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SIZE-STRUCTURED DYNAMICS IN A
JUVENILE-ADULT POPULATION WITH
FIXED SEX-RATIO*

Yan Liu

Abstract We present and analyze a nonlinear size-structured juvenile-adult
model with a fixed sex-ratio, in which juveniles are structured by size, while
adults by age. Global or local stability results are investigated by the method
of characteristics and prior estimations, which show that, if the net repro-
duction rate is less than one, the population will be extinct for any initial
distributions; On the other hand, the population may be extinct or increase in
a manner faster than exponential style if the net reproduction rate is greater
than one. By using Laplace transform methods, asymptotic behavior of solu-
tions is analyzed too.
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asymptotic behavior.
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1. Introduction

For many animal species (e.g. amphibians, insects and crustaceans), the individu-
als take on different morphological shapes between juvenile stage and adult stage.
In resent decades, many discrete and continuous juvenile-adult models have been
developed and studied in the literature(see [1-7,11,13,15,18,19] and the references
therein). We briefly comment on a few of them. In [11], J. M. Cushing discussed a
general discrete juvenile-adult model with periodically varying coefficients by using
bifurcation theory. The authors in [18] studied two lumped age-structured models
of juvenile against adult competition. They discussed existence and stability of
positive equilibria and existence of oscillatory solutions, and investigated the effects
of the competitive interactions between juveniles and adults on the dynamics of the
population too. In [19], the authors studied the evolution of a spatially structured
population with two age classes using spatial moment equations. In their model,
adults can either help juveniles by increasing their survival, or adopt a cannibalistic
behaviour and consume juveniles. In [13], J. Z. Farkas and T. Hagen develope-
d a nonlinear size-structured juvenile-adult population model, and analyzed the
linearized dynamical behavior of stationary solutions by using semigroup theory.
In [15], X. Fu and D. Zhu discussed the asymptotic behavior of a size-structured
juvenile-adult population equation with resource-dependent and delayed birth pro-
cess. In [1-7], A. S. Ackleh and his coauthors studied an amphibian population
using discrete and continuous juvenile-adult models. In these articles, they divided
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individuals into juveniles (tadpoles) and adults (frogs). Since juveniles and adult-
s depend on different resources, and no resource competition takes place between
them. In [1], they developed a non-autonomous nonlinear continuous amphibian
juvenile-adult model, and obtained the existence-uniqueness results and long-time
behavior via a comparison principle. In [7], they established a second-order explicit
high-resolution scheme to approximate the solution of the urban amphibian mod-
el. Therein, convergence of the finite difference approximation to the unique weak
solution with bounded total variation is proved.

On the other hand, since R. A. Fisher developed the famous argument that
parental expenditure on sons and daughters should be equal in [14], sex-ratio pop-
ulation models and relevant models have been widely investigated(see [9,10,17,20]
and the references therein). A. Calsina and J. Ripoll considered an origin (age and
sex)-structured model for a sequential hermaphrodite population with general pa-
rameters accounting for the birth, transition and death processes in [9]. The most
particular feature of the model is the transition from one sex to the other which
is described by a given probability law. Then, in [19] they analyzed the long-term
evolution of sex-reversal, through the long-term evolution of the probability law of
the age at sex-reversal as a function-valued trait. In [20], T. Schmickl and I. Karsai
investigated a population model with consideration of the factors sex-ratio, male
success and gender-specific density-independent mortality. They analyzed how these
factors affect population dynamics. In [17], M. Iannelli and J. Ripoll considered a
two sex population with a fixed sex ratio. Therein, existence and stability of steady
states are established, the population ergodicity is studied, survival thresholds are
discussed and the effect of intraspecific competition is analysed too.

Taking both stage factor and sex-ratio factor into account, we present a juvenile-
adult population model with a fixed sex-ratio for adults. In juvenile stage we
consider size difference while age in adult stage. Our model is composed of two
first-order partial differential equations with initial and boundary conditions. The
remainder of the paper is organized as follows. In Section 2, we introduce the basic
model and deduce the equilibria solution of model. In Section 3, we obtain some
conditions for stability/instability of the equilibria. By applying Laplace transform
methods, asymptotic behavior of solutions is analyzed in Section 4. The final Section
contains some concluding remarks.

2. The basic model and its equilibria

We propose the following model to describe the dynamics of a juvenile-adult pop-
ulation with a fixed sex-ratio:

Ji(s,t) + (g(s)J(s,t)s + p(8)J(s,8) =0, s1 <5< 89, t >0, (2.1)
o) (1,6) =201 (0) [ Bla >0, (22
J(5,0) = Jo(s) , s1 <5< sa, (2.3)
Ai(a,t) + Aq(a,t) +v(a)A(a,t) =0, 0 < a<ay, t>0, (2.4)
A(0,t) = g(s2)J(s2,t) , t >0, (2.5)
A(a,0) = Ap(a) , 0 <a <ay, (2.6)

M(t) = /OaT v(a)A(a,t)da , t >0, (
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where J(s,t) and A(a,t) denote the densities of juveniles of size s and adults of age
a, respectively, at time t. The parameters p and g are the mortality and growth
rates of juveniles, respectively. s; and sy denote the minimum and maximum size
of juveniles, respectively. The functions § and v are the fertility and mortality of
adults, respectively. a4 denotes the maximum age of adults. Equation (2.5) says
that sy is the size at which juveniles mature into adults. v denotes the proportion
of males in adults. The function ® is relative to the number of males of adults that
a female of adults meets in the time unit, and has the same properties as described
in [17]. That is, the function ® is increasing and takes all the values between 0 to
1, see [17] for a detailed description.
Throughout this paper the following assumptions hold:

(Al): e Llloc,+(81,82), B € LE(0,at);

(A2): g € CL(s1,s2), f5512 ﬁdm < 400, this condition will guarantee that juveniles

reach the maximum size in a finite time;
(A3): v € LE(0,a4), v € L}OC’JF(O, ai), foaT v(a)da = +oc;
(A4) Jo € L}r(ShSQ), Ap € LL(OJIT);

(A5): All of variables and parameters are nonnegative in their domains and are
extended by zero outside their domains.

We first introduce the definition of the solution of problem (2.1)-(2.7) via the
method of characteristics.

Definition 2.1. A couple of integrable nonnegative functions (J(s,t), A(s,t)) is
said to be a solution of system (2.1)-(2.7) if it satisfies the following equations:

DJ(s,t) = —[u(s) + s 1J(s,1),
DA(a,t) = —v(a)A(a, t),
with
DJ(s.1) = %E%J (t7 M7 (s) + hiit +h) — J(S’t)7
DA(a,t) = }Liﬂ%A(a tht +hh) — Ala, t)’

where 7(s) = [ ® _L_dz, which denotes the time required for a newborn with the
s1 g(x)

minimum size s; to reach a size s.

Any equilibrium (J*(s), A*(a)) of the system (2.1)-(2.7) satisfies the equations:

(9(s)J"(5))s + pu(s)J"(s) =0, (2.8)
g(s1)J*(s1) = <I>(M*)/O T B(a)A*(a)da, (2.9)
Ay (a) +v(a)A(a) =0, (2.10)
A°(0) = gls2) (52), 211)

M*:/O ~v(a)A*(a)da. (2.12)
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The general solution of Eq. (2.8) and Eq. (2.10) are found as

J*(s) = J* (1)1 (s), (2.13)
and

A*(a) = A*(0)IIy(a), (2.14)

respectively. Hereafter,

Iy(a) = exp {— /oa v(z)da}, T (s) = exp {— /Sj /1(96)4-91(:6)(13;}

From Eq. (2.12) and Eq. (2.14) we obtain

_ M*Ho(a)
Jo " v(@)o(a)da’

Setting s = s in Eq. (2.13), we have J*(s2) = J*(s1)I1(s2), together with Eq.
(2.11) and Egs. (2.13-2.15), it yields that

A*(a) (2.15)

. ML (s)
T = T () [ (@) (a)da

Substituting Eq.(2.13) and Egs.(2.15)-(2.16) into Eq.(2.9) we see that M* must
satisfy the following nonlinear equation:

(2.16)

R®(M*) =1, (2.17)

where

—g(SQ) s " a a)da
R = 22 (s0) [ Ba)Thofa)da, (218)

The term Z Eji; IT; (s2) represents the probability that a juvenile survives and reaches
the maturation size sa(see [12]). IIy(a) denotes the survival probability for an adult
to reach age a, together with the adult fertility S(a) give the so-called maternity
function for age-structured models(see [16]). So that the parameter R in (2.18),
which can be called the net reproduction rate, gives the expected number of offspring
produced by an individual during his lifespan in the case of a complete availability
of males considering both stages juvenile and adult.

So, we have shown that, to each positive solution M* of Eq. (2.17), there belongs
a uniquely determined equilibrium (J*(s), A*(a)). According to the properties of
®, it is not difficult to see that there is no non-trivial equilibrium if R < 1 whereas
there exists a unique non-trivial equilibrium if R > 1.

3. Stability of equilibria

In this section we study the stability of the equilibria of system (2.1)-(2.7). Some
sufficient conditions for stability /instability of equilibria will be given here.
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Utilizing the method of curve technique, the solution of adult system (2.4)-(2.6)
can be given as:

Agla—t)olel ¢ <q,
Aayty = { P Dmtan = (3.1)
g(s2)J(s2,t — a)llyp(a), t> a,

Substituting Eq. (3.1) into Eq. (2.2), we obtain

Jie(s,8) + g(8)Js(s,t) = —=[p(s) + gs(8)]I(s,t) , 851 <8< 89, t >0, (3.2)
B(M(1)) [ Ba)Ao(a — 1) 7222 da
9(s1) T (s1,8) = 3 +S(M(1) [y Bla)g(s2)J (s2,t — a)llp(a)da , 0 <t <ay, (3.3)
) anT B(a)g(s2)J (s2,t — a)llp(a)da , t > at,
J(s,0) = Jo(s), s1 <8< sa. (3.4)

Then, a standard calculation for system (3.2)-(3.4) leads to:

Sr(g) gy ()
J(S,t):{JO(T (7(s) =) mmriag—ny: 0 <t<7(s), 53

J(s1,t —7(s))Iy(s), t> 7(s).
Noting that 7(s2) < 400, and denoting B(t) = J(s2,t), we have, for t > 7(s2)
J(SQ, t) = J(Sl,t — T(SQ))Hl(SQ),

hence, from Egs. (3.1), (3.3) and (3.5), and introducing the notations,

a) = exp{— / x)da}, (s )—exp{—/:de},

Folt) = Jo(r (7(s2) = D H<1(&92)>t>>’

Ko(a) = B(a)llo(a),  Ho(a) = v(a)lo(a),

K(@) = 2 (s2) o), H(@) = (s2) Hola),

Fit) = 1;1((8812)) /O " Kela+ ) ﬁz(a) da,

G(t) /Ofw H, (a+t)éOEZ;da,

with all the functions extended by zero outside the interval [0, a;], we obtain the
following integral system

{ B(t) = Fy(t) + B(M(t — (s2)) (ft 762) } () B(t — (s) — a)da + F(t — T(sz))) ,
M(t) = [ H(a)B(t — a)da + G(t),
(3.6)
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which is equivalent to the juvenile system (3.2)-(3.4). From the non-negative solu-
tion of (3.6) we can get the solution of the basic system as

. ITg(a)
A()(a t) Io(a—t)> t<a, (37)
B(t — a)g(SQ)HO(a), t>a,

Ala,t) =

JO( _1( (8)_15))% 0<t<T( )

Jout) = 4 R — () { [T sl
7 +ft ™) g(s9) Ko(a) B(t — 7(s) — a)da} , T(s) <t < 7(s) +ay,

S B(M(t—7(5))) [y 9(52) Ko(a)B(t —7(s) — a)da , t > 7(s) + ay.

(3.8)

Based on these formulations, we first have a global result concerning the trivial
equilibrium.

Theorem 3.1. If R < 1, that is the net reproduction rate is less than one, then
the trivial equilibrium is globally asymptotically stable.

Proof. From the first equation in (3.6) we have

max B(z) < R max B(x) + max F(z)+ max Fy(x)
z€[0,t] z€[0,t] x€[1(s2),7(s2)+ai] z€[0,7(s2)]
consequently

1
suth<< max F(r)+ max Fx)
>0 *) 1 — R \z€[r(s2),7(s2)+ai] (@) z€[0,7(s2)] 0(®)

1 Hl(Sg)
S1_Rr ( o(s1) 1Bl 0.an) [ A0l Lr 0.a1) + o)l Lr(s1.2) ) »
which means that B(t) is bounded.

Then, using this estimate and the form (3.7)-(3.8) of the solution, a straightfor-
ward calculation leads to

[AC DL ©,a0) + 1T L1 (sy,50)
<[Ao()llzr(0,as) + 9(82)a1§1>1133(t)

181l £ (0,a4) ”

(
g(s1)
<l Ao ()l o,a) + M2l JoC) L1 (s1,52) 5

2g(s2)

F o) L1 (51,52) + o)zt 0,a) + WGTH&HL&(O’Q*)S;EB@)

where
=1+ 9(s2)1(s2)at )| Bll =00y NBllz=(oap)  29(s2)i(52)atllBlF~ (0.0,
(1 —R)g(s1) 9(s1) (1 —R)g*(s1)
e =1+ 9(82)% QQ(SQ)GT”BHL“’(O@T)

1-R (1= R)g(s1)
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which shows that the solution is stable. For ¢ > 7(s2) + a4, the first equation in
(3.6) implies that

hence,
. <RI
tlirgo sup B(t) < Rtliglo sup B(t),
since R < 1 and B(t) is bounded, it follows that

lim B(t) =

t—o00

By (3.7) and (3.8) we finally obtain
T GOl ay =0, Jim [T 21 (oren) = O,

which yield what we desire. O
Now we discuss the stability of equilibria in the case of R > 1. The following two
Theorems show that the population will be extinct or increase in suitable conditions.

Theorem 3.2. If R > 1, and suppose that the following additional assumptions
are satisfied:

(A6): Ap(a) < 01A%(a), a.e. in[0,a], 01 <1;
(A7): Jo(s) < 012 T*(s), a.e. in [s1,50], 02 < 1.

Then we have
A 20y =0 1 [T 1oy ) = O

Proof. From the second equation in (3.6) we have

M(0) =G(0) = / v(a)Ao(a)da < / v(a)d A*(a)da = 51 M ™.
0 0
Then we define
to = sup {T|M(t) <5M*, te [o,T]},
where § is chosen such that
61 <d6<1, and §(1 — RO(OM™)) > 5. (3.9)

If to < o0, a straightforward calculation from (3.6) yields

B
e (z)
. Ly a)d .
<®(M*) | max B(x /K ! afft )+ anM
z€[0,to] Jo ! H(a)da Jo " H(a

. S M* do M*
<R®(OM )max{ max B(x), @ L } @ 2 .
z€[0,t0) Jo " H(a)da Jo " H(a)da
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If max B(z) < %, then putting this inequality into the second of (3.6) we
z€[0,t0] fo H(a)da
have
~ to
oM* :M(to) = H(G)B(tofa)dG,ﬁ*G(to) S §1M*,
0

which is a contradiction. ~
On the other hand, if max B(z) > -2 and noting that R®(§M*) < 1,

2€[0.t0] Jo " H(a)da
we have
O M*
max B(z) < 2 -
2€[0,t0] (1— R®(5M~)) [ H(a)da

Plugging the above relation into the second of (3.6), it follows that

to

SM* = M(to) = [ H(a)B(to — a)da + G(to)
0
fo Sy M* 51 M*
S/o e e ) [ Ha / Hla)da e g 2 da

< max{%, 51M*},
(1 —RP(0M~))

which contradicts the condition (3.9). ~

Up to now, we have shown that tg = co. Hence, supM(t) < IM*, supB(t) <
>0 >0

+00, and from the first equation in (3.6), we get

tlirgo sup B(t) < R®(6M )tlgrolo sup B(t),

which implies lim B(t) = 0 by R®(6M*) < 1
By (3.7) and (3.8) we finally obtain

tgrgoHA('at)”Ll(O,aT) = 07 tli)rgonJ('vt)HLl(sl,sz) =0.
L]

Now we present the population increasing result.

Theorem 3.3. If R > 1, and suppose the following additional assumption holds
too:

(A8) : Ag(a) > 63A*(a), a.e. in [0,a4], 63 > 1;
Then

tl—i>I&HA('7t)HL1(01at) = oo, tgrgo||J('7t)||L1(51-,Sz) = Foo.

Proof. Let to = sup {T\M(t) > M*, t e [O,T]} with 1 < § < 85. If t < oo,

from the equation (3.6), we have

~ M*
min B(x) 2R<I>(5M*)min{ min B(x), (1:537}
2€0, to] 2€0,to] Jo " H(a)da
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If we could prove that B(t) > 0 for all ¢, together with the fact that R®(5M*) > 1,
it leads to

O3 M*
min B(z) > %37,
x€[0,t0] 0 H(a)da

then from the second equation in (3.6) we have §M* = M (to) > d3M*, which is a
contradiction. That is tg = oo, from this and the above inequality we draw

inf M (t) > dM*, inf B(t) > 0,

t>0 t>0
considering the first equation of (3.6) again, we obtain
lim inf B(t) > R®(6M*) lim inf B(t),
t—o0 t—o0

which yields the conclusion we desire by (3.7) and (3.8).

In what follows we show that B(t) > 0 for all t. For t < 7(sq2), we get B(t) =
Fy(t) from Eq. (3.6). Since Fy(t) > 0 by the assumption (A4), we have B(t) > 0
for t < 7(s2).

Applying the assumption (AS8), it is not hard to show that M(0) > d3M™* > 0,
and consequently we have

S M*

B(7(s2)) = ®(M(0))F(0) + Fo(r(s2)) > Ré(M(O))m > 0.

If there exists ¢ty € [T(s2), 00) such that

B(to) =0, B(t)>0fort e [r(s2),00),

we have

to—T(SQ)

0 = B(ty) 2/ K(a+7(s3) — to) B(a)da
0
II d3 M* ot
e [T Kiada,
g(Sl)fo H(a)da to—7(s2)

which implies the wrong conclusion K(a) = 0 for a € [0,at]. Hence, we have
B(t) > 0 for all ¢, and the proof is complete. O

Therefore, we have the following corollary.

Corollary 3.1. If R > 1, then the trivial equilibrium is locally asymptotically stable
and the non-trivial one ts unstable.

The following theorem shows that the population will increase in a manner faster
than exponential style, if the net reproduction rate is greater than one.

Theorem 3.4. If R > 1 and the assumption (A8) are satisfied, then we have

B(t) > Ce“!, ||A(, 1)l (0,0p) > Cet,
M(t) > Ce' [lTC ) (s1.50) > Ces

where C and w are suitable positive constants.
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Proof. From the proof of Theorem 3.3 we have, for ¢t > 0,
B(t) >0, M(t) > 6M*.
Setting

B, = min B(t), n=10,1,2,--- .
ten(r(s2)+at),(n+1)(r(s2)+at)]

By the first equation of (3.6) and the assumption (A8), we obtain
B, > R®(SM*)min{B,, B,_1}, n=1,2,--- .

Since B, > 0 and R®(SM*) > 1, we have B,, > R®(M*)B,,_;. By iteration it
yields B,, > (R®(6M*))"By. Then, if t € [n(7(s2)+at), (n+1)(7(s2) +a4)], that is

B(t) > (R®(6M*)) "' Bo(R®(6M*)) "#2 71 | Therefore, we have B(t) > Ce*’ with
suitable positive C' and w. Finally the conclusion follows because, using (3.6)-(3.8),
for ¢ > 7(s2) + a+ we have

ay
JAC, D112 (0.0 :/ B(t — a)g(ss)l(a)da > Ce,
0

1) 21 (or.00) :/52<I>(M(t—7(s)))/ Hl(S)g(Sz)Ko(a)B(t—T(s)—a)dads,

S1 0 9(81)
> Ce*t,

M(t) = /OtH(a)B(t —a)da+ G(t) > Ce*",

with a suitable constant C'. O

4. Asymptotic behavior of solutions

In this section, we will investigate the asymptotic behavior of solutions of system
(2.1)-(2.7) by virtue of Laplace transform methods (see [8,16]). To this end, we
start by discussing the asymptotic behavior of B(t). By (3.6) we may infer via
Bellman’s lemma that

||5||L°°(0,a1)A0||L1(o,af)) £ 9(s2)

B(t) < <|J0||L1(sl,52) + s IBlle=ean Tyt ¢ [0, 00)
g(s1)

and this implies that B(t) is absolutely Laplace transformable. Now rewriting the
first equation of (3.6) as

t—7(s2)
B(t) = Fot) + F(t — 7(s2)) — h(t — 7(s2)) + /0 K(a)B(t — 7(s2) — a)da,
where
h(t) = (1 - @(M(t))) ( /0 K(a)B(t — a)da + F(t)) :

then we obtain in the same manner that |h(t)| < Ce*! with some positive constants
C and w. Thus h(t) is also Laplace transformable.
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Setting L£(B)(A) to denote the Laplace transform of B(t), we have

L(B)(A)

7(s2) (s2)+at
:/ e"\tFo(t)dt—i—/ e ME(t —7(sp))dt
0 T(SQ)

00 00 t—7(s2)
- [ et —r(saar+ | e | @B~ r(ss) — s

(s2) (s

=L(Fp)(A) + e (L(F) () = L(B)(N) + e T LK) (V) L(B)(N),
and in conclusion

ef)\'r(52) _
LB)(N) = »C(Fo)(A)l-_e_M(s(z)é )()())\) L(h)(A)

(4.1)

Tt is well known that the asymptotic behavior of B(t) is related to the singularities
of L(B)(A). By (4.1) we conclude that £(B)(A) can have poles only among the
roots of the equation

1—e MG LK) N) =0. (4.2)
With respect to this latter equation we have:

Theorem 4.1. Equation (4.2) has a unique real solution o, which is a simple
root. This solution is negative if and only if R < 1. Any other solution a of (4.2)
satisfies Reaw < o and within any strip o1 < ReA < o9 there is at most a finite
number of roots.

Proof. Let p(\) = e *(52) L(K)()), then it is strictly decreasing on R because
/ — - —A(t+7(s2))
GO =t [ e Koyt <0
0

and satisfies

lim @(A) =400, lim @(A) =0.

A——00 A——+o0o

It follows that there exists a unique a* € R such that ¢(a*) = 1, and since ¢’ (a*) <
0 we get that o* is simple. Comparing relation (2.18) with the notation K(a)
leadb to R = foaf K(a)da. Therefore, it is obvious that o* < 0 if and only if
= [, K(a)da < 1.
Let a be another solution of (4.2), then

/ efoz*(t+'r(s2))K(t)dt —1= Re(/ e*a(H"'(S?))K(t)dt)
0 0
_ / o~ (Rea)(t+7(52) cos((Tma) (t + 7(s2))) K (£)dt
0

- /OO e~ (Rea)(t+7(52)) ¢ (1)t
0

and as a consequence we obtain that Rea < a*.
Finally, since ¢(A) — 0 as |A| = +o0, all the roots within the strip o1 < ReA <
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o2 must lie in some bounded subset and be finite in number because otherwise ¢ (\)
would vanish identically. O

Now we are ready to formulate the result concerning the asymptotic behavior
of B(t).

Theorem 4.2. Let R > 1 so that o* > 0. Suppose the assumption (A8) are
satisfied. Then the solution B(t) of (3.6) satisfies
B(t) = bpe® (1 + Q(1)),

where by > 0 and t_1>im Q(t) = 0.

+oo

Proof. To simplify the notation, we first set
LOWN) = L(Fo)(N) + e E L) (N),
L) = e L)),
L) (A) = e TEILK) ().

Then the relation (4.1) can be rewritten as

Since, by a classical result we get that

|)\\—>+{>ior,nRe)\>o¢£(C)(/\) - |)\\—>+gor,nRe)\>a£(€)()\) - |)\\—>+{>ior,nRe)\>a£(n)()\) =0vacR.
(4.4)
We conclude that
L) —LEMN) _
\)\|—>+00I,nRe>\>a 1-— ,C(??)()\) =0
On the other hand
T L(Q) (@ +iy) — L(E)(z +iy)
[ P ey <+ (*5)

where x € R is such that £(n)(z + iy) # 1, Yy € R. Indeed, relation (4.4) implies
that  m(z) = ig}f{|1 — L(n)(z +1y)| > 0.
y

Define the functions

—wte(t), >0, —we(t), t >0,
G =1° (1) ) =1 ° £(t)
0, t <0, 0, t<0.

It is evident that

Gy) = LIO(z +iy), &(y) = LE)(z +1iy),

with Ex and Ex are Fourier transforms of (, and &,, respectively.
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Thus

o~

¢, (y) — & ()]

= m(x)

‘ L(O(z +1y) = L(E)(z + iy) ‘
1= L(n)(x + iy)
and consequently
/+°° ‘ﬁ(C)(J«“ +iy) = L(§)(z + iy) ‘ NG —&llm
1= L(n)(z + iy) - m(2)
which shows that (4.5) is satisfied.

For any fixed x > o™ we consider the Laplace transform inversion formula

R R (S[CVEP(3]0)
2mi /H-oo =Ly

9
— 00

g(t) == (4.6)

which has the Laplace transform
LIOA) = LN

HOO == 2w

Using (4.3) we may infer that g(¢t) = B(t), ¢t > 0.

Finally, chosen z; < «*, such that any root « of (4.2), other than «o*, satisfies
Rea < x1. By (4.4) and (4.5) we shift the integration in (4.6), from x to x;. Then,
applying the theorem of residuals, it follows that

g(t) = e (bo + (1)),

where
_ LIOWN) = LN vy _ L(O(ar) = L(§) (")
bo = Res( 1— L)V >(O‘ )= T+ 7(s2))e— G K (1)t 70,
B eia*t x1+1i00 tE(C)( ) [,( ) )\ (a*,m1)t R R
ot = | [ EQE S <« o~ Bl
Let Q(t) = 42, then B(t) = bpe® (1 + Q(t)). Noting that lim . w(t) = 0 and
B(t) > 0, and as a consequence we get lim;_, o Q(¢) = 0 and by > 0. O

Bearing in mind expressions (3.5) and (3.7), together with the relation J(s2,t) =
J(s1,t — 7(s2))II;1(s2) valid for t > 7(s2), the distributions of juveniles and adults
can be described in terms of B(t) as

J(s,t) = HHll(Z))B(t +7(s2) = 7(s)), t > 7(s2),

A(a,t) = B(t — a)g(s2)o(a), t > as.

Then, by using Theorem 4.2, we establish the asymptotic behavior of solutions
of system (2.1)-(2.7) as follows.

Theorem 4.3. The asymptotic behavior of the distributions of juveniles and adults
is given by

lim e ¢ tJ(S t) L() e (T(‘;z)—‘r(s))

t—~+o00 IT; (s2)
Jim e A(a,) = bog(se)To(a)e ™.

These results show an exponential growth of the distributions of juveniles and
adults, determined by the constant a*, the unique real solution to Eq. (4.2).
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5. Concluding remarks

In this paper, we study a nonlinear system of hyperbolic partial differential equa-
tions with boundary and initial conditions. The system represents a model of a
fixed sex-ratio population based on a size-structured juvenile-adult model. The ju-
venile stage is structured by size, while the adult stage simply by age. By using the
characteristics method and prior estimations, we discuss the existence and stability
of steady states. The asymptotic behavior of the solutions of juveniles and adults
are analyzed via Laplace transform methods.

Compared with the existing works in the literature, our research is three-featured.
First, to our best knowledge, this paper is the first attempt to consider both stage
factor and sex-ratio factor in one population model. Second, we derive a set of new
stability conditions rather than applying some existing results. Third, we reduce
the basic model to a delayed renewal equation with constant delay for the distri-
bution of juveniles at the maturation size. More challenging behavioral analysis
problems concerning the realistic indexes and complex population dynamics, such
as a non-autonomous system or a system with diffusion process, will be explored in
our future research.
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