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Abstract: The problem of Timan on finding a necessary and sufficient condition for

1
QF (f, ;)L,(R") = 0(45(f)L,(r")), © — oo,
is solved. The condition is that

Q(f,6)L,(rn) = O(Q*FY(£,6),(rm)), & — 0.
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1. Introduction

For 1 < p < oo, a function f = f(z1,---,2,) of n variables belongs to the space
L, = L,(R"™), if it has the finite norm

17l = ([ 1£()Pd}3, 1< p< o0illfoo = esssuparnl£(2)], p = oo

Denote by M,, = M,,(R")(1 < p < o) the collection of all entire functions of exponential
spherical type ¢ which as functions of areal z € R" lie in L, (see [1]). For any f € L,(R"),
the quantity A,(f) = infy,enm,, ||f — 9ollL,(r=) is called the best approximation of f by
M,p. By [1], we know, for any f € L,(R")(1 < p < o), there exists g, € M,p, such that
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If — go]| = As(f). Let h € R™ be a unit vector, i.e., |h| = 1. The modulus of continuity of
order k of the function f in the metric of L,(R™) along the direction of h is the quantity

w*(6) = wh(£,6) = sup IIA wflL(Rm)s (1)

where Af f(2) = Tio(-1)**CLf(e + Ih),(k = 0,1,---,). By [1],
w(l8) < lw(8),(8 >0,1=1,2,--), w*(18) < I*w*(8), (k,1 € N), (2)
F(6) < WR(8), (0<8<¥)
Accordingly,
W (16) < (14 1)Fw®(8), (I > 0,k € N),w*+(6) < 2°w*(8). (3)
We introduce the quantity

Qk(f, §) = Qk(f,‘s)L,,(Rn) = |illl—p1 wﬁ(f,‘s)L,,(R"), (4)

which we will call the modulus of continuity of order k of the function f. Now, suppose
that the function f has the derivatives of order p. Then it makes sense to speak of the
derivative in the direction of any unit vector h € R" :

7= 30 fOw,

[sl=p
where h* = h;l e h:‘",s = (slv e asﬂ)' Put Qk(f(p), 6) = SuphER"alhlzl wf’:(flgp)v 5)$ we will
call this quantity the modulus of continuity of the derivatives (all of them) of order p of
the function f. And we have
Q4 (£, 16) < (L4 D)*Q*(f),6),(1 > 0,k € N).
If the derivatives of order p of the function f belong to the space L,(R"), then
Q'(f,6) < 6°Q5(f9),5), I=k+p. (5)

For any positive integer k, by [1],

Ao (f)r,(rm) < CRO¥(, %)LP(R")a (6)

where C}, is independent of f and .
In this paper, we concerns conditions on f with which the reverse inequality holds

QF(f, = )L,,(R" < EA(f)L,(rnys

where E is independent of o.
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For the case n = 1, Rathorel? has the following theorem:

Theorem A Let m be a positive integer and f € Ly(—00,+00), there exists a positive
constant G such that

aQm(f, —)L ) < GAs(f)L,r)y >0, (7
if and only if there exists a positive constant F such that

Q™(f,6) < FQ™(£,8), §>0. (8)

We generalized this result to n—dimensional space, and proved the following result:

‘Theorem Let m be a positive integer and f € L,(R™),(1 < p < 00). There exists a
positive constant G such that

1
O*(f, =), rny < GAo(flL,(rm)s >0, (9)

if and only if there exists a positive constant F such that

Q™(£,6)L,r") < FQ™(£,8)1,(rm), (6> 0). (10)

2. Some basic lemmas

Lemma 1 For any f € L,(R") (1 < p < o),

(1, iy amy < D0 304 DA (1)

v=0

Proof If g,(f,2) € M,y such that ||f(z) - go(f,2)lIL,(r") = infg,em., |f = 9ollz,(rRm),
for any positive » € N, we take natural number m such that 2™ < r < 2™m+1

1 1 1
Q*(f, -)< QF(f — gagmt1, -)+ Q% (ggm+1, -). (12)
Moreover,
1 1
Qk(gZ""“ —)LP(R") < “k sup / I Z 92m+lh‘|pdz}r

h R»,|h|=1 |s|=k

1 s s L
<z s YW 16 rde}ss

heR™ Jh|= ll’i —k

S 10k (12) - g5, )P},
v=0
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For every v = 1,2,---,m, we have

([ 1690(f,2) - g2 (f,2)Pdz}s < @)L [ lgaras(f,2) = 9o (f,2)Pde}
Rn Re
< WDk 4o, ()

and

{16 2)Paeys = ([ 10l(f2) - 7, 2)Pde}F < 240(1).

It follows that ©%(gymet, 1)z, (rm) < c(k,) 5 [Ao( £+ S0 2041 Age (£)). Taking account
also of the fact that

v
2(u+1)kA2y(f) < 22k Z /,l.k—lA“(f), (13)

p=2v-141

we obtain the estimate

X 1 92k+1 m 2v o1
@ (ggmer, =) < elbym) —p—Ao(H) + A(N)+ 30 X AU

v=1 ‘4:2"_1 +1

-
< %? VZ:‘B(V + 1) 14, (f). (14)
By (4) and (13), we have
-
QH(f - games, 1) < % 3 (4 DF AL (15)
pn=0

Combining (14), (15) and (12), we arrive at the inequality (11).

Lemma 2 If

Q¥ (f Jul) .
d /|t|5|u|sl e 4w = O£, 1), 1t =0, (16)

then
0¥(1t) = (1, 1) = Ol 04 (ole)] an

uniformly with respect to all positive v < 3 and 0 < [t < 3

Proof For any positive v < % and 0 < |t| < 1, take positive integer m, r, such that
yp 2 2 p g
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A<l <iFZy<v<
Itlk/ Qk(f7 Iul) u > 1 / Qk(f7 lul)d‘u
<<t w7 (v 4 1)’c Leful<t  |ulFtn
_ E/ Q"(f,lul) du
(r+ 1)’c S At ulf

ok L / 1
: ——d
- (r+1)’° Z (h3 1) Archuict |ulk+n “

(,‘_‘:';)kz I0H(f, ),

It follows that when (16) is satisfied

1 mr i 1 . )
(m + 1)k(r + 1) Z VTION(S) < ball(f, ).

Moreover,

1

k-10k k—l k

() = 5 k()

kZ T

(’I'+1 7'+1) J=lv=(j-1)r+1 v
jr

k k—1
= (,,. _|_ 1)k Z ( Z v
u—(j—l)r+1
2 ag Z Qk(.—)jk—l-
j=1 T
For any positive integer j > 1, we have the inequality :

", k k(L
)< =).
Q) < 704()

Thus,
(r+1kz k lnk( )>an( )Z-

ie.,

P(2) = Ol s 2o 0 C0N)
r (r+1)Flnm v’
Combining the last relation with the inequality (18), we obtain

() = o(ar L),
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or

a*(Jt) = O ’°|1n lﬂk(vltl))

Lemma 3 If condition (16) holds, then
1 < -
= L+ DT Ay mm = O (Arpm), (7= o). (19)
v=0 ]

Proof If condition (16) holds, by inequality (6),

rlk S+ D) Af)Lem € % Ck" Z( + 1)k 1Qk(f, )L,,(R )
v=0 v=0
_ 1 Qk(f, |ul) kpp L
_‘0((7' + 2)F / <lul<1 ||t du) < (£, r)’(r 21). (20)

42

Besidés, for any integer m > 1 we have

1
mR’ ~ m’w-’c

*f, — % + 1)* T A(S)

v=0

Consequently,

mer _ 1 1
3o v+ 1T ALy re 2 (f ;;)L,,(Rn) — Birtk(f, ;)L,(Rn),

v=r+1
ie.,
AN, ey O (w+ 1T > 9 (fi — )L,,(R") ~ B (£, = )L,,(R"
v=r+l
or
mk’l‘k k 1 Tk k 1
Ar(f)L,rm) 2 Ck(m+ l)k(r gy (faE;)L,,(R") — B CERE 1)k9 (f:;)L,(R")
Bk 1
k(fa —)Ly(R") ~ ‘m—ﬂk(f =)Ly (R
By Lemma 2,

mk k 1
Qk(f, = )L,, rm) = O(—- (£, Ly (Rn)-
It follows that m may be choosen in such a way that ,

Bk
T_n—k_ﬂ (f, )L,. (rn) < C Skﬂk(f, )L,, R®)-
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Thus,
1

1
k k
O (f, — )L,,(R" WQ (f, ;)L,,(Rn),

402 5z

or
Qk(f, = )L SRy < MeAq(f)- (21)

Combining (20), (21), we obtain (19).
Lemma 4 If condition (16) holds, then
1
Qk(f, )L, (rm) < EA,(f). (22)

Proof For any o > 0, take a positive integer N, such that N < o < N + 1, by Lemma
3, we have

Q(f, —)L,,(Rn < oF (f, (R < =% Z(V + 1) YA ()L, (rm)
. v=0
, N1
< N’“ Z 1) Ay (f)r,(rm) < 2°BkCrAN41(F)L,(rm)

< 2kBkaAa(f)L,,(R")-
Put E = 28 B}, Cy, then (22) holds.
Lemma 5 If condition (19) holds, then (16) follows.

Proof For any |t| > 0, take a positive integer 7, such that —5 < [¢| < 1

k k
|t|k/ Q ({7|u| ____/ Q (f;;|“|)du
fi<lui<t  |ulktm <lul<r fult
Qr(f, [ul)

= —d

k E/ <|u|<l |u|k+n u

1
k

S rk Z (f’ ) | l |u|k+ndu

1<

1

< E )

By condition (19) and Lemma 1, we have

Z + 1) 1A, (f) < Cie BrA(f) = CLA(f), (r — o).

v=0

Thus,

k QF (£, lul) B g~ k-1gkor Ly o CkBk k-1
t /|t|<|un<1 — e —du < vEIak(f, =) < YR AL(S)

k rk
|u| " v=0 v=0

= O(4:(f)) = O(Q"(f, - 1) = O(Q*(£,1t]), (It - 0).
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3. The proof of theorem

Proof If (9) holds, using (6) for £k = m + 1, (10) follows with F = GC,41. Conversely,
if (10) holds, using the inequality

|ul

Q™ (f,lul) < (1 + TtT)QO(f’|t|)’ (It < ful),

we get
|t|m+1/ Qm+1(f1 |u|)du < 2lt|m+1/ Qm(f’ lul) du
fi<lul<1  |umtin - ltl<ul<1 Jufmtitn
)m
< 2it™Ha™(f, It H
< 2l (mnum“JMmﬂn

< CL2™HIa™(f,1t]) < CL 2™ FQ™H(f, 1¢]).
Thus, (16) holds with k = m + 1, so that for some constant E independent of o, we have

O"(£,2) < FA™({,2) < FEAL()

and (9) follows with G = FE. We complete the proof.
By Lemma 1-Lemma 5 and Theorem, we have

Corollary Ifk < m, for the following statements there holds (i) & (ii) = (i) & (iv) =
(v) (i) Q%(f,2) = O(4s(f))(@ — o).

(i) Q(f,8) = O(Q™(f,8))(8 — 0).

(i) 1™ fuy g Smiisldu = 0™ (£, 1))l — 0).

(iv) §= Tolo(v + 1) A(f) = O(AN(£))(N — o).

(v) Q™(f,3) = O(4s(f))(o - o).
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