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THE LIFE-CYCLE MODEL WITH BEQUEST MOTIVES
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Abstract: In this paper, we study how bequest motives affect the individual’s consumption
and saving behaviours. By using the first conditions to solve the optimization problem, it is
obtained that the individual has optimal consumption stream and bequest to maximize the all life
utility under the given condition and the individual will consume more and leaves more bequest
when his income increases or gets more heritage. Furthermore, the effects of four concrete bequest
motives function on individual’s consumption and saving behaviour are studied. It is proved that
the greater the strength of the bequest motive, the greater the savings rate and bequest in the
last three bequest motives and the individual’s consumption increases, savings decreases with the
increase of the threshold for the threshold bequest motives.
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1 Introduction

Bequest motives are long recognized as potentially important determinants of saving
patterns. However, there is very little work directed at describing how they affect optimal
consumption patterns.

In the paper [1], Jousten introduced a linear bequest motive into a standard life-cycle
model to inquires bequests impact on annuity valuation. Recently, Dalgaard and Jensen
integrated the bequest motives into classical Diamond model to study their effect on the
process of capital accumulation and showed that if the bequest motive dominates, the scale
effect is positive. If the life-cycle motive dominates, the scale effect is ambiguous and may
even be negative [2].

In this paper, we set up a life-cycle model with bequest motives by integrating the
utility function of bequest into the life-cycle model provided by Futagami and Nakajima [3]
and the method of dynamic optimization similar to [4]. It is proved the model has optimal
consumption path and bequest and the individual consumes more and leaves more bequest

when individual’s income increased or gets more heritage.
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The effects of four types of concrete bequest function on the individual’s consumption
and saving behaviour is discussed. In the cases of the logarithmic bequest motives and linear
bequest motives, the closed-form expression of the individual’s consumption and bequest are
given. For the homothetic bequest motives and threshold bequest motives, we obtain that
the individual has optimal consumption stream and bequest to maximize lifetime utility. It
is proved that the greater the strength of the bequest motive, the greater the savings rate
and bequest in the last three bequest motives and the individual’s consumption increases,

savings decreases with the increase of the threshold for the threshold bequest motives.

2 Setup the Model

Denote the consumption and asset of individuals who born at time 0 by ¢(t),a(t) at
time t. The individual retires at time R and his finite lifespan is 2 > R. Individuals derive
satisfaction from their consumption and have bequest motives. We assume that individuals

start their lives with assets (from heritage) and end up with bequest and have no debt, i.e.,
a(0) > 0,a(2) > 0. (2.1)

Assume that the individual provides inelastically a labor and earns the wage w(t) when

he works and has no income when he retires, i.e., the individual’s income is given by

=0 ven

Therefore the individual budget constraint hence writes
a(t) = ra(t) +y(t) — c(b), (2.3)

where the interest rate r is a constant.
Assume that the utility functions of individual from consumption and bequest is given
by

-1

u<c>—{ T o7

Inc, oc=1

and ¢(a(2),¢'(-) > 0,¢"(-) < 0. Then the individual’s optimization problem is to maximize

max/o e Pu(c(z))dt + ¢(a(f2)), (2.4)

subject to (2.1)—(2.3), where p stands for the rate of time preference.
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3 The Existence Of Optimal Consumption Path and Bequest
3.1 The First Order Conditions
The Hamiltonian for the problem is to solve the optimization problem is
H = e " u(c(t)) + At)[ra(t) + y(t) — c(t)]. (3.1)
The first order conditions and transversality condition are
0OH
U ra(t) + y(t) — c(t) = a(t), (3.2)
OH .
— = At)r=-=\(t 3.3
=M = —A(), (33)
H
on =e P/ (c(t)) — A\(t) = 0, (3.4)
dc
0¢
AQ) = — . (3.5)
da|,_q
3.2 The Existence of Optimal Consumption Path and bequest
From (3.4) and (3.3), InA(t) = —p + Inw/(¢(t)) and £ = o(r — p). So we have
c(t) = c(0)e” P, (3.6)
By (3.2), we have
t Q
e "a(t) —a(0) = / e "Ty(r)dr — c(O)/ elor=p)=rl7 g7 (3.7)
0 0
and
R
/ e "w(t)dt + a(0) — e "a(Q)
c(0) = 22 - (3.8)
/ plor—p)=rlt gy
0
From the transversality condition (3.5), we obtain
A(0) = e"N(Q) = "¢/ (a()), (3.9)
since A(t) = A(0)e™"". By (3.4), u/(c) = ¢ = = A(t)e”", we have ¢~ 7 (0) = \(0), i.e.,
0) = (.10
c0) = ————. 3.10
[¢'(a($2))]°
Let
R
. J—_ / w(t)e " dt + a(0)
g1 (;p) = + [ p= L0

Q
/ elo(r=p)=rlt 3y
0

/ o’ Q
¢(x)] / elo(r=p)=rlt 3y
0
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and g(xz) = b — g1(x), then we have following lemma.

Lemma 3.1 If ¢;(0) < b, then the function g(x) has a unique zero x; on the interval
[0, +00) and there exists unique initial consumption ¢(0) and bequest a(£2) such the equation
(3.8) and (3.10) hold.

Proof Since

—rQ —orQ) i1
Gh(x) = —g— SIe TV L,

Q o+1
/ Jo-p—ritg 9@
0

and lir}rl g1(xz) = 400, there exists a unique x; such that g;(x;) = b. Therefore, the

function g(x) has a unique zero on the interval [0, +00). This completes the proof of Lemma
3.1.

By Lemma 3.1, we obtain

Theorem 3.1 Under the condition of Lemma 3.1, the individual has optimal consump-
tion path and bequest in his life cycle and the consumption path is given by (3.6), the initial
consumption is determined by equation (3.8) and (3.10).

From the proof of Lemma 3.1, we see that the zero x; increases when b become large.

So from (3.8), we have following theorem.
R

Theorem 3.2 When individual get more heritage a(0) or income( [ e "w(t)dt) from

0
his work period, then he will consume more and leave more bequest under the condition of

Lemma 3.1.

4 Four Specified Bequest Motives

In this section, the utility of individual from consumption is assumed to be logarith-
mic, i.e., u(c) = Inc and the effects of four specified bequest motives on the individual’s

consumption and saving behaviour are discussed.
4.1 Logarithmic Bequest Motives

In this subsection, we assume that the utility functions of individuals from the bequest
is logarithmical, i.e., ¢[a(Q2)] = Ina(Q2). From

—rQ
@)= 26" (@) =~ <0, gul) =

Q
/ plor—o)=rlt gy
0

91(0) = 0 and the condition of Lemma 3.1 holds. Hence we have following theorem.

+ €7TQ.’E,

Theorem 4.1 Under logarithmic bequest motives, the individual’s consumption path
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and bequest and are given by

R R
/ e "w(t)dt + a(0) / e~ "fw(t)dt + a(0)

Q Q
/ e Pt + 1 / e Ptdt + 1
0 0

Proof It is only to prove the last part. When o = 1, from (3.10), ¢(0) = e~"%a(£2). Sub-
R R
/ e~ "w(t)dt + a(0) / e”"w(t)dt + a(0)
stitute it into (3.8), we have ¢(0) = “4—-0fpr and () = H—0p e,
e Ptdt +1 / e Ptdt +1
0

)

C(t) _ e(T—P)t’ CL(Q) =

(&

0
This completes the proof of Theorem 4.1.
4.2 Linear Bequest Motives

In this subsection, we consider the case of linear bequest. With linear bequest motives,
preferences over consumption and bequests are quasilinear and bequests are luxury goods.
People with linear bequest motives leave bequests only if they have more than enough wealth
to purchase their desired consumption stream. They leave any wealth in excess if this amount
as bequests. Linear bequest motives are sometimes used to approximate altruistic bequest
motives [4] which arise from concern about the welfare of one’s heirs, and are sometimes used
to describe “joy-of-giving” bequest motives [5], which arise from enjoying giving for its own
sake. Most altruists should have approximately linear bequest motives because bequests are
typically small relative to recipients’ total wealth. A linear bequest motive matches Hurd
and Smith’s estimates of the increase in anticipated bequests during the 1990s boom in asset
markets almost perfectly [6].

The utility function of linear bequest motives is given by

$(a(€2)) = b1a(9) (4.1)
and from the transversality condition (3.5),
o¢
Q)= — = 0;. (4.2)
da|,_q
So from 6, = A(0)e™"* and ¢(0) = 57;, we have
c(t) = Le(’"_”)t. (4.3)
elerﬂ
By (3.8), we have
R Q
rQ —rt rQ 1 —pt
a(Q) =e / e "w(t)dt + e a(0) — 9/ e dt (4.4)
0 1 Jo

and following theorems.
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Theorem 4.2 Under the linear bequest motives, the optimal consumption path and
bequest are given by (4.3) and (4.4).

Theorem 4.3 The greater the strength of the bequest motive 6;, the greater the savings
rate and bequest.

Proof By (4.3) and (4.4), we have

dc(t) 1 e(r=n)t da(Q) 1 S
=—— — = dt > 0.
9, ZAFEE " oo o /o ‘ =0

So the theorem holds.

4.3 Homothetic Bequest Motives

With this bequest motive, preferences over consumption and bequests are homothetic:
people with twice as much wealth consume twice as much and leave bequests that are twice
as large. This bequest motive is inconsistent with the evidence that bequests are luxury

goods [7]. The utility function of homothetic bequest motives is given by

_ o la(@))
#a(®d)) = 01—~ ; (4.5)
and

€7TQJJ €7T9$n

¢ (z) = 0127", ¢"(x) = —nb1z™" " <0, gi(z) = + ; 91(0) =

Q
/ e Pidt b1
0

The condition of Lemma 3.1 satisfies. So from Theorem 3.1, we have following theorem.

Theorem 4.4 Under the homothetic bequest motives bequest, the individual has op-
timal consumption stream and bequest to maximize lifetime utility.

Theorem 4.5 The stronger the bequest motive, the greater bequest and the saving
rate.

Proof Let

R
—rt —rQ
/ w(t)e "dt + a(0) —e " x R

G('xvel) = 20 - )

Q
/ e Pidt b1
0

then from the proof of Lemma 3.1, there exists a unique x; > 0 such that G(z1,6;) = 0 for

any given #; > 0. Since

a£ o e*TQ B Uefrﬂzafl “0
ox a Q 91 ’
/ e Ptdt
0
a£ — ﬂ > 0 @ — _ﬁ > 0
20, @ g, 2 T

Oz
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This implies that x; increases when 6; increases, i.e., the bequest a(2) increases. By (3.8),
the initial consumption ¢(0) decreases with 6; increasing as well as the consumption all life.

This completes the proof of the theorem.
4.4 Threshold Bequest Motive

Threshold bequest motives used by De Nardi [7-8] are similar to linear bequest motives
in that bequest are luxury goods. But they are unlike linear bequest motives in that the
marginal utility of bequests decreases in the size of the bequest, which implies that people are
risk averse over bequests. 0, determines the threshold wealth level below which an individual
will consume all her wealth leaves no bequest. Richer individuals divide their wealth above
the threshold between consumption and bequests in a fixed proportion. The larger is 05, the
higher is the threshold, and so the greater the extent to which bequests are luxury goods.

The utility function of threshold bequest motives is given by

(4.6)

and ¢/ (z) = 0, (0 + 2) 77, ¢" (x) = —nf ()27~ < 0,

e "y e "0y + )"
gi(w) = p Tt o)

Q
/ e Ptdt b
0

So from Theorem 3.1, we have following theorem.

—rQn
e "0,

01

9 gl<0) =

—rQ
Theorem 4.6 If o o < b, the individual has optimal consumption stream and
bequest to maximize lifetime utility under the threshold bequest motives bequest.

Theorem 4.7 The stronger the bequest motive, the greater bequest and the saving
rate.

Proof Let

R
/ w(t)e "dt +a(0) —e " _ .
G(.’L’, 91) =0 - ‘ (92 ks [E) )

Q
/ e Ptdt o
0

then from the proof of Lemma 3.1, there exists a unique x; > 0 such that G(xz1,6;) = 0 for

any given #; > 0. Since

a£ - efrﬂ B 7’677‘(2(02 —l—:c)”*l “0
ox a Q 61 ’
/ e Ptdt
0
9G _eata) o dn 5,
a0, 62 ' de, ¢ T

Oxq
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This implies that x; increases when 6, increasing, i.e., the bequest increases. By (3.8), the
initial consumption ¢(0) decreases with 6, increasing as well as the consumption all life. This
completes the proof of the theorem.

Theorem 4.8 With the increase of the threshold 65, consumption will increase, the
savings will decrease.

Proof Let

R
—rt _ 0
/0 w(t)e "dt + a(0) —e "x "0 + 2"

- _
/ e Ptdt o
0

then from the proof of Lemma 3.1, there exists a unique z; > 0 such that G(z1,60;) = 0 for

G1($792) =

?

any given 5 > 0.

Since
oG —rQ —rQ n—1
e ~ne (0 + ) <0,
Ox @ 61
/ e Ptdt
0

0y _ ne(Bat o)™t o de G
90, 0, C e, T oa <

This implies that z; decrease when 6, increases, i.e., the bequest a(2) decreases. By (3.8),
the initial consumption ¢(0) increases as well as the consumption all life. This completes the
proof of the theorem.

5 Conclusions

In this paper, the conditions of the initial consumption and bequest needed to satisfy
is first given by the first order conditions to solve the individual all life utility maximization
problem. From (3.8), we first see that the individual consumes less and saving more with
bequest motives (with a(2) > 0) than that without bequest motives (a(2) = 0). Then
we obtain that the individual consumes more and leaves more bequest when individual’s
income increased or gets more heritage. Under a given condition, it is proved that there
exists positive bequest when the bequest has utility for the individual and the individual
chooses a optimal consumption path to maximize his all life utility. This is the reason why
the Asian countries such as China has high saving rate [9-11].

The effects of four specified bequest motives function on the individual’s consumption
and saving behaviours are discussed. For the cases of the logarithmic bequest motives
and linear bequest motives, the initial consumption and bequests can be solved by the
first order conditions. So the optimal consumption path and asset path has a closed-form
expression. The effects of the strength of bequest motives on individual’s consumption and

saving behaviours are also inquired. It is proved that the greater the strength of the bequest
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motive, the greater the savings rate and bequest in the last three bequest motives and the
individual’ s consumption increases, savings decreases with the increase of the threshold for
the threshold bequest motives which implies that the bequest are luxury goods.
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