cllflleo @y and  ||[b, T1f || Lrcr @ny < CllbllBmol| | re) @ny-

Lemma 2.9 [18] Let k be a positive integer. Then we have that for all b € BMO(RR")
and all 4,7 € Z with 7 > j,

CHbllEumo < sup 16 = b5)*xBllLr> @y < CllbllEuos

IxBl Lec 9 (R7)
16— bBi)kXBj Loy @ny < CG = i)kHb”]]%MOHXBj | o) (R

Lemma 2.10 [1, 3] Suppose V € B, with ¢ > n/2. Then there exist positive constants
C and kg such that

(1) my (@) ~ my(y) if o -yl < =2

(2) mv(y) < C(1+ |z —ylmy(z))*omy (2);

(3) mV(y) = Utle— y‘gx‘(/;;)ko/(koﬂw

We will give the proofs of Theorems 1.3 and 1.4 below. The arguments for Theorems

1.1 and 1.2 are similar, we omit the details here.
Proof of Theorem 1.3 Without loss of generality, we may assume that o« < 0. Let

f € Mpiyu. Forany z € R™ and r > 0, we write f(z) = fo(z) + > f;(z), where fy =
j=1

IXB(z2r), fi = [XB(z2i+1r)\B(2,2ir) fOr j > 1. Hence we have

(T )xB el zao @y < [sfo)xaemllzao @y + Y ITsf)XBm |0 @n)-
J=1
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By Lemma 2.6, we obtain

(I+rmy(2))”
u(z,r)

(1 + va(z))a
’LL(Z,’I“) HfXB(z,QT‘)||LP(~)(Rn).

||(IﬁfO>XB(z,’r’)| L<I(')(]Rn) S C

Because inequality (1.1) and Lemma 2.5 imply that w(z,r) > Cu(z,2r). Therefore, we
obtain

(1 +rmy(2))*
u(z,7)

(I+rmy(2))>
I z q(- n < C— 2.2r p(- n
(s fo) X Bz I Lot (mry < (z.2r) 1 fXB(z2m) o) @)

(1 + QTmV<Z))O¢
< C pl n
B u(z,2r) 1/ xB(2m L () (Rn)

< () .
= CHfHMﬁ(‘} (R™)

Furthermore, for any j > 1, 2 € B(z,7) and y € B(z,27T'r)\B(z,2/r), we note that
|z —y| > |y — 2| — |z — 2| > C29r. Thus we get

[T f;) ()] < C(zﬂ'r)ﬁn/ 1

Bleaitiy (L+20rmy(x))k |f(y)|dy.

Using Lemma 2.10, we derive the estimate
Cmy (2)
(T o — sl ()71
o 1+ 27rmy(2)
(1 + rmy (z))ko/ (ko+1)
C(1 + 2rmy (2))Y/ hoth), (2.1)

1+ 2 rmy(z) > 1+ 27r

>

Thus we get that

(I f;) ()] < C(2J’r)ﬁ—n/ 1

. dy.
Blazitiyy (L+ 2rmy (2))F/ (ot D |f(y)|dy

Lemma 2.2 ensures that
/ If(y)ldy < CHfXB(z,W"“T)||LP(')(]R”)||XB(z,2j+1T) HLP/(-)(R")
B(z,2it1r)

for some constant C' > 0.

Subsequently, taking the norm || - || Lac)gn), we have

(277)B—n
||<Iﬁfj)XB(z,2r)HL<1(~)(]Rn) Sc(l T 2-7rmv(z))k/(k0+1) HXB(Z,T) HL'I(-)(Rn)

X IXBez 2410 fll Lo @m) IX B2, 20010 | Lo ) (@) - (2.2)
Applying Lemma 2.3 with B = B(z,2/*r), we obtain

(2"

||XB(z,2f+1r) ||Lp<~>(]Rn) '

IXB(z2+1) | Lo ) @ny < C
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Using the above inequality on (2.2), we obtain

HXB(Z,2T) (I f5) ||La<->(Rn)

(27r)o IXB () (x)HLQ(‘)(]R”)”XB(Z,QJ"HT)fHLP(-)(]Rn)(2j+17")n
= (1 + 2rmy (2))R/ (kot1) ||XB(Z,2H1T)||Lp(.)(Rn)
(2jr)ﬁ ||XB(Z,T)("I;)||L<1(')(]R7L)

= (1 I 2jrmv(z))k/(ko+l) ||XB(Z,2j+1r)||LP(-)(]Rn) |XB(z,2"+1r)f||LP<'>(R")'

In view of the fact that for any ball B, we have

1 / 1 1 1 1 1 08
— | —dzt— — | —dr=—— — =—.
1Bl J5 p(x) 1Bl Jp a(x) pe ds n
Lemma 2.4 implies that

IXallo@ o o pe 23)

Co|B|* <
’ ~ lxsllao @

for some constants C; > C5 > 0 independent of B.
Hence using (2.3) with B = B(z,277!r), we have
(2j+1r)ﬂ 1

IXB(z 211 | Loy @ny ~ [IXB(z 27410 | Lac) ey

Cs

Therefore

||XB(z,r) (Iﬁfj> ||L<1(-)(]Rn)

1 ||XB(Z 7‘)||LQ(-)(Rn)
= / ’ z 1y p(- n
= (1 + 20rmy (2))K Eo D) [ ot || Lao @n) IXB(z20+1m) fll Lot )
1 ||XB(z,r)||Lq(-)(Rn) u(z, 2j+1r)

(1 + 2jrmv(z))k/(k0+1) HXB(Z72_7‘+1T)||LEI(')(]R") u(z, 2j+1r) ||XB(z,2J'+1T)f”LP(')(Rn).

Thus we arrive at the inequality

(1 + 2j7’mv (Z))ia HXB(Z,T) HL(I(')(]R")
(1+ 27rmy (z))k/(ko+1) ||XB(Z72j+1T)||LQ(‘)(R")

X8z s fi)ll Lao) @ny <C

’LL(Z, 2j+1’r) Hf|’M£?3'u(R’n)'

Taking k = (—[a] + 1)(ko + 1), we obtain

— — HXB(Z r)HLq<'>(R") i1
IXB () Tsfi) | Lac) gy < C : w(z, 270 0) | Fll o oy -
jz_; (rAa s T lLec () ; ||XB(z,2j+1r)||L‘Z(‘)(R") Mg (R™)

As u € Wyy and o < 0, we have

(1+rmy(2))”

i 2o eenEahillzo @ < OO+ rmy () 1 e e

Jj=1

< p()u .
= CHfHMa(\g (R™)
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Therefore, we have [[15f][ ).« < C’HfHMp(.),u(Rn), and hence the proof of Theorem 1.3
a,V a,V
is completed.

Proof of Theorem 1.4 Without loss of generality, we may assume that o« < 0. Let
oo
f € My(yu. Forany z € R” and r > 0, write f(z) = fo(x)+ > f;(z), where fo = fxB(z.20),
i=1
fi = fXB(z21+1r)\B(z,2ir) for j > 1. Hence we have

(1+rmy(2))” (1+rmy(2))”

1([6; Is) F)x Bz Lo @ny < [([b, I8 fo) X Bz | Lot mmy

u(zﬂ“) U(Zﬂn)
1 ‘N
W ; 165 L6 f3)X Bz L Lot @)
:D1 + -D2~

First, we estimate D;.
Lemma 2.7 shows that ||[b, I5] fol| Lac)@n) < Cb|lBMmol| foll Le¢) @ny. Thus, we find that

(1+rmy(2))

Dy < Clbllsmo X B(z.2r) fll Lro) @)

u(z,7)
(14 rmy(2))*
< b —_— 5o 3 (Rn
< CbllBmo (= 2) IXB(z,20) fl Lot ()

< Clbllonol 2oy
because inequality (1.1) and Lemma 2.5 imply that u(z,2r) < Cu(z,r).

Next, we estimate Ds.

For any j > 1, x € B(z,r) and y € B(z,2/'r)\B(2,2/r), we note that |x — y| >
ly — 2| — |x — z| > C2/r. Using inequality (2.1) and Lemma 2.2, we obtain

1 [(b(z) — b(y)).f(y)]
|([b; Ig] f5) ()] S(l ¥ 29rmy (2))*/ (ot D) /B(z,2a'+1r)\3(2,2jr) o = y[n? dy
(277)B—n
S+ Drmy (2) 6ot D /B(Z,er) (b(z) — b(y)) f(y)|dy
(277)B=—n

<
ST+ Drmy ()00t D
9 (|b<x> |

(277)7n
T s loe)

F@)ldy + /

B(z,29t1r)

(b — b(y))f(y)ldy>

B(z,29+1r)

<

X (|b($) - bB(ZVT)|||XB(z72J'+1T)||LP’(-)(]R") + ||(bB(z,r) - b)XB(z,Qj‘*'lr)||LP/(-)(]R")) .
Subsequently, taking the norm || - || Lac)®») and using Lemma 2.9, we have
[ ([o, Iﬁ]fj)XB(z,r) | acy (R™)
(27
(1+ ermv(z))k/(ko+1)

<C(G+1)

X [[bllBmoll fxB(z 20410 | Lre) @) X Bz | e @) X Bz 2010 | 17 ) ) -
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The arguments here are quite similar to the proof of Theorem 1.3, so we have

1 ||XB(z,T)||LQ(-)(Rn)
(1 + 2J’I"mv (Z))k/(k0+1) ‘|XB(Z,2j+17-) HLQ(.)(RH)

1([b, I8 )X Bz Latr ey <CIbllBMO (5 + 1)

u(z,27F1r)
m||XB(Z,2J+1T)f||LP<->(R")

(1+27rmy(2))"*  lIxBen Lo @
(1 + 27rmy (2))*/ kot [ x g gi1p) | Lao) (mm)

<C|bllBmo(F + 1)
U'(Z? 2j+17ﬂ)||f||M§f-V),u(Rn).
Taking k = (—[a] + 1)(ko + 1), we obtain
> I, Za £7) X B | o

j=1

<C|lblsmo Y (i +1)
j=1

1XB(zm | Lao &)

w(z, 27y o
‘|XB(Z’2'i+1T)HLQ(‘)(]Rn) ( )”f”Ma(‘) (R")

As v fulfills (1.3) and a < 0, we obtain

D, = (1—’—7‘7’7’21\/52’))0 Z H([b, Iﬁ]fj)XB(z,r)HL‘1<')(Rn)

u(z,r
< C(1L+ rmy () llantollFll oy < Clbllmsio £y oy

Consequently we have proved Theorem 1.4.
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