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EXISTENCE AND GLOBAL EXPONENTIAL
STABILITY OF ALMOST PERIODIC
SOLUTIONS FOR BAM NEURAL NETWORKS
WITH DISTRIBUTED LEAKAGE DELAYS ON
TIME SCALES*
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Abstract In this paper, we deal with a class of BAM neural networks with
distributed leakage delays on time scales. Some sufficient conditions which
ensure the existence and exponential stability of almost periodic solutions for
such class of BAM neural networks are obtained by applying the exponential
dichotomy of linear differential equations, Lapunov functional method and
contraction mapping principle. An example is given to illustrate the effec-
tiveness of the theoretical predictions. The obtained results in this paper are
completely new and complement the previously known publications.
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1. Introduction

It is well known that bidirectional associative memory (BAM) neural networks
have been paid much attention in the past decades due to their widely applica-
tion prospect in many communities such as pattern recognition, speed detection
of moving objects, image processing, automatic control engineering, optimization
problems and so on [10,35,39,43]. Considering that time delays are unavoidable due
to the finite switching of amplifiers in practical implementation of neural network-
s, and the time delay may result in oscillation and instability, numerous scholars
deal with the dynamics of BAM neural networks with time delays. For instance,
Sakthivel et al. [32] focused on the design of state estimator for bidirectional as-
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sociative memory neural networks with leakage delays. By constructing a suitable
Lyapunov-Krasovskii functional (LKF) together with free-weighting matrix tech-
nique, a new delay dependent sufficient condition is derived to estimate the neuron
states through available output measurements, Li and Jian [21] investigated the
exponential p-convergence for stochastic BAM neural networks with time-varying
and infinite distributed delays. By constructing a new delay differential-integral
inequality and a novel L-operator differential-integral inequality, and coupling with
stochastic analysis techniques, some delay-dependent sufficient conditions are de-
rived to guarantee exponential p-convergence of the stochastic BAM neural net-
works, Cao and Wan [9] presented several sufficient conditions for the global ex-
ponential stability of the equilibrium for inertial BAM neural network with time
delays by using matrix measure and Halanay inequality, Berezansky et al. [5] estab-
lished a new global exponential stability criteria for delayed BAM neural networks
Via the M-matrix method. For more results on this aspect, we refer the readers
to [1,2,4,5,8,22,24,25,41,42].

Some authors point out that a typical time delay called Leakage (or “forgetting”)
delay may exist in the negative feedback term of the neural networks (these terms
are variously known as forgetting or leakage terms) and has an important impact on
the dynamical behavior of neural networks [28,38,40]. For example, time delay in
the stabilizing negative feedback term has a tendency to destabilize a system [29], Li
et al. [4] pointed out that the existence and uniqueness of the equilibrium point are
independent of time delays and initial conditions. For the effect of leakage delay on
the stability of neural networks, we refer to the readers to [14,17,23,27,31,33,34,36].

We would like to mention that most of the studies on the stability of neural
networks are concerned with continuous-time and discrete-time. It is troublesome
to investigate the dynamics of neural networks for continuous and discrete systems,
respectively. Thus it is important for us to discuss that on time scales which can
unify the continuous and discrete models. In addition, compared with periodicity,
almost-periodicity occurs more frequently and it can reflect the nature law of neural
networks more accurately [13]. To the best of our knowledge, there are few papers
published on the existence and exponential stability of almost periodic solutions
for BAM neural networks with distributed leakage delays on time scales. Thus the
study on the almost periodic solutions for BAM neural networks with distributed
leakage delays on time scales has important theoretical and practical significance.
Inspired by the discussion above, in this paper, we are to consider the following
BAM neural networks with distributed leakage delays on time scales

o0 = ~at) [ R(ohnlt = )85+ 30 by (e~ 750)
3N ein)ps (it — ) a(w(t — n(t) + Li(t),

J=1i=1 . (1.1)
y2 () = —dy(t) / hi(s)yi(t — )05+ 3 eslt) it — wilt))

3N sjat)vila(t — wit))wi(z(t — wi(t)) + J;(2),

i=1 [=1

where i = 1,2,--- ,n,j = 1,2,--- ,m,t € R, z;(t) and y;(t) denote the potential
(or voltage) of the cell ¢ and j at time ¢, a;(¢) and d;(¢) denote the rate with which
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the cell ¢ and j reset their potential to the resting state when isolate from the
other cells and inputs, 7;(t) and w;(t) are non-negative and satisfy ¢t — 7;(¢t) € T
and t — w;(t) € T, they correspond to finite speed of axonal signal transmission,
bij,cji,eiji and sj; are the first- and second-order connection weights of the neu-
ral network, respectively, I; and J; denote the ith and the jth component of an
external input source that introduce from outside the network to the cell ¢ and j,
respectively, continuous leakage delays kernel functions k; > 0 and h; > 0 satisfy
that k;(s)e"™* and h;(s)e™* are integrable on RT for certain positive constants rq
and 72, g;,D;,q, fi,v; and w; are activation functions.

Our main object of this paper is to investigate the existence and global ex-
ponential stability of almost periodic solutions for system (1.1) by the theory of
exponential dichotomy, fixed point theorems and Lyapunov functional method. We
believe that this research on the existence and exponential stability of almost pe-
riodic solutions of system (1.1) has important theoretical value and tremendous
potential for application in designing the BAM neural networks with distributed
leakage delays. Our results are new and a good complement to the work of [26].

Let T denote an almost periodic time scale. For the sake of simplification, denote
— (—00,+00) and RY = (0,+00), f* = sup,cp | f(£)], f~ = infyer | f(1)], where f :
T — R is an almost periodic function. Let X = {¢ = (p1, 92, , On, Y1, %2, -,
Ym) T @iy € CH(T,R), ¢4, 1; are almost periodic functionson T, i=1,2,--- ,n,j=
1,2, ,m} with the norm |||| = max{|@|, [12 }, where @] = max{|lo, [¢>]o},

A
¥l = max{[¢lo, [¥>|o}, [¢lo = maxicica ¢, 920 = maxici<a(e])?, [0 =
maxi<;j<m w;r, |92 )0 = maxi<j<m (@[JjA)‘*‘, C1(T,R) is the set of continuous func-

tions with nabla derivatives on T. Then X is a Banach space.
The initial value of system (1.1) is given by

.TZ(S) = %(5>7yg(5) = ’(/Jj(S),S € [_OOaO]T = {t|t € (—O0,0] N T}7 (12)
where @;,9; € Cl((—00,0]T,R),i =1,2,--+ ,n,5=1,2,--- ,m.

Throughout this paper, we assume that the following conditions are satisfied.
(Al) For i = 13 2)' c N, ]: 17 27' s, m, I= 17 27' s, m, ai(t)a bij(t)7 6ijl(t)7ji(t)77j(t) €
C(R,R™) are all almost periodic functions.

(AQ) FOI‘ 1= 1, 2,~ . ~,’I’L,j = 1, 2,' . ~,m,l = 1, 2,' N, dj(t), Cji(t), Sjil(t), Jj(t),wi(t) S
C(R,R™). are all almost periodic functions.

(A3) For i =1,2,--- ,n,j = 1,2,--- ,m, f;,9; € C(R,R) and there exist positive
constants L‘Jf, Li, L%, L, LY, LYY, P;,Q;, V; and W; such that

1£5(t1) = fi(t2)] < Lt — tol, |gi(tr) — gi(t2)| < L|s1 — sal,

pj(t1) — pj(t2)| < L|t1 —tal, [gj(t1) — g;(t2)| < Lilts — taf,

[vi(t1) —vilte)| < L|s1 — sal, [wi(ts) — wi(t2)] < L[t — taf,
i (I < Py, lag; ()] < Qj, [vi(t)| < Vi, Jwi (D) < W3

for t1,t2,t € R.

The remainder of the paper is organized as follows: in Section 2, we introduce
several useful definitions and lemmas. In Section 3, some sufficient conditions which
ensure the existence and a unique almost periodic solution of model (1.1) are es-
tablished. The global exponential stability of model (1.1) is obtained in Section 4.
In Section 5, an example which illustrate the theoretical findings is given. A brief
conclusion is drawn in Section 6.
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2. Preliminaries

In this section, we present some definitions and notations on time scales which can
be found in the literatures [3,6,7,11,12,15,16,18-20, 30, 37].

Definition 2.1 ( [7]). A time scale is an arbitrary nonempty closed subset T of R.
The set T inherits the standard topology of R.

Definition 2.2 ( [7]). The forward jump operator o : T — T, the backward jump
operator ¢ : T — T, and the graininess p : T — RT = [0, 00) are defined, respec-
tively, by

o(t):=inf{se€T:s>t}, pt) :=sup{s € T:s<t}, u(t)=0c(t)—tforteT.
If o(t) = t, then t is called right-dense (otherwise: right-scattered), and if p(t) =
t, then t is called left-dense (otherwise: left-scattered). If T has a left-scattered

maximum m, then we defined T* to be T \ {m}; otherwise T¥ = T. If T has a
right-scattered minimum m, then we defined T}, to be T \ {m}; otherwise, T* = T.

Definition 2.3. A function f : T — R is said to be rd-continuous if it is continuous
at right-dense points in T and its left-sides limits exists(finite) at left-dense points
in T. The set rd-continuous functions is shown by C!, = C,.4(T) = C,.q(T,R).

Definition 2.4. For f : T — R and t € R, we define f2(t), the delta-derivative
of f at t, to be the number(provided it exists) with the property that, given any
€ > 0, there is a neighborhood U of ¢ in T such that

/(o) = f()] = F2D]p(t) = s]| < elp(t) = s| for all s € U.

Thus f is said to be delta-differentiable if its nabla-derivative exists. The set of
functions f : T — R that are nabla-differentiable and whose delta-derivative are
rd-continuous functions is denoted by Cq = C},(T) = C!,(T,R).

Definition 2.5. A function F': T — R is called a delta-antiderivative of f : T —
R provided FA(t) = f(t), for all ¢ € T. Then we write [’ f(t)At := F(s) —
F(r) for all s,t € T.

Definition 2.6 ( [18]). A time scale T is called an almost periodic time scale if
M:={peR:t+tpeTViteT}

A function r : T — R is called regressive if 1+ u(t)r(t) # 0 for all t € T*. If r
is regressive function, then the generalized exponential function e, is defined by

t
er(t,s) = exp {/ §M(T)(r(7))AT},fors,t eT,
with the cylindrical transformation

log(l}jhz)’if h ?é 0,
z, if h=0.

En(z) =

Let p,q : T — R be two regressive functions, we define

PDq:=p+q+pupg, Op = — PO q:=pd(Sq).

P
L+ pup’
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Lemma 2.1 ( [7]). Assume that p,q: T # R are two regressive functions, then
(i) eo(t,s) =1 and ep(t, t) = 1;

(ii) ep(o(t),s) = (1 + p(t)p(t))ep(t, s);

(iti) ep(t, s) = ep(l&t) = eop(s, t);

(Z"U) ep(tv S)ep(sv T) = ep(t7 T);

(U) ep(ta 5)eq(t7 5) = ep@q(ta 5);

(vi) Z’Efg = epaq(t, 5).

Lemma 2.2 ( [7]). Assume thatf,g: T # R are delta differentiable at t € T, then
(i) (vif +129)2 = vi f2 +v9g®, for any constants vy, vs.

(it) (f9)2(t) = fA[)g(t) + f(a () g™ (t) = f(t)g™(t) + F2(H)g(o(?));

(iii) if f and f are continuous, then (f; ft,s)fAs)A = fla(t),t) + fat(t,s)As.

Lemma 2.3 ([12,15]). Letu: R — R™ be continuous in t. u(t) is said to be almost
periodic on R if for any e, the set T'(u,e) = {0 : |[u(t+0)—u(t)| <e, for anyt € R}
is relatively dense, i.e., for any € > 0, it is possible to find a real number | = I(e),
for any interval with length 1(c), there exists a number o = o(e) in this interval
such that |u(t + o) —u(t)| < e for allt € R.

Definition 2.7 ( [12,15]). Let z € R™ and Q(t) be a n X n continuous matrix
defined on R. The linear system

X(t) = Q(1)X(t) (2.1)

is said to admit an exponential dichotomy on R if there exist positive constants
k, ; projection P and the fundamental solution matrix X (¢) of Eq. (2.1) satisfying
| X(t)PX~1(s)| < kega(t,o(s)) for all s,t € R,t > o(s) and | X (¢)(I — P)X~1(s)| <
kega(o(s),t) for all s,t € Rt < o(s).

Lemma 2.4 ( [12,15]). If the linear system (2.1) admits an exponential dichotomy,
the almost periodic system

XA(t) = Q)X (1) + g(t) (2.2)
has a unique almost periodic solution x(t), and
t +o00
o) = [ XOPX(ps)alrs— [ XOU=PIXp(s)al5)0s,

where X (t) is the fundamental solution matriz of Eq. (2.1).

Lemma 2.5. Let ¢;(t) be an almost periodic function on'T, where ¢;(t) > 0, —¢;(t) €
T+, for all t € T and minj<;<,{infierc;(t)} = m > 0, then the linear system

28(t) = diag(—ci(t), —ca(t), -, —ca(t))2(t) admits an exponential dichotomy on
T.
Definition 2.8. Let u* = (x}, 2%, , 2%, y7,v3,- ,y5)T be the almost periodic

solution of system (1.1). If there exists a constant A > 0 such that for every
solution u(t) = (z1(t),xa(t), - ,2n(t),y1(t),y2(t), - ,ym(t))T of Eq. (1.1) with
initial value ¢(5) = (@1(5)3 @2(5)3 T 7<Pn(5)7¢1(5),1/)2(5), T aqzbm(s))T satistying

zi(t) — 27 (t) = Olean(t,0)), y;(t) — yj (1) = Oleex(t, 0)),

where ¢ = 1,2,--- ;n,j = 1,2,--- ;m. Then the solution u* is said to be global
exponential stable.
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3. Existence of almost periodic solution

In this section, we will consider the existence of the almost periodic solution of
system (1.1).
Set ¢0(t) = ((p(l](t)v 90(2)(75)’ U 79091(75)7 w(l)(t)’ ¢8(t), U 7’(/}21(75))T7 where

©(t) = / e—a, (b, p(s)Ii(s)As,i=1,2,-- ,n

t
W0 = [ e (o)) 055 = 120 m
Let x be a constant that satisfies

> 0 - ;
x 2 max{[|¢7]], max |g;(0)], max |£i(0)], max [p;(0)], max lg;(0)]

max [vi(0)], max fw;(0)[}.

Theorem 3.1. In addition to (A1)-(A3), assume that
(A4) fori=1,2,--- ,n,j=1,2,--- ,m,

, +
max{ {@ <1+al_) 92}7
1<z<n fo a;
dt
TR (A P
1<J<m d fo 4 dj

and max{maxi<;<n{€i1, €2}, Maxi<j<m{oj1, 0j2}} < 1, where

0, = 2a;r/ ki(s)sAs + 2y, 1Zb+Lg'y] +; 126
0

j=1

DD @+ DERL 1),
pr

o) n "
I, :zd;/o hi(s)sts +297 03 eh Ly 4370 el

=1 i=1

+7J1XZ Z s LYy + 1)(2n L) + 1),

=1 l=1
m
€; —_— Ei(u)udu + —1 b LI~vT1
T Ooo Eqi( u)Aul / g Z L
m m m m
DD e QU A YD e Pl
j=11=1 j=11=1
a+ m
ei2:< 1)[ / Eqi( uAu—i—fyZle 5’7]_1
al
m m m m
+y;7! b QUPYT Y S el PiLiy
j=11=1 j=11=1
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1 o0
0j1 = —— Fo0 T d-"_/ ( )UAUJF’Y ! z% !
Tds hjuAulJO J;
v — 1 v —1
RN ISTUERERD AR ]
i=1 =1 =1 =1
+ [e%) n
oo (144 d+ hy(wyulu + 77 LIyt
0j2 = d o ](u)u u+7y; ch i Vi
J =1
S s A Y s ]
=1 l=1 =1 =1

Then system (1.1) has a unique almost periodic solution in Q = {¢ € X|||¢—¢°|| <
X}, where

d)(t) = ((,01<t), 902(t>7 e ?Spn(t)’wl(t)a 1/J2(t)7 e a"/’m(ﬂ'
Proof. Let
fz(t) = ’Yi_lxi(t)agj(t) = ’_}/j_lyj(t)ﬂ; =12,--- ,n,j=12,---,m, (31)

then system (1.1) can be transformed into

7o = —a; Oois ST; a; oois ti-ﬁ‘u us
PR - <t>4 B0 +a) [ k() [ aPwsun
Y b (g5 (355 — 75(1))

j=1
m

9 D e ®py (38— 7 (0) @ (g (t — (1)) + v, (),

j=11=1

gjf / hj(s)Asg;(t) +d;( / hj( / .(u)AuAs

1chl f? rYl (tfwl(t)))
+3; ZZSM Joi(vii(t — wi(t)wi(nZ(t — wi(t))) + 75 5 (t).

i=1 [=1
(3.2)
For any given ¢ € X, we consider the following almost periodic system:
520 = —ai(®) [ hlo)Bsmit) + Mt 0) + 7 h(0),
0 (3.3)

70 =400 [ () Asg(t) + Ny () + 770,
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where i =1,2,--- ,n,7=1,2,--- ,m and

Mi(t, 0, ) = a(t) / T hi(s) / o (u)Dutss + 773 by (£)g5 (G5 — 75 (2)

—s J=1

SO ey (355 (¢ — 73 () Gt (t — (1)),

j=11=1

N;(t, ¢, 9) = d; (1) /OOO his) | - %—A(U)Auﬂs +3; Y i) filnigilt = wi()))

i=1

+77 ZZSM 0i(Vi@i(t — wi(t)))wi(n@u(t — wi(t)))-

i=1 =1

(3.4)
Notice that a; fo i(s)As > 0,d; fo i(8)As > 0, it follows from Lemma 2.5
that

Sf'iA(t) = —a;(t) /oo ki(s)Aszi(t),i=1,2,--- ,n,
’ (3.5)

52 (1) = —d; (1) /OOO hy(s) sy (0.5 = 1,2, .m

admits an exponential dichotomy on T. Thus it follows from Lemma 2.5 that (3.3)
has a unique almost periodic solution, which takes the following form:

270 = [ e g nwanltp(6)[Mis,0.6) 47 ) Bssi=12, -+ o,

—0Q0

Yl () = / €_ay 2y oy (s PO (N5 (5, 0, 0) + 77710 (5)) s, =1, 2,

(3.6)
For ¢ € Q, we have [|¢]| < [[¢—¢°||+]|¢°|| < 2x. Define a linear operator as follows:

D0 —Q (1,02, On, 1,2, ’¢m)T = (va‘rgv 7I£7y11l}ay;p7"' ,y:ﬂ)Tv

(3.7)
where zf, y; Y(i=1,2,---,n;j =1,2,--- ,m) are defined by (3.6). In what follows,
we will prove that @ is a contractlon mapplng. First we show that for any ¢ € €,
we have ®¢ € Q. It follows from (3.4) that

Mt ) =|ostt) [ ) [ o auss Y b0t - 7))
+ YD ey (35958 = m(0) @ (Tt (¢ — 7i(t)))
j=11=1
Sai(t)/ooo’%(S)/t; o (W) Auds + 47 b (1)]g; (3595 (8 — 75 (1)

j=1

+77 30D e py (3 (t = O la (b (8 = 7))
j=11=1
Sa:r/oo’zi(s)SmSWA|0+%-_lzbij(t)(|9j(7j¢j(t—7j(t)))—gj(0)|+|gj(0)D

j=1
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oy 122%1 (Ipj (359, (¢ — 75(£))) — p; (0)] + [p; (0)])

j=11=1

X (lg (bt = 7(t))) — @(0)] + |@(0)])

m

<a/ Eqi( 5A3|<p lo+7,; 1Zb+Lg'YJWJ O+ lzb 11950
ﬂi—lzZe;;l(Lg?%-|¢j(t—7j(t))|+\pj(0)\)(L?ﬁzIwz(t—n(t)>|+lqz(0>l)

§2aj/ ki(s)sAsx+'yi_IZb‘ Lizi|lo +; IZb g,(0
0

Jj=1 j=1

+9 1 20 D el + s (O GeLlwlo + @ (0)

§2aj/ ki(s)sAsx +2v; " E b LIy + vyt E bjix
0 X
Jj=1 j=1

97 3 D R+ )@ NLx + X)

Jj=11=1
=y 2a1'."/ ki(s)sOAs + 2yt Zb. %+ ! Zb
0 =
+ Y0 ek 2Ly + )AL + 1) | = Oy, (3.8)
j=11=1
[N; (£, 0, 9)| = dj(f)/o hj(S)/ U (W) Dulss + 371N et fi(rapilt — wilt)))
t=s i=1

+ 'Y] - Z Z szl 'Ul '71901 (t)))wl(%@l(t - wl(t»)’
=1

i=1

<o) [ ho(o) [ R @Isuns 43 Y 0l et - )
t=s i=1

+7; 30D sja) (@it — wi®)[[wi (vt — wi(®)))]

i=1 =1

de* ( )s|Asl®o+7; lzvﬂ (Ifi(yieps (E=wi(£)))=fi(0) [+ fi(0)])

+75 122% (Jvi (vai(t — wilt))) — vi(0)] + |v: (0)])

i=1 =1

% (w (e — (1)) — wi(0)] + ur(0))
<df [ hylssli ot S L loitt— )+ 12 E11:0)

i=1
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"1225]11 Livil@i(t=wi(8)) HHoi (0)) (L vler (t = () Hwi (0)])

i=1[=1

<2d+/ hy( 8A8x+vj1ZCNLZ%I</DIO+VJIZC 1£:(0)]

=1 =1

+7; 0D sha@ivlelo + [0 (0)) (L [elo + [wi(0)])

i=1 [=1

o0
§2dj+/0 hj(s)sAsx +27; " ZC+L1 vix +; " Zcﬂx
=1

+7; ZZSW 2L7vix + x) 2L’ x + x)
=1 [=1

[e'e] n n
Qd;' /0 hj(s)sAs + 2’7;1 Z c}‘iLf%‘ + %—1 Z c;-;-
i=1 i=1

+37 )Y sk LYy + 12y Ly + 1)
=1 =1

=X

=TI, (3.9)

By (3.7)-(3.9), we get

t

‘((I)d) - ¢0>l(t)| = ‘ /_ e—ai fooo ki(u)Au(t7p(8))Mi(87 (p,’(/})AS
t

< [ e rwsalt D MG,

t
< [ e nwaalt ) @D

Oix i =1,2,---,n, (3.10)

< _
= a;foooki(u)Au’z Iat]

t
(@0 = s 0] = | [ e, = nymmalts p) Ny 0,005

t
< / €_d; I hj(u)Au(tvp(s))|Nj(87@a¢)‘AS

t
< / €_d; I hj(u)Au(tvp(S))HjXAS

I x

gm,j=1,2,-~-,m. (3.11)
In view of (3.7)-(3.9), we also get
A
(Pp — gbo ’ = |(/ €y [ ki () su(t p(8)) Mi(s, ‘P’l/))AS)

= |Mi(ta va) - Am kz(u)Auaz(t)/ €_q, 15 ki(u)Au(t7p(8))

—00
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XMi(Sa gp,z/))As

t

< |Mi(t, 0,9)] + / " o) A (1) / s 1= by a6 9(5))

— 00
X|Mi(s, ¢, ¥)|As
al
(1+1) ®lX7Z: 1727 » 1, (312)

a;

IN

A

(/t €—d; [ by (w)sult P ))Nj(sv%w)ﬁs)

— 00

(@6 — 6", (8)] =

= Nt [T b0 [ e a g amstols)

X Nj(s,,0)As

<INitpo)l+ [ 20y 0) [ e, g oaltons)
<IN,(s, 0, 9)| s

dt
< <1+dﬂ_> x,j=1,2,-- ,m. (3.13)

J

According to (3.10)-(3.13), we have

O;x a;’
Bb— 0| = — s (1t =) Oix g,
IL;x

dr
T h (A 1+ L )10 <, 3.14
1<]a<’m{d fO j U)AU ( d]—) JX}}—X ( )

which implies that ®¢ € Q. Next we prove that ® is a contraction. For ¢ =

(@17@27"' a‘PnﬂﬂlﬂﬂQv" 7¢m) ) ¢ (@17(:027"' a‘melvw% 7¢m) S 2 and
i1=1,2,---,n,57=1,2,--- ,m, we have

06 = 2000 =| [ ea g nanltoote)
i(s - (u ’ - K) — 55 K KAU
x{am/o b [ (00 = e m)ana
9D bi(9)lgy (i (s — () — 95( 05 (s = 75(5)))]

j=1

o ZZ €iji(s)[p; (Vi (s — m5(s)))a(uvbi(s — m(s)))
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<[w —a; [§Ck u)Au(t p( ))

X {ai(s) /OOO kz(u) /i |g0lA(KZ) — @lA(R”AHAU

125 $)1g; (7505 (s — 75(s))) — g5 (395 (s — 75(s))]

7Y D ea(s)lps (i (s = 7i(9)a(Gud(s — m(s)))

=1

=

—pi(05(s — 75(5)) @ (i (s — mu(s)))] }AS

t
S/ €_q; J5° R (u)Au(t p [ / k UAU|<)O ()0|

12% 935 by (s — 74(5)) — (s — 7(5))]

<.

+;t ZZ QUL (s — 75(5)) — i (s — 75(s))]

j=11=1
_1ZZ€ZzPLm Yahu(s — 7i(s)) — di(s — m(s))] | As
j=11=1

t
S/ €_q; J5° ke (u)Au(t p [ / k UAU|<)O (»0|

le LI77 M (s — 7i(5)) — By (s — 7(s))]

+;7" ZZ QUL (s — 75(5)) — Wi (s — 75(s)))|

j=11=1
+4;71 ZZ j;lP LiF (s — mi(s)) — (s — Tz($))|] ds
j=11=1

/ ki (wubulp — @

t
S/ C_a; J5° ke (u)Au(t p

m m m
IZ%L?% N =Pl +7 1226;;1@1%% ¥ =¥k

j=11=1

m m

% YD e Bl e —dh
j=11=1
l /k; uAu—&—’yZle ffyj_l

As

’fo
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m m
PSS QU o S el -

j=11=1 j=11=1

=e|l¢ — 9|, (3.15)

t
{/ e—CLi fooc kl(u)Au(tap(S))

. lam [h [ e - e ensns

(@6 — 29)7"(t)] =

+;t me (95 (Y395 (s — 75(8))) — 95 (755 (s — 75(s))))

+v ! Zzeul (pi (V%5 (s — 75(8))) @ (Vb (s — 1u(s)))

j=11=1

A
=i (35 (s = 7i(s))ar (un(s — Tz(S))))] AS}

<

ailt) / i) / (2 () — @2 (R)) Ak Lo

+7 lzbw (95 (5(t — 75(1))) _gj(ﬁjz/;j(t_Tj(t)D

+; IZZem (pj (355 (t — 75 (&))@ (¢ — 7u(2)))
j=11=1

P35t = ()Gt - (1))
it / k() A / Y 0)

x [axs) / () [ (6200 — o (0) Bnisa
+i Iwa (9:(35%5(s — 73(5))) = g5 (335 (s — 7(5)))

+;7t Zzeml (i (755 (s — 75(s))) (it (s — mu(s)))

j=11=1

— pi (3 (s = 75(8))) s (uthn (s — Tl(s))))l As

<ai) [kt [ 160 - P lonbu

D b ()] (05— 75(8))) — g5 (3505 (t = 75(2)]

=1
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+7 ot Z Z eml |pJ ’Yﬂ/}] (t)))QI(Wz(t —7(t)))

j=11=1

= 0305t = 7)) a(utba(t — (1))
kz / —a; [§° ki(u)Du (ta p(S))

+a’l

h

« [al(s) /O e () / _ 102 (k) — 2 (k)| Ak Au

—1

Ms

i ) b (9)lgi (ivs(s — 7i(s)) — 95(%¥5(s = 73(s))]
+9 Y en(s)lps (B9 (s — ()@ (T (s — (s)))
j=11=1

— 0 (705(s — 75(8))) @t (e (s — Tz(s)))] As
<af /Ooo ki(w)ulule — @y

+ 9 lzb LI by (s — 75(5)) — (s — 7(s))]

+7 IZZeszLm o (s — 75(s)) — Dy (s — 75(s))]

j=11=1

+%IZZ%1PL1% [Wu(s — 7u(s)) — (s — 7(s))|

j=11=1
L

a;

of [ k(wusle - gl
0

+ 9 lzb LI by (s — 75(5)) — (s — 7(s))]
+i ZZ%IQlLﬂ; Habj(s = 75(5)) — 1;](5 —7(s))|
j=11=1

T ZZ%P LA (s = m(s)) = s = m(s)

<a/ ki (w)ululp — @\1+vllzb LIy — 9l

Jj=1
+71_1226U1Q1LJ% 1W ¢|1+% 12262 '7f1|1/’—1;|1
Jj=11=1 j=11=1
af IN" b ga-1 7
R k wyulule — gl +; b L7%; 1 —
1 =1
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+7; 122 e QuLEAT = dz\wy‘lzze;;lp LIy Y=l

Jj=11=1 j=1ll=1
oo
S{“j [ st Yo
0 =
m m
1 1 1 + 1
% ZZ ulQlUJg% +7 Zzezjlpjl’?’yl
j=11=1 j=11=1
+ m
I s Ook( YJulu + 1Zb+Lg__1
a. i 0 ' Vi i 57
i =1
m m m m
D@ i Y Y e B | e - dll
i ijl j 13 Vi zl Ly,
Jj=11=1 Jj=11=1
+ m
’) [ + wyulu+~; 1y bELIyT
i Jlg
a; j=1
m m m m
=1 -1 + p iyl o
Vi ZZ lJlQlLJVJ +7% Zzeijl Liy, ]||¢—¢|
j=11=1 j=11=1
=enllp — |, (3.16)

| et mealtns)

{ /h / (2 (k) — B2 () Drsu

+ 'Yj . Zc]l fz '71901 s Wl( ))) - fz(’}/z@z(s - wl(s)))]

(D — P)nsj(t)] =

+7; IZZSM )i (rapi(s — wils)wn (s — wis)))

=1 [=1

—vi(%ipi(s — wi(s)))wi(npi(s — wi(s)))] }AS

S/_ € —d; [5°h u)Au(t p( ))

x {d](s) [t [ e - i lansu

0 s—u

+7;! Zcﬂ Nfi(rigi(s — wils))) = fi(vipi(s — wi(s))|

+3;7 Zzsgzz )i (i (s — wis)))wi(yei(s — wi(s)))

i=1 [=1

—vi(vpi(s — wi(s)))wi(npi(s — wi(s)))] }AS
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t o )
< / a5y 0l 0(5)) [d; | tstwutsade =l

Z LI oi(s — wils)) — @i(s — wils))]

7SS S LWLy (s — wils)) — @ils — wi(s)]
=1 [=1
+ A0S sE VLYY (s — wils) — @uls — wils))]| As
=1 [=1
t 0o }
S/ €_d; [ hy(wault p(8)) [df/o hj(uuduly — |y

Z LI oi(s — wils)) — @i(s — wils))]

+7; IZZSJML% Yepi(s — wils)) — @sls — wils))]

i=1 =1

+7 0D s Vil Hei(s — wils)) — @uls — wz(S))|] As

i=1 [=1

t )
S[ €—d;(t) [5° hj(u)Au(ta p(s)) [dj/O h; (w)ulule — P|1

4 Z v e = gh+7, 0 30D shaWilia; e - ¢
=1 =1
S VL e ]As
=1 l=1
1 o0
<oo— d{r/ ulAu + —1 c+Lf -1
“dy [y hjw)Au | o i) % ; i
S S L 1zzsmvwﬂ|¢¢n
1=1 =1 =1 =1
=oj1ll¢ — ¢l|, (3.17)

(@6 — )5, ()] =

{ | et msalton(s)
x [d](s) | ms [ @b - st ann
Zcﬁ (fi(rpi(s = wi(9))) = fi(3ipi(s — wi(s))))

ZZSm (Wiips(s — wi(s))wi(yer(s — wi(s)))

i=1 [=1
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A
—vi(%pi(s — wi(s)))wi(nei(s — WZ(S))))] AS}

<

o) [ ht) [ @) - 5 ) b

+9; . chl (filvipi(t —wi(1))) — fi(vi@i(t — wi(?)))

+ 'Yj ! Z Z sjll vz '71901 (t)))wl(')/l(ﬁl (t - wl(t)))
i=1 [=1

— vi(yipi(t — wi())wi(npu(t = wilt))))
a0 [ mwou [ ey g watols)

[ / i / (62 (k) — B2 () Arsu

+:Yj 12631 (filvipi(s —wi(s))) — fi(yipi(s — wi(s)))

+'73 ! Zzsjll Uz %901 ( )))wl(vl‘pl(s _wl(s)»

i=1 [=1

—vi(%pi(s — wi(s)))wi(nei(s — WZ(S))))] As

<) [ ) [ WP~ P

+37 i) filvipi(t — wi®) = fi(yipit — wilt))]

i=1

+5;7! ZZSM Mvi(vapi(t — wi()))wi(vp(t — wi(t)))

i=1 [=1
= 0i(7ii(t — wi())wi(n@i(t = wilt)))]

Ty /h Au/ €ty f2= 1y oyl 9(5))
x [@-(s) | mw [ e - s ilana

+7;° chl Nfi(vipi(s — wils))) = fi(vi@i(s — wi(s))]

n n

+7; . ZZ sjit(s)|vi(vii(s — wi(s)))wi(vipi(s — wi(s)))

i=1 [=1

—0i(Vipi(s — wi(s)))wi(ngi(s — WI(S)))@ As
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gdj/) hj(u)uAuW—lZ’h
+7; ZCJFL%% Hepils —wi(s)) — @ils —wi(s))]

FA SO S st L (s — wils)) — Bils — wi(s))

=1 l=1
+ 37N sE VL (s — wi(s) — Gils — wils))]
=1 =1
-+ o)
+ 4 df hj(w)uulih — )|
a7 )y !

+3;! Z LI (s — wils) — @ils — wils))]

+7; ZZSMWW% lpils — wils)) — Gils — wi(s))]

=1 l=1
+37 YD SR (s — wils) = Gils — w(s))
=1 =1
<af [ nytwutsuy 437 S e — ol
=1
__1ZZSMWZ 1731“[’ 1/)|1+'_71 122%11‘/[4 v He—@h
1=11=1 1=11=1
+ o0 n
b o df | hi(wuduly — ol +3;7 LIy e - ¢h
d* 0 J 1 ’yj Ji z’yz " 90
J =1

w;lZZs;-leLh;l|¢—¢|1+w;122 stViLiar He—¢h

i=11=1 i=1l=1

g{dj/o hj(w)udu + ’7]'_1 ZC}ZL{%A
i=1

+,VJ ' Zzsﬂlm +’Y] IZZS]HVLZ 7l
i=1 =1 i=1 =1
d"" o) ) n
+d—]_ dj/ hj(u)ulu + 7, ZC Z%
J 0
PSS WL 1zzsmnm—1] }I|¢— 3
i=1 =1 i=1 1=1
dt ) n
< <1+dj.> ldj/o hj(u)uAu+’7;120ﬁL{'y;1
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“122 saWiLiy; ! "122 staViLiy e — 4l

i=1 1=1 i=1 =1
=0j2ll¢ — 4I|- (3.18)
It follows from (A4) that
max{lrélzagxn{eﬂ,eiQL 11Sr§zjxg>§n{gj17 0j2}} < 1. (3.19)

By (3.15)-(3.19), we get || ®¢—®o|| < ||¢—¢||, which implies that ® is a contraction
mapping. By Brouwer’ fixed point theorem, ® has a fixed point ¢* such that
Dop* = ¢*. Namely, (3.1) has a unique almost periodic solution in 2. The proof of
Theorem 3.1 is complete. O

4. Exponential stability of almost periodic solution

In this section, we will discuss the exponential stability of almost periodic solution
of system (1.1).

Theorem 4.1. In addition to (A1)-(A4), assume that
(A5) For all t € [0,00)r and i = 1,2,--- ,n,j = 1,2,--- ,m, there exist positive
constants \ € Tw d; and n; such that

- /k As—a/k: As}

m m

+v;! Z’anjbiij +ZZ%‘773' e (L5 Qi+ LiPy)

L j=1 j=11=1

—dj_/ hj( As—d+/ hj( As}n]

+:Y]_ 27’ Cj’b Z+ZZV’68JHLVVZ+LZ V)

i=1 [=1

{(1 —p\)ar /oo ka(s) s + (A + (1= g\t /OOO a(s) /ti e,\(t*,H)AHH 5

<0,

and

m m
+eq(p lZ%mb”Ljex (0,7;(t")) + Z Z%njejle?Qzex(O’ 7;(t))
j=11=1
33 o0 | <1
j=11=1

[(1 — pA)dy /0oo h;(s)As + (A + (1 — pN)dS /OOO hi(s) /t; ex(t”, O)Aeﬂ nj

+eq(p(t),0)7; Z%(S cﬂLZ ex(0,w; (t")) + Znyiéis;lL;’VVle,\(O,wi(t*))
. i=1 I=1

+> Zwais;lwvﬁex(o,wl(t*»] <1
i=1 1=1

Then the almost periodic solution of system (1.1) is exponentially stable.
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Proof. Assume that u(t) = (z1(t),22(t), - , 20 (t),y1(t), y2(t), - ,ym(t))T is an
arbitrary solution of system (1.1) with the initial condition ¢(s) = ( 1(s), 2( ,
0n(8),91(5),12(8), ;¥ (s))T. In view of Theorem 3.1, system (1 1) has an
almost periodic solution u*(t) = (x5 (t),x5(t), - ,z5(¢),y ( ), ys(t ) , yn(t ))
\Lvith the initial condition ¢*(s):(<pf(s),<p§(s),- ( ) V1 (S) ( ) ()T
et
Gi(t) =77 H(wit) —2i(t),i=1,2,--- ,n, (41)
By (1.1) and (4.1), we have
A1) = —ay(t OO' 8Gi a; Ooz'S t - §
G = / k(A +a) [ k() [ o
+7 12% 0(t = 75(1))) = 9595 (¢ = 75(1)))]
+;t Z > e (95t — 75 (1))@ (Vi (t — 7i(t))
j=11=1
— pa5 6~ 09} ¢ — (), s
Ay g = . s . - (s ! o S
92 (1) =~y )/O mi(s)bst;0)+ (o) [ wyte) [ ot @)n0n
+7; 12% [£i(Gi(t = wi®))) = Fil¢F (¢ = wi(t))]
+5; Zzsﬂl [vi (Gi(t — wi(t)))wi (G (t — wi(?)))
i=1 [=1
— wi (¢ (¢ — wi(®))wi(G (= wi(1)))],
where i =1,2,--- ,n,j=1,2,--- ;m. Let
:ul(t) = ek(tao)@( ) =1 2; , 1, (43)
vj(t) =ex(t,0)9,(t),j = 1,2 m

It from (4.2) and (4.3) that
1 (1) =ea(t, 0)Gi(8) + e(p(t), 0)¢1 (1)
“AG() + exlp { it / i(5) AsCi(t)

+ a(t) /Ooo ki(s) /Hg (0)A0As

9t i (g (it = 75(0))) — g5 (W (= 75(1))]
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2 — T ()t n(tm]}
SAG(H) — (1 p\)as(t) / (s Aspus(t)

+ (1= pN)ai(t) /0 h ki(s) /t ex(t, k) ul () ArAs

+exp { wa lgj(v;(t —7;(1))) — gj( F(t—1(1))]
+D 3 ein®)ps (vt = 7)) a(m(t — n(t)
j=11=1
—pi (vt =7 (t) (v (t - Tz(t)))]} (4.4)

and

v () =Aex(t, 0) (1) + ex(p(t), 0)w (1)

=Av;(t) + eA(p(t),O){ —d; (t)/ h;(s)Asv;(t)
0
/ hj( / ) ANOAs
FA S Ot — ) — ilu (6 — ()]
=1
+ 20D siu®)ilps(t — wi)ywi (it = wn(t))
— (4 (¢ — wi(8) Y (¢ — wlu)m}
“A0) = (1= 0) [ )i
0
H =m0 [ (o) [ ettmnf anns
+e)\ {ZCJ’L fz ,uz wZ(t))) _fi(:u’:((t_wi(t)))]
+ 30D s ) os(ma(t — wi () wr (et — wi(®))
=1 [=1

— wi(pg (¢ = wi(8)))wi (pp (t = wi(t)))] } (4.5)

We define continuous functions ¥;(¢)(i = 1,2--- ,n) and A;(s)(j =1,2,--- ,m) as
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follows:
00 o} t
wc):—[(l—uc)a; s (st-par [T [ ee0no)] s
0 t—s
+eq(p [Z’Yﬂb@; Jeg (0,7;(¢ +ZZVJ7736”1L Quec(0,7;(t7)
j=1ll=1

+ 3 e LiPeg (0, m(t >>],
j=11=1

Aj<<>=—J[<1 ~)d; [ is- (s+1-pe)a /0 ey es(t.0)86 )|

+es(p(t),0)7; [Z vi0i cﬂ Te(0,wilt —l—ZZ%é sﬂlL 'Wiec (0, w; (t%)

i=110=1
+zz%ais;lwv@e<<o,wl<t*>>].
1=1 =1

—

(4.6)
Then we have
v,;(0) = — { ;/ ki(s)As—a;r/ ki(s)As} 0;
0
At Z%mbu ; ZZ Yinjer (LEQu + Lf P)] <0,
2=t j=Li=t (4.7)

A0 == g | meas—a; / ()]

37 S b L+ 303 ity (LYW + LiV;)
Li=1

i=1 [=1

In view of the continuity of ¥;(s)(: = 1,2--- ,n) and A;(s)(j = 1,2,--- ,m), then
exists positive constant A such that

0 o) t
U, (N)=— [(1—,11)\)%/ ki(s)As— <>\ +(1- ,u)\)aj/ k:l(s)/ eA(t*,O)A9>] d;
0 0 t—s
+es(p [Z%’hbzgl’gez\ (0, 7;(t +ZZ Yinje zylL Quex(0,7;(t%))
Jj=1l=1
Jrzz n]emL Pjex(0,7(t ))] <0,
j=11=1 .
Aj()\):—[(l—u)\)dj/ hj(s)As— ()\—i-(l—u)\)dj/ hj(s)/ eﬂt*,@)A&)} ur
0 0 t—s
+ec(p 2%5 cﬂLl ex(0,w;(t ))—l—zz'yl-&is;lLE’WleA(Qwi(t*))
i=11=1
+ Z Z’yiéis;ril[/}“%e,\(o,wl(t*))l <0,
i=1 I=1

(4.8)
where i =1,2,--- ,n,7=1,2,--- ,m. Let

S Zmax{g@n{lui@)l,lm ()]}, max {Jv;(s )| [v7 ()]}, s € [0, 0]}
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and g be a positive number such that for ¢t € (—o00,0]r and ¢ = 1,2,--- ,n,j =
1,2, ,m,
i) < © < 08y, | (D] < © < ob, 49)
V()] £ © < omju v (1] < © < o '
Next we prove that fort €e Tand¢=1,2,--- ,;n,57=1,2,--- ,m,
i (£)] < 08, | (t)] < 06, (4.10)

A
lv; ()] < ony, vy ()] < onj-

If (4.10) does not hold true, then there exist ¢ € {1,2,--- ,n},j € {1,2,--- ,m} and
a first time ¢t* > 0 such that one of the following cases is satisfied.

|pi (%) = 06; and |u;(t)| < p0; for all t € (—oo, t™)r, and
i ()] < 08i, [ (D] < ony, [V} (8)] < oy for all ¢ € (=00, ")z, (4.11)
|yz (t*)| = 0d; and |,uiA(t)| < p6; for all t € (—o0, t™), and

i (8)] < 00, v; ()] < oy, [v5 (1)) < ony for all t € (=00, t%)y,  (4.12)
lv;(t*)] = on; and |v;(t)| < gn; for all ¢ € (—oo, ™)1, and

(
s (8)] < 0d; and |v;(t)| < on; for all t € (—oo,t*)r, (4.13)
lvj(t")| = on; and |v;(t)| < on; for all t € (—oo,t™)r, and
la()] < 08, | ()] < 08, [ ()] < on; for all £ € (=00, t*)r.  (4.14)
If (4.11) holds, then either

(a) pi(t*) = géi,uf(t*) >0 and |u;(t)] < p0; for all t € (—oo,t*)T,and
|l ()] < 0i, [v;(1)] < ony, [vi (8)] < onj for all ¢ € (—o0,t")r,

or

(b) |uiA(t*)| = pd; and \,uiA(t)| < 06; for all t € (—o0,t™)r,and
i (t)] < 08, |v; (1) < eny [V} (t)] < ony for all ¢ € (—o0,t*)r.

If (a) holds, then it follows from (A6) that
0 < pi (1) =AG(t") = (1 - W\)ai(f*)/ ki(s) Dspi(t”)
0

+(1- ,u)\)ai(t*)/ooo ki(s)/t ex(t*, k)l (k) ArAs

+ex(p(t*),0 _I{Z big () g (vt =75 (t))) —g; (v; (" =75 (t")))]
+ 3> et (v (¢ = () a(wi(t = n(t?)))
j=11=1

—pi Wi (" = 7(t)) (v (t — Tz(t*)))}}
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e [T weas o) we)

+aj'(1u)\)/oock,;(s)/t ex(t, k) |ul (k)| AkAs

*—s

+ex(p(t”), 0)%1{ D bELIFen (0,8 — 75 (t)) |y (t° — (7))

=1

D> el Qi (17 = i (¢)] + L P (t° —Tz(t*))ll}

j=11=1

- [T weas-a) e

') t*
+af(1- M)\)/ ki(S)/ ex(t*, k) oe; Ars
0 t

*—s

+ex(p(t”),0 { D 5L e (0,8 — 75(t)) en;

NE

m
+2
j=11

- [(1 e [ ks
_ ()\—i— (1= Nt /Ooo i (s) /;eA(t*,e)Ae)]ai

m m
e Ly Quyjon; + Z Z e Li Pryom }

1 j=11=1

+€§ lZWJUjb”Lje,\ O Tj(t*))

+ 30N Amed L Qiea(0, ()
j=11=1

+ 3 Ame LiPrea(0, mi(t ))] 0<0, (4.15)
Jj=11=1

which is a contradiction. Thus (4.11) is not hold true. If (b) holds, then according
o (A5), we have
0> pu(t)
SG(E) = (L= Nt [ ) Bt
0

H=ae) [T [ el ol ssss

*—s

+ex(p(t*),0 {wa g5 (v; (8" = 75(t7))) = g5 (v (7 — 75()))]
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—af (1 - ) / k(o) / ex(t', Wl () Arlss

*—s

+ ZZ%L?Q@W* =7 (t)] + L{ Pl — n(t*nu}

- [T rean] e

o] t*
—af(1- M)\)/ /fz(S)/ ex(t*, k)oe; AkAs
0 t*—s
—ex(p(t?), 0)%-_1{ D bELI e (0,8 — 7 () en;
j=1

m m m m
S Qe + 303 e;';lL?ngm}
j=11=1

j=11=1
oo e’} t
= [(1 - uA)a;/ ki(s)As — <)\+ (1- ﬂ)\)a;r/ kl(s)/ eA(t*,H)AQ)] bi
0 0 t—s
—eclp lZ’y]n]b”Lje,\ (0,75(t ZZ V55€ zglL Qiex(0,7;(t%))
+ ) el LiPiea(0, 7 (t*))] 0>0, (4.16)
j=11=1

which is also a contradiction. thus (4.11) does not hold true. If (4.12) holds, then
it follows from (A5) that

o =) < (1= u\ait) | TR Bspus(t) + MG ()
+ =) | k() | el mismns

—S

+ex(p(t"),0 {Zbu )gs (v (7 = 75(87))) — g5 (v (¢ = 7;(2%)))]

+ Z Zeul Npi (v = ()@ (t™ —n(t")))

j=11=1
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= ()i (¢~ Tz(t*)))l}
<[t [ honsea]we)

a (1— Oo-s t*e*/c»A/{ YA
vat =) [ k() [ e mlud (ol ans

*—s

+ex(p(t”), 0)%:1{ D bELIA e (0,87 — ()| (17 = ()]

j=1

+ )Yl Qi v (7 = () + L Pl (6 — Tz(t*))l}}

j=11=1

< {(1 —,u)\)a;r/o ki(s)As—&—)\] oci

o) t*
+af (1- /M)/ ki(s)/ ex(t*, k)oe; AkAs
0 t

+€)\( 7 {sz]Lg’YJeA _T](t*))gnj
m m m m
YO e LEQuy o + Y > el L Pmmn}
j=11=1 j=11=1
o] t
= {(1—;;)\)a s)As + (x\-i- 1—pNa / kl(s)/ e;&t*,@)A@)]
0 t—s
+eclp [nyjnjb”L]e,\ (0,7;(t")) + Z Zﬁjnjejlenge,\(O,Tj(t*))
j=11=1
+ 0> Amieli L Piea(o, Tz(t*))] 00; < 00;, (4.17)
j=11=1

which is a contradiction. Thus (4.12) does not hold true. In a similar way, we can
also prove that (4.13) and (4.14) hold true. Then we have

|z:(t) — ] (t)| <ex(t,0)00;,t €T, i=1,2,-

(4.18)

Therefore the almost periodic solution of system (1.1) is exponentially stable. This
completes the proof of Theorem 4.1. O

Remark 4.1. Jiang et al. [17] studied the almost periodic solutions for a memristor-
based neural networks with leakage, time-varying and distributed delays, Li and Fan
[24] investigated the existence and globally exponential stability of almost periodic
solution for Cohen-Grossberg BAM neural networks with variable coefficients, Li
et al. [26] studied the existence and global exponential stability of almost periodic
solution for high-order BAM neural networks with delays on time scales, Wang [35]
analyzed the almost periodic solutions of impulsive BAM neural networks with
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variable delays on time scales, all the authors of [17,24,26,35] do not deal with the
neural networks with distributed leakage delays. From this viewpoint, our results
are completely new and complement some previous works.

5. Examples

In this section, we present an example to verify the analytical predictions obtained in
the previous section. Consider the following BAM neural networks with distributed
leakage delays on time scales

where

oy () = —au(t) /OOO ki(s)ai(t —s)Ds+ Y by (t)g;(y;(t — (1))

j=1

2 2
+3 N enn®ps(yi(t — ) a (it — 7(1) + Li(t),

j=11=1
w3 (t) = —as(t) / T ha()milt - 5)As + > b (1)s (s (t = 75(1)))
+3 N ean(®)p;(yi(t — ()@t — (1)) + La(t),

j=11=1

VO = i) [ ma(eslt = )85+ 3 enlti(ai(e - (1)

+ 3D stati(@i(t —wi())wi(@i(t —wi(t) + (),

i=1 [=1
2

vy (t) = —da(t) /00 ha(s)y; (t = 5)Ds + Y i) filwi(t — wi(t)))

0 i—1

+ Z s2it (D) vi(@i(t — wi(t)))wi (21 (t — wi(t))) + Ja(t),

a1(t) az(t) 0.5+ 0.2|sint| 0.4 4 0.1] cos |
) 0.7+ 0.3] sint| 0.5 + 0.3| cos |

bii(t) bi2(t) | | 0.09+0.04sint 0.03+0.01cost

bay (t) baa(t) 0.07 + 0.03] cost| 0.07 + 0.04 sin ¢
e111(t) e112(t) - 0.06 + 0.03 cost 0.09 + 0.04 cos t
e121(t) e122(t) 0.08 + 0.05sint 0.09 + 0.06sint |
e211(t) ea12(t) _ 0.08 + 0.05sint 0.08 + 0.04 cost
€221 (t) €222 (%) 0.06 -+ 0.01 cos ¢ 0.09 + 0.05sint |
5111(t) 5112 (t) . 0.06 + 0.03 cost 0.09 + 0.04sint
s121(t) $122(%) 0.08 + 0.04sint 0.09 + 0.05 cost |

(5.1)
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$211(t) s212(t) - 0.08 + 0.05cost 0.09 4+ 0.05sint

S201(t) $222(t) a 0.08 4+ 0.02sint 0.08 + 0.05cost
[ (t) kz(t)] e e ] [ eelwe) | [ 1ol 1l
) ha(t) | e e T i) fale) || Jal
[ T1(t) 72(t) | | 0.03+0.01sint 0.06 + 0.02sint

wi(t) wg(t)] 1 0.05 +0.025int 0.07 + 0.03sint |

p1(y1) p2(y2) . [y [yel vi(21) va(z2) _ |z1] [22]
| 71(y1) q2(y2) ly1] |yzl wy(w1) wa(z2) lz1] |z2]
Ii(t) Io(t) | | 0.0038 cost 0.0065 cost
J1(t) Jo(t) 0.0067 cost 0.0089 cost
Then
aj a3 | 10705 ay ay | 10504
i df 1008 |dy dy 0.70.5
b, b, _ |0.130.04 el efs _ [0.090.13
bl by 0.100.11 | | ey ety 0.13 0.15
e e | | 0.130.12 st st | 009013
€51 €3 0.070.14 | | sy 573 0.120.14 |
311 S22 | | 0.130.14 LY L 22
b o 010013 | | L L] 13|’
| |11] [P P| |11
L9 11| Qs 11
Ly Ly | |11 (v V| |11
Ly Ly 11| | Wy Wy 11

Here we consider the case T=R. Let 4y =y =J =2 =5 = =6 =12 =
1, A = 0.0000005 and p(t) =t, u(t) = 0. Then we have

: +
S ——
1<7,<2 fo i a;
I, dr
— 7 [1+ L I1; ~ 0.6099 < 1,
1<J<2 d fo h;(u dj

max{lrg%xQ{eil, €2}, 121%)(2{@]»1, 0j2}} =~ 0.3675 < 1,

- [al /OOo ki (s)As — af /OOO kl(s)As] 51
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2 2
Z%mblj I+ vmie (L5Qu + LiP;) | = —0.7038 < 0,

j=11=1

- {aQ /OOo ko(s) s — a /OOO /@(S)As] 5

2 2
IEER DICEICATED 3) pRmE RN Ty

Lj=1 Jj=11=1

_ {df /OOO hi(s)As —df /Ooo hl(s)AS] m

+37 2%5 L+ Z 2%5 st (LYW, + LY m) ~ —0.8301 < 0,

=1 [=1 J

_ {dQ /O " ha(s)As — di /0 hQ(S)AS] m

+75 Z%é e L + ZZ%(S st (LYW, + L m) ~ —0.9126 < 0,

~ —0.5946 < 0,

i=1 [=1
{(1 - u)\)al_/ k1(s)As + ()\ (1= pNai / ki(s / (t*,@)AQ)] Wt
0
2
+e(p [Z’yﬂbblj Je>\ (0,7;(t +ZZ nﬂezle Qiex(0,7;(t"))
j=11=1

2
+ZZ yinied; Ll Piex(0,mi(t ))] ~0.7993 < 1,

j=11=1

{(1 Ny /00 Fa(s)As + ()\ + (1= pN\)ag /OOO ko (s) /tts ex(t, o)Ae)] 5

2 2
+eq(p lZ%ﬂgng dex(0,7;(t")) +ZZ'S’jnje;lengek(OaTj(t*))

j=11=1
2
+>

j=11

-y [ o (ar -t / Tt [ t ea(t0)80) |

2

+eq(p lZ%é L ex(0,wi(t*)) + 22%5 sﬂlL Wiex(0,w;(t"))

=1 =1

M.\;

77162]1L Pjex(0,7(t ))] ~ 0.8854 < 1,

Il
—

2 2
+> Z%(SZ'SEIL}”WQ(QM(H))] ~ 0.5093 < 1,
i=1 =1

iy [hans e (A - was [T [ ext,0)09) |

2 2 2
+ec(p(t), 007 [Z idics Ll ex(0,wi(t) + Y Y yibisyy LY Wiea (0, wi(t"))

i=1 =1 =1
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2 2
0 qibisgy Li'Viea(0,wi(t7)) | ~ 0.6887 < 1.

i=1 =1

It is easy to check that all the conditions in Theorem 4.1 are satisfied. Then we
can conclude that system (5.1) has exactly one almost periodic solution which is
exponentially stable.

6. Conclusions

In the present paper, we consider a class of BAM neural networks with distributed
leakage delays on time scales. With the aid of the exponential dichotomy of linear
differential equations, Lapunov functional method and contraction mapping princi-
ple, some sufficient conditions are derived to ensure the existence and exponential
stability of almost periodic solutions for such class of BAM neural networks. An ex-
ample is given to illustrate the effectiveness of our theoretical findings. The results
obtained in this paper are completely new and complement the previously known
ones and the method used in this paper can be applied to handle numerous cellu-
lar neural networks, Hopfield neural networks and so on. Recently, pseudo almost
periodic and anti-periodic solutions of neural networks have also been paid more
attention by many authors. However, there are rare results on pseudo almost pe-
riodic and anti-periodic solution of BAM neural networks with distributed leakage
delays, which might be our future research topic.
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