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Abstract: In the paper, we study the boundedness of the Toeplitz operators generated by the
Campanato-type functions and Riesz transforms associated with the Schrodinge operators. Using
the sharp maximal function estimate, we establish the boundedness of the Toeplitz operator ©° on
the Lebesgue space, which extend the previous results about the comutators.
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1 Introduction

Let £ = —A + V be a Schrodinger operator on R™(n > 3), where A is the Laplacian
on R™ and V # 0 is a nonnegative locally integrable function. The problems about the
Schrodinger operators £ were well studied (see [1-3] for example). Especially, Fefferman [1],
Shen [2] and Zhong [3] developed some basic results.

The commutators generated by the Riesz transforms associated with the Schrodinger
operators and BMO functions or Lipschitz functions also attracted much attention (see [4—6]
for example). Chu [7], consider the boundedness of commutators generalized by the BMOg¢
functions and the Riesz transform V(—A + V)~1/2 on Lebesgue spaces. Mo et al. [§]
established the boundedness of commutators generated by the Campanato-type functions
and the Riesz transforms associated with Schrédinger operators.

First, let us introduce some notations. A nonnegative locally L9(R™) integrable function
V is said to belong to B,(1 < ¢ < o0) if there exists C' = C(g, V) > 0 such that the reverse

Hoélder’s inequality
1 1/a 1
— Vix)idx <C /de:c) 1.1
(1 [, veras) < [, ve -
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holds for every ball B in R™.

Let Tj, = V(=A+V)~Y2 or Tj; = £1 and T} 5 be a linear operator which is bounded
on LP(R"™) space, for j = 1,2,--- ,m. Let M,f = bf, where b is a locally integrable function
on R”, then the Toeplitz operator is defined by

@b == Z T'j’leTj’Q.
J=1

About the Toeplitz operator, there are some results. Mo et al. [9] established the
boundedness of the Toeplitz operator generalized by the singular integral operator with
nonsmooth kernel and the generalized fractional. Liu et al. [11] investigated the boundness
of the Toeplitz operator related to the generalized fractional integral operator.

The commutator [b, T|(f) = bT(f)—T(bf) is a particular case of the Toeplitz operators.
Inspired by [7-10], we will consider the boundedness of the Toeplitz operators generated by
the Campanato-type functions and Riesz transforms associated with Schodinger operators.

Definition 1.1 Let f € Lj,.(R™), then the sharp maximal function associated with
£ =—A+V is defined by

1
sup - [f(Y) = fB@s|dy,  when s < p(z),

$B|B| x,s
ME(f))=q e

SUp |f(y)|dy, when s > p(z),
zeB |B(.’E,S)| B(z,s)

1
p(x)—sup{r>0: 2/ Vgl}.
rn-
B(xz,r)

Definition 1.2 [12, 13] Let £ = —A+V, p € (0,00) and 5 € R. A function f € L} (R™)

loc

where p is define by

is said to be in Ag’p (R™), if there exists a nonnegative constant C' such that for all z € R”
and 0 <s < p(z) <,

1 1/p 1 1/p
- _ p - P <
{B<:c,s>|l+w/3(z,s>'f(y) fB““S)dy} +{|B<:c,r>|1+w/Jw,r)'f(”' dy} =

where fp = &?\ / f(y)dy for any ball B. Moreover, the minimal constant C as above is
B

defined for the norm of f in the space AZ”(R™) and denote by ||f||Ag,p(Rn).

Remak 1.1 [12] When p € [1,00), AY(R") = BMOg¢(R"). And, when 0 < 8 < oo and
p1,pe € [1,00), ASP (R™) = AZ7*(R") and ||f||Ag,p1(Rn) ~ ||f||Ag,p2(Rn). For simplicity, we
denote AY”(R™) by AJ(R™).

Lemma 1.1 (see [2, 7]) Suppose that V € B,(n/2 < q < n) satisfies the condition

V(y) 1 /
dy < V(y)dy, 1.2
/B(I,R) |z —y[nt R Jpm (1.2)
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then the kernel K (z,y) of operator V(—A + V)~'/2 satisfies the following estimates: there

exists a constant 0 > 0 such that for any nonnegative integrate 4,

C; 1
K(z,y)| < , , 1.3
B @) < frrm@ Vi —yF e =g (1:3)
hé
Ko+ o)~ Ko < O (1.4

for 0 < |h| < @

Hence, V(—A + V)~'/2 is boundedness on L?(R™) space for 1 < p < po, where 1/py =
1/q—1/n.

Throughout this paper, the letter C' always remains to denote a positive constant that

may vary at each occurrence but is independent of the essential variable.

2 Theorems and Lemmas

Theorems 2.1 Let V € By satisfy (1.2) forn/2 <g<n. Let 0< 5 <1,be AQ(R"),
1 <7 <ooand 1 < s < pg, where 1/py = 1/q — 1/n. Suppose that O'f = 0 for any
feL"(R") (1 <r < o0), then there exists a constant C' > 0 such that

ME(© f)(@) < CY bl Mernp(Ty 2 ) ().
j=1
Theorems 2.2 Let V € B, satisfy (1.2) for n/2 < ¢ < n and 1 < py < oo satisfy
1/po = 1/q — 1/n. Suppose that ©'f = 0 for any f € L"(R") (1 < 7 < o), 0 < 8 < 1,
and b € AQ(R"). Then for 1 < r < min{1/3,po} and 1/p = 1/r — (3, there exists a constant
C > 0, such that

Lr-

16l < 'S bl 1

j=1

Theorems 2.3 Let V € B, satisfy (1.2) forn/2 < ¢ <nand 1 < py < oo satisfy 1/py =
1/q — 1/n. Suppose that ©'f = 0 for any f € L™(R") (1 < 7 < 00) and b € BMOg(R"),
then for 1 < p < py, there exists a constant C' > 0, such that

m

1€ Flle < C Y lIbllmnto [ £ 2o

j=1
To prove the theorems, we need the following lemmas.

Lemma 2.1 (see [7]) Let 0 < py < 00, pg < p < oo and d > 0. If f satisfies the condition
M(|f|®)Y/? € LPo, then exists a constant C' > 0 such that

IM(1F12) 2 e < CIUME (1) | 2o

Lemma 2.2 (see [14]) For 1 <+ < oo and > 0, let

B>z

1/~
M) = s (it [ fPan)
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Suppose that v < p <n/f and 1/q¢ =1/p — /n, then || M, s(f)|lre < C|fl|rr-

Remark 2.1 When 3 = 0, we denote M, 3 = M,. And it is easy to see that M, is
boundedness on LP(R"), for 1 < r < p.

Lemma 2.3 (see [8]) Let B = B(xz,r) and 0 < r < p(z), then

lbor g — bp| < Ck|2’“B|f’||b||Ag fork=1,2,---

3 Proofs of Theorems 2.1-2.2

First, let us prove Theorem 2.1.
Fix a ball B = B(x,ry) and let 2B = B(z, 2r(). We need only to estimate

©°f(y) — (©°)pldy.
w1,
Case I When 0 < ry < p(z), using the condition ©'f = 0, then we have

|B|/|@bf(y (6" )sldy

< |B| (/ IT. M) Tiaf(y) — (Tj71M(b_bB)Tj,2f)B|dy).

If Tj}l = V(—A + V)_l/Q, then

1
/lleM(bbB) 2 f (Y) = (TjaMp-v) T2 f)Bldy

|B]

< |B|/B TjaMp—bp)Tj2f (Y) = TinMp—bs)xpnon Ti2 f (@)|dy

= B | 1M(b7bB)X237}’2f(y)|dy + B/ |Tj:1M(b*bB)XR"\2BTj,zf(y)
1Bl B /5
- Jle bp)XRrn\2B 12f( )’dy

= L + L.

Let 7 and s be as in Theorem 2.1. Then using Holder’s inequality and the L® bounded-

ness of T;; (Lemma 1.1), we have

1 . ‘
L < C(/ Tj,lM(b—bB)xQBTj,zf(y)|6dy>
1Bl /5

1 / o 1 =
< 1o DI1+ 35+ b —bgl*" d e — T. 5T
< C<2B|1+557—/ /23 | (y) B| y) <|QB1—[337 /2B | J,2f(y)| y>

< ClIbllys Mar s (T52) (@),
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Let’s estimate Io. From (1.4), it follows that

(b= bp)Xrm\28Tj2f1(y) — Tj1[(b = bp)Xrm\28T} 2 f](7)|
_ ‘ /@B)c ) = b Ty f (o) (K (3, ) — K (2, 2))d

ly —
< S b(2) — || T 2 (2)|d2
;/2"r0<2 z|<2k+1rg |Z_x|n+5
< CZ (2% s / 16(2) — bowsr || T2 f (2)]dz

z—x|<2ktlrg

$OY b [ B = ol T G
z—x|<2k+1rg
=: H1+H2.

For Hy, since 6 > 0, by Holder’s inequality, we have

1/(sT)
I 1 :
L _ 1 (s7)
LS 022 <|2k+1B|1+5(57)’ /2k+13 |b(y) — bar+1 | dy)

k=1

1 1/sT
X S — T STd
<2k+1B|1—557 /2k+13 Ti2f (y)] y>

< Cbllys Mirns (T2 ) (2)-

From Lemma 2.3 and Hoélder’s inequality, it follows that

= 1
H, <C|b k2‘k5/ T; d
2 = H ||Ag ; |2k+1B|1,I3 i1 g | ],Qf(y)| Y

= — 1 ST %
< C|bllps Z k27" <|2k+13|1_587 /2k+13 Tj2f(y)| dy)
< C|bllps wnﬁ( Ty f)(x).

Thus
Iy < C|Ibl| o Mirnp(Tj2f) ().

So when T} = V(=A + V)12 we conclude that
1
|B|/ Tja M) T2 (Y) = (Tj1Ms-v5) T2 ) Bldy < Cl[bllgs Mirnp (T 2f) ()
B
If T;, = £1, it is obvious that

2
@ /B |Tj,1M(b—bB)an,\ZBijgf(y)|dy 0.
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Thus using the above formula and Hélder’s inequality, we conclude

1
|B|/ Tj 1 Mp—v)Tj2f(y) — (Tja Mo Tj2f)5ldy

2
< 1B ), TaMomboran T2 f (0)ldy
B ) 1
1 (s7) ' 1 o o
< C |B|FFBGT |b(y) — bp|“™ dy B[ T2 f (y)|""dy
B B

< Clbllaz Morns (T2 f) ()

Thus for 0 < rg < p(x), we conclude that

ME(©"f)(@) < C Y bl Mor (T2 f) ().

j=1

Case II When 7y > p(z), we have

1 /1 1
|mA'be(y)dygz(wL'E’leXQBE’2f<y>|dy+B|/B|7}71MbXR"\2BTj’2f(y>|dy)'

j=1
If Tj, = V(=A+ V)72 then for 1 <7 < oo and 1 < s < py are as in Theorem 2.1,
we have

1
|B|

1
C(|B| / m,lbmﬂy,zf(y)w)
B

1

< (; / ) |b<y>|5|zy,2f<y>|8dy)s

! o N (] o\
C<|23|1+gg7/ /23 1b(y) dy) <|QB|1—5W /2B IT;2f(y)| dy)
S CHb”[\iMST,nﬁ(er,Qf)(fE)

/ Ty Mo, Ty ()| dy
B

s

IN

IN

Since when y € 2B and z € 21 B\2* B, we have |v — z| ~ |y — z|. Then taking s, 7 as

above, we get

Ty My s Ty ()] < / BTy f (K (9, 2)dz

(2B)°

< C / T b(:) 1T (=) d2

; ro<)z—a|<2iting 11+ |2 —@m(z, V)2 —al? !

s 1 1 - 1/(s1)’
= C (/ b(y)|*" dy)

; 2k |2k+1B|1+ﬂ(ST) 2k+1 B

1 1/st
R T STd
<|2k+131—337 /2k+13 |Tj2f(y)] y)

<

ClI6l[ z3 M7 (T2 ) ().
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Thus 1
1 L T30 s 3£y < 1Bl Mooy ) o)
B

If T;, = £1, then by Hélder’s inequality, we obtain

1
|m/ |Tj1 My, Tj 2 f (y)|dy
B

IN

IN

Clbllg Mor Ty ) @)

And )

|-B|/ |T}1MbXR”\zB,Tj,2(f>(y)|dy =0.
B

Thus for ro > p(x),

MF(©"f)(x) < C Y [1bll g Marns (Ty2) ().

J=1

So whenever 0 < ry < p(x) or 1o > p(z), we have

ME(©"f)(x) < C Y |1bll g Marns (Ty2) ().

Jj=1

Now, let us turn to prove Theorem 2.2.

1 CONET (1 =
- - (s7) L T o
C ( |B|1+B(ST)/ L |b(y>| dy> <|B|1—BST L | ],2f<y)| dy>

Let s,7 be as in Theorem 2.1 and satisfy 1 < st < p. Then applying Theorem 2.1,

Lemma 2.1 and Lemma 2.2, we know that
10" fller < CIME©"f)llio < C Y 11bll s | Mor s (T2 )l o

Jj=1

<O bl Ty e < C S 10lasl1f]

j=1 j=1

LT

Thus we complete the proof of Theorems 2.1-2.1.

4 Proof of Theorem 2.3

It is obvious that A% = BMOg. Thus from the proof of Theorem 2.1, we have

ME(©'f)(x) < C_Z Bl B0 s Mir (T 2f) ().

Since My, is boundedness on LP(R™), then

10 Flle < CIME©°f)llLe < C D [IBllmroe | Mer (Ti2f)lle < C Y bllmnos [ £ 1e-

j=1 j=1

Therefore, we complete the proof of Theorem 2.3.
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