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Abstract: In this paper, we are devoted to the converse comparison theorem for backward
stochastic differential equations (BSDEs, for short) driven by 1-dimensional Lévy processes. With
the similar method of the converse comparison theorem under g-expectation, we prove the converse
comparison theorem under f-expectation. Moreover, we provide a necessary and sufficient condition
for the Jensen’s inequality to hold under the f-expectation, the nonlinear expectation defined by
BSDEs driven by Lévy processes.
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1 Introduction

BSDEs were first introduced by Pardoux and Peng [12]. In 1997, Peng introduced the so
called g-expectation, a kind of nonlinear expectation, based on the solution of a BSDE driven
by a Brownian motion. This expectation is called nonlinear since the linearity property of
the usual (linear) expectation is violated while other properties of the (linear) expectation
hold in this nonlinear case. Since then, many researchers in related fields have explored
the properties of BSDEs and related g-expectations, see [1, 4], for example. Among the
results they obtained, the comparison theorem of real-valued BSDEs turns out to be one
of the cornerstone results in this theory. This comparison theorem was first established by
Peng [13] in the one dimensional case and later on generalized by many authors, see [11]. It
allows one to compare the solutions of two real-valued BSDEs whenever we can compare the
terminal conditions and the generators. Recently the comparison theorem was extended to
multidimensional case by Hu et al. [6]. An inverse problem is interesting, namely, if we can
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compare the solution of two BSDEs with the same terminal condition, can we compare the
generators? The result of Chen [3] can be thought as the first step in solving this theorem,
and then it was further developed in [2] and [8] among others.

The comparison theorem and the related converse comparison theorem are applicable to
mathematical finance. These results give a necessary and sufficient condition for the wealth
process to be nonnegative, and also yield several of the classical properties of utilities, see
[5]. In economics and finance, the nonlinear g-expectation can describe the attitude of the
investor, e.g., risk preference or risk aversion. In [10], the author introduces the g-EU theory.
The validity of this theory depends on the Jensen’s inequality for conditional g-expectation.
In [2], Briand gives a counter example to show that the g-expectation need not satisfy
Jensen’s inequality for most convex functions. This raises a natural question: under what
conditions will the Jensen’s inequality hold? Jiang [9] and Hu [7] explored the validity of
Jensen’s inequality for the g-expectation and provide necessary and sufficient conditions for
the Jensen’s inequality.

BSDEs and related g-expectations appear in many financial problems especially in the
contingent claim valuation. A more realistic case will be financial markets with jumps,
where jumps are caused by natural accidents, policy interference and so on. In a market
with jumps, a jump-diffusion process will more aptly describe the price of the risky asset,
and hence BSDEs driven by Lévy processes are used in the contingent claim valuation.
The existence and uniqueness of the solution for this kind of equation was first dealt in
[1]. In [15], the author studied BSDEs with jumps and establishes several basic properties
including a comparison theorem. That study also introduced a nonlinear expectation, called
the f-expectation, related to the BSDE studied there. However, the converse comparison
theorem for this kind of equation and the conditional Jensen’s inequality corresponding to
the nonlinear expectation are not obtained so far, to the best of our knowledge. Therfore,
our first purpose in this paper is to establish a converse comparison theorem for the BSDEs
driven by Lévy processes. Based on this converse comparison theorem, we will provide a
necessary and sufficient condition for the Jensen’s inequality to hold.

The rest of the paper is organized as follows. In Section 2, we recall the basic definitions
and the notations of BSDEs driven by Lévy processes. In Section 3, we prove the converse
comparison theorem for this kind of BSDEs. In Section 4, we give the sufficient and necessary
condition of the Jensen’s inequality for the f-expectation. The last section reflects on the

conclusions of this work and discusses about our future work.

2 BSDEs Driven by Lévy Process

This section sets up the notations, terminologies, and assumptions that will be in force
for the rest of this work. We fix a finite time horizon T" < oo and the natural filtration
F = {Fi}tepo,r), which is generated by two mutually independent processes {B;}icjo, 7 and
{N¢}eco,m- Here, {Bi}icpo,m is a d-dimensional Brownian motion, {N;}icpo,r) is a Lévy
process with its Poisson random measure pu(ds, dz) defined on [0, T] x R*, where R* = R\ {0},
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the compensator of the Poisson random measure is v(ds,dz) = A(dx)ds, and p(ds,dz) =
u(ds,dz) —v(ds,dr) is a martingale measure for all A € B(R*), where A(A) < co. Moreover,
A is a o-finite measure defined on B(R*), such that [,. (1 A2z?)A(dz) < co. We shall now

introduce some basic spaces that we will be working with.

S? = {cédlag process ¥; FE < sup |z/1t\2> < oo},

0<t<T
T
£2(ﬁ) = {73 ® B(R") — measurable process v; FE </ / |vs(9[;)|2 A(da:)ds) < oo} ,
0 .

the set of F;-progressively measurable R-valued processes, where P denotes the o-field of
predictable sets on [0, 7] x €, and

T
L*(B) = {predictable process 0; E (/ 0,117 ds) < oo} ,
0

where £2(B) denotes the square integrable predictable processes with respect to the Brow-
nian filtration.
Let n € L?(Fr) be the terminal condition. We consider

f:Qx[0,T] x Rx R* x L2*(R*, B(R*),\; R) — R.

Definition 2.1 A solution of the equation

T T T
Y,=n +/ f(s,Ys, Zs,Ug)ds — / Z,dBs — / / Us(z)p(ds, dx) (2.1)
t t t *

with parameters (f,n) is a triple of processes (Y;, Z;,U;) € 8% x L2(W) x L2(j) satisfying
that equation for any ¢ € [0, 7.

Next we consider the existence and uniqueness of the solution.

Lemma 2.2 (see [15]) There exists a unique solution for equation (2.1) in % x L2(W) x
L%(p) provided the generator f satisfies the following conditions:

Q) E UOT|f(s,0,O,O)|2ds} < o0;
(ii) f is Lipschitz continuous w.r.t y, z with the Lipschitz constant K;
(

iii) there exist constants —1 < C; < 0 and Cy > 0 such that for any
yER, z€ R, u,u € L2(R*,B(R*),\; R),

we have

*

f(t7 Y, z, U,) - f(tv Y, =, ul) < / (u(a:) - u/(x))%y,z,u:u’ (.’L‘))\(dl‘),
where 775" : Q x [0,T] x R* — R is P x B(R*)- measurable and satisfies

Ci(I1nz) < ’yf’z’“’”/ < Cy(1Ax).



26 Journal of Mathematics Vol. 35

The last condition (iii) implies that f is Lipschitz continuous in w, with Lipschitz con-
stant denoted by A, and

[f(ty, z,u) = f(ty, 2,0)] < C/*IU(HU)U'(ﬂc)l(Mlxl))\(dﬂC)

A </ lu(z) — u'(a;)ﬁx(dga))é

We shall now recall a comparison theorem for BSDE driven by a Lévy process, see [15].

IN

Let (Y%, Z",U") (i = 1,2) be two solutions of our equation (2.1) associated respectively with
(n*, f1) and (n?, f?). Then, we have the following

Theorem 2.3 (see [15]) Assume that the conditions in Lemma 2.2 are fulfilled for n',
n?, fand f2. If n* < n? as., and f1(t, Y5 20U} < F2(4 Y ZE, UL, dt x dP ae., then
Y,! <Y?forte€0,T] as.

Definition 2.4 Consider a BSDE driven by a Lévy process with generator f, satisfying

(i) f(s,4,0,0)=0,Yy € R;

(ii) f is Lipschitz continuous in y, z;

(iii) f satisfies the third condition in Lemma 2.2.

For any 7 fixed in £2(Q, Fr, P), we denote the unique solution of the related BSDE by
(Y8 Z BT U bt Let €;(n) = Yy denote the initial value of the solution. Then &
is a non-linear expectation called f-expectation.

Lemma 2.5 Let, for any £ € L*(Q, Fr, P), f satisfies the conditions in Definition 2.4.
Then there exists a unique random variable n € L?(Q, Fr, P), such that

Ef[IAf] = €f[IA7’]], VA € F;.

This 7 ic called the conditional f-expectation of £ and is denoted by €¢[¢ | F3]. Moreover,
efl€ | Fi] = V&5 is the solution of equation (2.1) at time ¢.

3 Converse Comparison Theorem

In this section, we present one of the main result of this paper, namely, the converse
comparison theorem for the solutions of BSDEs driven by Lévy processes.

Suppose the triple (Y, Z,U) is the solution of the BSDE (2.1) and the generator f
satisfies the following

Assumption 3.1 For all (y,p, q), almost all sample paths t — f(¢,y,p,q) are continu-
ous.

To establish our converse comparison theorem, we need the following two lemmas.

Lemma 3.2 Let (Y, Z,U) be the solution of BSDE (2.1). We then have

T T
E [ sup €|V, |? | ft} +FE [/ P 72ds | ft] +E [/ / P U2 N(dx)ds | F,
' .

t<s<T t

T 2
S CE €BT’I’]2 + </ eﬁs/2|f(s’07070)|d8> | *7:75] )

t
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where C' is a positive constant and 8 = 2K + 4K?, (recall that K is the Lipschitz constant
of f with respect to y and z).

Proof For any constant (3, it follows from Ito’s formula that
ePY2 + / P Z2du + / / U2 (x) pu(d, du)
— ST / Y, P+ 2 / Y, (Yo, 2o Uyl

T T
-2 / Py, Z,dB, — 2 / / Py, Uy () fi(du, dz). (3.1)
s s R*

Also,

T
2/ Py, f(u, Yo, Zy, Uy )du

IN

T
2/ 65“|Yu||f(u,Yu, Zu, Uy)|du

IN

T T
2/ eﬁ“|Yu||f(u,Yu,Zu,Uu)—f(u,0,0,0)|du+2/ P Y, £ (u,0,0,0)|du
T 12
2K/ Py, |Yu|+|Zu|+</ |Uu(x)|2)\(dx))
Q R*

T T
1
2K/ Py, |2 du+4K2/ Py, |2du+2/ P 7,2 du

IN

T
du + 2/ " Y, f (1, 0,0,0)|du

IN

// PU, (x )\(dx)du—l—Z/ PV, £ (u,0,0,0)|du . (3.2)

Taking 3 = 4K? + 2K, we see from (3.1) and (3.2), that

e[V, + / ﬁ“Z|du+// [T, ()P, du)
1 T
—2/ / P U (x) A (d)du

T T
< P -2 / Y, Z,dB, — 2 / / P |U, (2) |2 fi(dz, du)
s s R*
T
+2/ PV, £ (u, 0,0,0)|du. (3.3)

In (3.3), let s =t and take the conditional expectation to get

1 r 1 r
PV 5F [/ P Z2du | ]—'t] +3F U / U2 (z)N(dx)du | Fy
t t R*

T
< E[’Ty? | F] +2FE [/ P Y, £ (u,0,0,0)|du | .7-}} . (3.4)
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It follows from equation (3.1) that

Y2 < ﬁ/ ﬁ“YQdu+2/ P, f(u, Yo, Zy, Uy)du

T
-2 / Py, Z,dB, — / / Py, Uy () fu(du, dz)

The following estimate holds by equation (3.2).

T T
Y?E < Tyt -2 / ’Y, Z,dB, — 2 / / Y, U, (2) f(du, d)
T ’ i T
+2/ 65“|Yu||f(u,0,0,0)|du+2/ / U2 (z)\(dx)du
¢ t JR*
Therefore
sup Y2 < e'BTnQ—Q/ e’"Y, Z,dB, —2/ / e?Y, U, (z)ji(du, dz)
t<s<T t
+2 sup / e’'Y, Z,dB,| + 2 sup / / 7Y, U, (2)fi(du, dx)
t<s<T |J¢ t<s<T

1 T
+2/ / eWUj(x)A(dx)duH/ P Y, || f (1,0,0,0)|du ,
t * t

and consequently

E [ sup Y2 | F| < B[ | F]+2E { sup / Py, 7Z,dB, |.7:t}
t<s<T t<s<T
+2F [ sup / / Y, Uy () fi(du, dx) ft}
i<s<t |Jy JRe

“p MT /R AU () (d)du | Ft}

T
2B { | el 0,00/ ft} |
t

T 1/2

< / equfZZdu> J—"t]
t
1 T

+-E U / P\ U, (2)|A(dx)du | ]—'t]
2 t R*

T
t
1/2

| Fe

By the Burkholder-Davis-Gundy inequality,

E[sup Y2 F| < ElTn?| F]+20E

t<s<T

+2CFE

2P Y2U2 u(du, dr)
R*

IN

T
E[PTn? | Fi] + 8E [ sup e*Y? | }'t] +CFE [/ | Z, 2" du | ]—'t]
t

t<s<T
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1
+4E[sup eﬁszft}+CE[// P |U, (z 2du|5’-}]

t<s<T

+CE

(/t P2 f(u, 0,0, O)du> | F| . (3.5)

Then, by estimates (3.4) and (3.5), we have

T - T
E [ sup e’Y? | ft} +FE [/ P Y 2du | ft} +FE / / P U (x)N(dx)du | ft}
t<s<T t LJt *

2

T
< CE BT2+</ eﬁs/2|f(s,o,o,0)|ds> | F,
t

For any fixed p,q € R, put
t
X" = xz+p(Bs—B)+ q/ / 1A || fi(du, dz) |

'Y,

t+y t+
y+ [p(Byys —Bt)—l—q/ / 1A |z|p(du, dz) +/ f(u,"Y,,"Z,,"U,)du

t+L
—/ "Z.dB, / / p(du, dx) .

Lemma 3.3 Supposing Efsupg<,<r | f(t,0,0,0)|?] is finite, we have

n("Y; —y) — f(x,y,p,q), in L? sense, as n — oo.

1
Proof For any fixed (t,y,p,q) and t < s <t+ —, put
n

ny, = "Ys—[p<Bs—Bt)+q// 1A |z|fi(du, dz)],
t R*

"z, = "Zs—
nUs = nUs_q~

Then d"Y, = d"Y, — pd(B, — B,) — qd [* [,.. 1 A |z|fi(du, dz), that is

N t+3 t+2 t+1
"y, :/ f(u,”Yu,”Zu,"Uu)du—/ ("Z, — p)dB, — / / Vii(du, dx)

t+o —
_ / F(u, 7Y, + p(Bu — B) + 4 / / 1 A lelfi(dv, dz), "Zy + p, Ty + q)du

IL —— t+
—/ nZ.dBg

By Lemma 3.2 and E[SuPogth |f(t, 0,0,0)]?] is finite, we have the following estimation

thy t+5 __
/ |nZ,*ds | F; / / U, *\(dz)ds | j’-"t]
t t *

"U p(du, dx).

E| sup Y| F|+E +F

t§s§t+
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_ ) )
t++ u
< Cefinp ( | sy -y [ [ 1nlsie o) q)du) 7
t t *
i t+1 u
< B ( [ s o [ [ 3l o). - .00
t t R*
7 (,0,0,0)dw)’ | 7]
1 t+L u
< CKeﬁ/”ﬁE / [|y +p(B, — By) + q/ / LA |z|f(dv, dz)|* + ¢* +p2] du (3.6)
t t *
t+
[ Iw0.0.0p ] 7
t
1 (p?+@+y2 p* 1 1 1 t+5
< CKePm— (2L 4+ 5~ L K¢®>— | + —CeP"E |f(u,0,0,0)|%du | F
n n 2 n? n n .
1
< Cy,p,qﬁa (3'7)
where C, ,, , is a constant depending on y,p and q.
Since
t+1
n("Y;—y) = nE / (W, "Yo, " Zo, U, )l | ft]
t
t+; [
= nkE / flu,y +p(By, — By) + q/ / 1A |z|p(dv, dz), p,q)du | Fi| + R,
t t JRe
where
o — u S ——
Ro = a8 | [yt Tt pBa- B+ [ [ U8 jalitdo,do), 2+ T+ )
s t R*

)

t+1 u
- / sy +p(Bu — B) + 4 / / 1A Jeffi(dv, de), p, g)du | F;
t t *

we then get

1/2
|R,| <nKE

s o o
/ |nYu+|"Zu|+</ |”Uu|2/\(dx)>
t R*

Now, by inequality (3.6),

t+1 o o o 1/2
BlR.[] < n2K2E|:</ |"Yu+|"Zu+</ |”Uu|2/\(dx)> du>
t R*
t+x s - -
/ <|nyu2+|nzu|2+/ "Uu|2/\(da:)> du]
t R*

2

nK?*E

IN
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1 . b 3 __

< nK?E|- sup |ny;|2+/ ]"Zu|2du+/ /I"Uuzk(d:ﬂ)du
T p<s<t4 L t t *
1 1

< yypyq(ﬁ‘l'ﬁ)

— 0.

Let
A, = nE [f<u,y+p<Bu—Bt>+q / / 1A|xﬁ<dv,dx>,p,q>du|ft] T
s
Then

Al < 0 |fup(Ba B va [ [ 1A lelftde.dn) ) - fusadn 7]

t+1
+nE / |f(tay7paQ)_f(uayap’q”du']:t] 9
t
and
t+1 u 2
E|A."] £ KE / p*(By — B)* + ¢ </ / 1A |I|ﬁ(dv,d:v)) +p*+¢* | du
t t *
t+1
+KE / |f(t7y)p7Q) _f(uay7p7Q)|2du
t
= I+1I,
where
t+1 u 2
I = KFE / p*(By — B)* + ¢ </ / 1A |x|ﬁ(dv,dm)) +p*+¢* | du
t t *
t+1
II = KE / |f(tay7p7Q)_f(uay7p7Q>|2du .
t

21 21 1
Obviously I < K%—2+Kq——+(p2+q2)— — 0. By Assumption 3.1, we easily see 11 — 0,
n n

and hence the result holds.

Now, here is our converse comparison theorem.

Theorem 3.4 Let fi(t,y,p,q) and fo(t,y,p, q) satisfy the conditions in Lemma 2.2
and in Definition 2.4. ¥y € L*(Fr), denote Y;'(n) = Y;"T Y2 (n) = Y27, 1f vt € [0, T7,
we have Y,'(n) < Y2(n), P—a.s., then V(¢,y,p,q), f1(t,y,p,q) < f2(t,y,p, q) holds P—a.s..

Proof For any fixed (¢,y,p,q), define

t+L
M =Y +p(Bia —Bt)—i—q/ / 1A |z|a(ds, d).
. .
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By Lemma 3.3, we know n(Y;(n,) —y) — fi(t,y,p,q),i = 1,2 in L? sense.
On the other hand, n(Y,!(n,) — y) < n(Y;2(n.) — y), so

fl(t7yap7q) < f2(t7y7p7 Q)7P7 a.s..

By Assumptions 317 V(tvyapvq)a fl (tvyapvq) S f2(t7y7p7 Q) holds P—a.s..

4 Jensen’s Inequality

In this section, we give a necessary and sufficient condition for the Jensen’s inequality
to hold under the f-expectation that has been defined in Section 2. Indeed, we appeal to
the Converse Comparison Theorem to prove this basic inequality.

Theorem 4.1 Suppose f satisfies the conditions in Lemma 2.2, Definition 2.4, and
Assumption 3.1. Then the following statements are equivalent

(1) P—a.s f dose not depend on y, and for YA € R and (¢, p, q),

f(t,Ap, Aq) = Mf(t,p,q);

(2) the conditional Jensen’s inequality holds, that is, Vn € L?(Fr) and a convex function
1 defined on R, the following inequality holds e¢[1(n) | Fi] > ¢ (ef[n | Fi]), P — a.s..

Proof (1) = (2) Let p(z) = A\x 4+ u, A # 0. Let (Y, Z,U) denote the solution of the
following BSDE

Yt—n—l—/ f(s, Zs,Us ds—/ ZsdBy / / w(ds, dz),
t

and (Y', Z',U’) the solution of the following BSDE

/ (s, Z.,U)) ds—/ Z'dBs — / / U!l(z)p(ds,dx),
t
where f'(t,p,q) = Af(t, %, {). Obviously, Y} = \Y; +u, Z" = AZ, U’ = AU and
Yi=esln| FLY) =eplon) | 7.
For P—a.s., f(t,p,q) > f'(t,p,q), by comparison Theorem 2.3, we have
erlen) | 7ol = eple(n) | Fil, P —as.,

and e [p(n) | F] =Y/ =AY +u= Aegn | Fi] +u=ples(n | Fi)]. For any convex function
1), there exists a countable set D on R? such that

Y(x) = sup (Az+u).
(M\u)eD

For any (A, u) € D,

erl(n) | Fil = Ef[( SU)P (A +u) | ] > Xegln | Fi] +u, P —as..
A, u)eD
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For D is a countable set,

esl(n) [ 7] 2 (/\S“)lZD[)‘Ef[U | Fel +u] =(esln | Fi]), P — as..

(2) = (1) Let (Y, Z,U) be the solution of the following BSDE:

T T T
vz [ fevezivgas— [ zap.- [ [ vwis.a),
t t t .
and (Y', Z',U’) be the solution of the following BSDE
T T T
v =etn+ [ e vizns- [ zas - [ [ viwasdo),
t t t .

y—u
A

where f/(tv Y,D, Q) = /\f(t’
As above, we have

, 5, %), and o(x) = Az + u is a convex function.

erle(n) | Fil = wlerln | Fil) = i +u =Y = eplon) | Fi].

By Theorem 3.4, ¥(t,y,p, q), we have f(t,y,p,q) > f'(t,y,p,q), P—a.s., that is

J(t, Ay +u, Ap, A\q) > Af(t,y,p,q).

Let A = 1. Then, f(t,y+u,p,q) > f(t,y,p,q), that means f dose not depend on y, and
we can easily get that f(¢, Ap, A\q) > Af(t,p,q).

5 Discussion

BSDEs driven by Lévy processes are widely used in mathematical finance, especially in
the contingent claim evaluation in incomplete market. In this paper, we give the converse
comparison theorem for the BSDEs driven by Lévy processes. The sufficient and necessary
condition is obtained via the converse comparison theorem. These two results are the gener-
alization of the corresponding results for BSDEs driven by Brownian motion, and they can
be used in contingent claim evaluation, which has been mentioned in Section 1. There are
many elementary problems to be solved for the f-expectation, such as up-crossing inequality

etc.
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