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1. Introduction

In a very recent article [7], Hussain and Qaisar have proved some Hermite-Hadamard
type inequalities by using («, m)-preinvexity, two already existing identities from
literature and mathematical analysis. However, there are some vital errors in the
statements of these results because of the deficiencies in the definition of («, m)-
preinvexity.

Here, we will give some corrections to the definition of («, m)-preinvexity and
then corrections to the statements of the results given in [7].

To this end, we first quote some necessary definitions from the literature.

It is well-know in literature that a function f : I C R — R is convex in classical
sense if

fQz+ (1 =Ny) <Af(2)+ 1 =A)f(y)

holds for every z, y € I and A € [0, 1].
The classical convexity stated above was generalized as m-convexity by G. Toad-
er in [16] as follows:
Definition 1.1 ( [16]). A function f :[0,0*] — R, b* > 0, is said to be m-convex,
if
fQz+m 1 =XNy) <Af(z)+m(l-A)f(y)
for all z,y € [0,b*], A € [0,1] and m € [0,1]. The function f is said to be m-concave

if —f is m-convex.

Obviously, for m = 1 the Definition 1.1 recaptures the concept of standard
convex functions on [0, b*].
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The notion of m-convexity has been further generalized in [12] and it is stated
in the following definition.

Definition 1.2 ( [12]). A function f : [0,b*] — R, b* > 0 is said to be (a, m)-
convex, if

fQz+m (L =XNy) <A f(z)+m 1 -2 f(y)
for all z,y € [0,b%], A € [0,1] and (a,m) € [0,1]%.

It can easily be seen that for a = 1, the class of m-convex functions are derived
from the above definition and for « = m = 1 a class of convex functions are derived.

Remark 1.1. It can be observed from 1.1 and 1.2 that the domain of m-convex
and («, m)-convex functions must be a subset of [0, 00) of the form [0, b*], b* >0 .

A number of mathematicians have attempted to generalize the concept of clas-
sical convexity. For example in [8], Hason gave the notion of invexity as significant
generalization of classical convexity. Ben-Israel and Mond [2] introduced the con-
cept of preinvex functions, which is a special case of invex functions.

Let us first restate the definition of preinvexity as follows.

Definition 1.3 ( [17]). Let K be a subset in R™ and let f : K — R and 7 :
K x K — R" be continuous functions. The set K is said to be invex at x € K with
respect to i (-, -), if

z+Mn(y,z) € K,Vz,y € K, A € [0,1].

The set K is said to be an invex set with respect to n if f is invex at each = € K.
The invex set K is also called an n-connected set.

Definition 1.4 ( [17]). A function f on an invex set K is said to be preinvex with
respect to n, if

f@+n(y,z)) < (1=A) f(z) + Af(y),Vz,y € K, A € [0,1].
The function f is said to be preincave if and only if —f is preinvex.

It is to be noted that every convex function is preinvex with respect to the map
n(y,x) =y —x but the converse is not true see for instance [17].

In [10], the author has given the generalizations of Definition 1.1 and Definition
1.2 as follows.

Definition 1.5 ( [10]). Let K C [0,b*], b* > 0 be an invex set with respect to
n: K x K — R. A function f: K — R is said to be m-preinvex with respect to 7
on K if

fa+ Ay, ) < (1= 2) fl@) +mAf (£)
holds for all z,y € K, A € [0,1] and m € (0,1]. The function f is said to be
m-preincave if and only if —f is m-preinvex.

Definition 1.6 ( [10]). Let K C [0,b*], b* > 0 be an invex set with respect to
n: K x K — R. A function f: K — R is said to be («, m)-preinvex with respect
to n on K if

[+ An(y, ) < (1= 1) f(@) +mAf ()

holds for all z,y € K, A € [0,1] and (o,m) € (0,1] x (0,1]. The function f is said
to be (a, m)-preincave if and only if —f is (a, m)-preinvex.
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Remark 1.2. The Definition 1.5 and Definition 1.6 have some weaknesses. Since
K C [0,b*], b* > 0, the set K may not contain 0 (for an m-preinvex and («, m)-
preinvex functions the domain must be an interval of the form [0, b*], b* > 0) and
if 0 < m < 1, the point £ may not belong to the set K and hence the right hand
sides of Definition 1.5 and Definition 1.6 are meaningless.

In [7], Hussain and Qaisar claimed that the following definition of (c, m)-preinvex
was given in [2].
Definition 1.7. Let K C R be an invex set with respect to n : K x K — R".

A function f : K — R is said to be (o, m)-preinvex with respect to n, if for all
z,y € K, A €[0,1] and (a,m) € (0,1] x (0,1]

a a Y
F+dn(y, ) < (1 =1 f@) +maf ().
The function f is said to be (a, m)-preconcave if and only if —f is (a, m)-preinvex.

Remark 1.3. Indeed, Definition 1.7 has never been given in [2]. Moreover, in this
definition  : K x K — R™ has to be nn: K x K — R and the domain of the function
f cannot be a subset of the set of real numbers. Suppose if K = [-1,1] C R,
m=1,y=1, then £ =2 ¢ [-1,1] and hence the right hand side in Definition 1.7
is meaningless.

Hussain and Qaisar [7] have also claimed that the following lemmas will be used
to prove their results.

Lemma 1.1. Let K C R be an open invexr subset with respect ton: K x K — R+.
Suppose f : K — R is a function such that f") exists on K forn € N, n > 1
and f. If is f(™ integrable on [a,a +n (b, a)], then for every a, b € K with
n(b,a) > 0, the following inequality holds:

f(a)+ f(a+n(ba)) 1 etnda)
- 2 v [ @

- 1) (1 (0,0)"
kz s et 00)

" QEZ(b,a)) /UXH( —2)) ™ (a+ Ay (b, a))d\. (1.1)

Lemma 1.2. Let K C R be an open invexr subset with respect ton: K x K — R+.
Suppose f : K — R is a function such that f") exists on K forn € N, n > 1
and f. If is f™ integrable on [a,a +n (b, a)], then for every a, b € K with
n(b,a) > 0, the following inequality holds:

_ k o (ba .
Z [ ;k+1 ]1:_]1(;) )" ) <a+;77(b,a)) 77(51760/a o )f(x)d:c

_ D" b)) /1Pn (A) £ (a + M (b,a))dA, (1.2)
0

n!

where
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These two lemmas have not been cited and the function n has not been defined
correctly as well. The range of the function n must be the set of real numbers
instead of the set of positive real numbers. In fact, these two lemmas were proved
by the author in [10]. In Lemma 1.1 and Lemma 1.2, (1.1) and (1.2) are equalities
but not the inequalities.

The main aim of this erratum is to provide corrections to the definitions of m-
preinvex and (o, m)-preinvex and hence the corrections to the statements of the
theorems given in [7].

2. Corrections
In this section we give corrections to the definitions of m-preinvex and («, m)-
preinvex functions and then corrections to the statements of theorems proved in [7].

Definition 2.1. Let Ry = [0, 400) be an invex set with respect to 1 : Ry xRy — R.
A function f : Ry — R is said to be m-preinvex on [0, f—n] C Ry with respect to n if

Y
fa+ Ay, ) < (1= 2) fl@) +mAf (£)

m
holds for all z, y € [0,y*], A € [0,1] and m € (0,1]. The function f is said to be
m-preconcave if and only if —f is m-preinvex.

Definition 2.2. Let Ry = [0, 4+00) be an invex set with respect to n : Ry xRy — R.
A function f: Ry — R is said to be («, m)-preinvex on [O, %} with respect to n if

fl+ 2y, @) < (1= 27) f(a) +mAr°f ()

holds for all z, y € [0,5*], A € [0,1] and (o, m) € (0,1]>. The function f is said to
be (a, m)-preconcave if and only if —f is (o, m)-preinvex.

Remark 2.1. If in Definition 2.1, m = 1, then one obtain the usual definition of
preinvexity. If & = m = 1, then Definition 2.2 recaptures the usual definition of the
the preinvex functions. It is to be noted that every m-preinvex function and («, m)-
preinvex functions are m-convex and (a,m)-convex with respect to n(y,z) =y — x
respectively.

The following example illustrates that m-preinvex functions are different from
m-convex functions.

Example 2.1. Let the mapping f : Ry — R be defined as
fla) = —a2.
Let the function 7 : Ry x Ry — Rq be defined as

n(v,u) = L+u,0<m,/\§ 1.

Vam
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Then
: 2
[z + Ay, z) = - <(1+A)w+y\F>
m
—(1—1—)\)2302—:;342—2(14—)\)\/5‘%3;
= ¢A,m (Z’y)
and

(-0 F @ +maf (L) =022 - 27 = prn ()

It is obvious that
(b)\,m (1'7 y) < PA,m (l‘, y)

for x, y € Ry, A € [0,1] and m € (0,1]. Hence the function f is an m-preinvex
with respect to n on Rq for every m € (0,1]. However, the same function is not an
m-convex for any m € (0,1]. For instance, let x =1,y = 3, A = % and m = %.
Then

fOx+1=Ny) =—-4

and
M(x)+m(1—N\)f (%) = —6.5.

That is

FOT+ =2y > M@ +m1-N7(L).
Remark 2.2. A similar example can be constructed to show that («, m)-preinvex
functions are different from (o, m)-convex functions.

Correction to the statement of Theorem 2.1 from [7]

Let K C R be an open invex subset with respect to n : K x K — R and
Ry C K. Suppose that f : K — R is a function such that f(™ exists on K and f(™
is integrable on [a,a +n(b,a)] forn € Nyn > 2, a, b€ K,0<a <b < co with
n(b,a) > 0. If |f(")‘ is (v, m)-preinvex on [0, m] the following inequality holds:

f(a)+ f(a+n(ba)) 1 a+7(b,a)
' 2 T AL

k+1)

“2”[ el vl ()

nn—1)+a(n—2) and Us — no(n+a) —ala+1)
(n+a)(n+a+1) T+ Dnta)(nta+l)

_ Z 1) (n (b, a)) f(k)(a +7(, a))’ (2.1)

IA

where

U, =
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Correction to the statement of Corollary 2.1 from [7]
If n = 2, in Theorem 2.1, the following inequality holds:

fla)+flat+n(ba) 1 a+n(b,a)
2 wal) @

<<nwﬂ»2[ o
- 4 3(a+2)

"

r ol e ()] e

Correction to the statement of Theorem 2.2 from [7]

Let K C R be an open invex subset with respect to n : K x K — R and
Ry C K. Suppose that f : K — R is a function such that f) exists on K and
™ is integrable on [a,a +n(b,a)] forn € N, n >2,a, b€ K,0<a <b< o0
with 7 (b,a) > 0. If ’f(")|q, for ¢ > 1 is (a, m)-preinvex on [0, %}, the following
inequality holds:

a a a atn(b,a)
CESTRSIIR N W T

D) n(b,a
_ Til (=" (k=1) (n (b, “))kf““)(a +1(b,a)) 9
2 2(k + 1)! w |
S(n g;;l))n (n— 1)17% {U3 ‘f(n) (a)’q +mUy [f™ <:1> ‘1}‘1 )
where
. n 2 — Uy and Uy = - :

Tng—q+1 ng—q+2 l+ng—q+a 2+ng—q+a

Correction to the statement of Corollary 2.2 from [7]
If n = 2 in Theorem 2.2, we have

f(a)+ f(a+n(b,a)) 1 a+n(b,a)
2 gl @

1"

< M {U3 f (a)‘q +mUy

< e N e

©
2 2 2 2

=—— —————-Ujand Uy = - .
g+1 q+2 ° T lvgra 2+qta

Correction to the statement of Corollary 2.3 from [7]
If we take ¢ =1, « =1 and m = 1 in Corollary 2.2 we get,

where

Us

2 1 (b, a)

a a a a+n(b,a)
GEY RSO N Y YA

"

1 @]+

1"

< f (b)‘} . (2.5)

(n (b,))”
T

Correction to the statement of Theorem 2.3 from [7]
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Let K C R be an open invex subset with respect to n : K x K — R and
Ry C K. Suppose that f : K — R is a function such that f(") exists on K and
™ is integrable on [a,a +n(b,a)] forn € Nyn >1,a, b€ K,0<a <b < o0
with n (b,a) > 0. If ’f(")’q, for ¢ > 1 is (a,m)-preinvex on [0, %}, the following
inequality holds

iy [(—1)’“+1] (n (b, a))" ) ) winlba)
g 2K+ (k + 1)1 f(k) (a + 577 (b, a)) — m/a f(z)dx

__(ay"
~2npl(np+1)

a+1

=

Oé|f(”)(a)|q+m\f(")(i)|q]q7 (2.6)

where % + % =1
Correction to the statement of Corollary 2.4 from [7]
Ifn=2,0=1and m = 1, in Theorem 2.3, then we have the following inequality:

‘f ( Fon, a>) -/ " @)

"

) [[F @] +
T8(2p+1)r 2

7o)

, (2.7

where % + % =1

Correction to the statement of Theorem 2.4 from [7]

Let K C R be an open invex subset with respect to n : K x K — R and
Ry C K. Suppose that f : K — R is a function such that f(") exists on K and
(™ is integrable on [a,a +n(b,a)] forn € Nyn >1,a, b€ K,0<a <b< o0
with 7 (b,a) > 0. If ’f(")’q, for ¢ > 1 is (a,m)-preinvex on [0, %}, the following
inequality holds

n1 | (=1)F 4+ 1| (9(b,0))"* atn(b,a)

(3
o) (;) D ﬂ . (28)

_ (nbay”
T ontupl (np+1)

(Vl £ (@] + mva

o=

q
+ (vg, £ @)+ mva

where
2%(a+1)-1 1
Vi= 2041 (4 1) Ve = 2041 (o + 1)’
Q20 —2(a+1)+1 9o+l _q
Vs = sy Vi= 77—
20t (e + 1) 2041 (o + 1)
and 1 +1 =1.

p q
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Correction to the statement of Corollary 2.5 from [7]
Ifa =1,m =1and n =2 in Theorem 2.4, then we have the following inequality:

’f ( i a>) -/ Y @

=

where % + % =1.

Correction to the statement of Theorem 2.5 from [7]

Let K C R be an open invex subset with respect to n : K x K — R and
Ry C K. Suppose that f : K — R is a function such that f(™) exists on K and
™ is integrable on [a,a +n(b,a)] forn € Nyn >1,a, b€ K,0<a <b < oo
with 7 (b,a) > 0. If ’f(")|q, for ¢ > 1 is (a, m)-preinvex on [0, %}, the following
inequality holds

=t (=1 + 1] (6,0 ; N
Pt ok+1 (ki + 1); f(k) (a + 577 (b, a)) - m/a f (CL’) dx

B (et o) ol s ()]

(el of +nalre (2))]. @

m

where
1 1

D=————_F FE=
20+l (n 4 1) ’ (n+ a+ 1) 2ntaotl’
1

1
F_MM_G,G_B(Q’”—'_]-,Q—F]-)

and B (z;2,y) = [5 t* 1 (1 — )Y dt, 0 < z < 1 for 2,y > 0 is the incomplete Beta
function.
Correction to the statement of Corollary 2.6 from [7]
Ifa=1,m=1andn = 2in Theorem 2.5, then we have the following inequality:

‘f <a+ %n(b, a)) - ﬁ / Y e
2 () [l ()
* (614 f (;) q)ﬂ . (2.11)

Remark 2.3. There are number of typos in the proofs of the theorems given in [7]
as well.

1" q 5
f (a)‘ + 102
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