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(ϕp(u
′(t)))′ + a(t)f(u(t)) = 0, t ∈ (0, 1),

u(0) = αu(η), u(1) = βu(η),11 0 < α, β < 1, 0 < η < 1 4 ϕp(z) = |z|p−2z, p > 1. � f ";�;0#�\lm�.+F�'q0$�x�>a���Q��O�7�LPD: p-Laplacian; ?7�+�5� Krasnoselskii’s �=7;
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1 q m>6�*hY2���℄/��P{[j������0WD/Ff�x�u)	N*:$.�U3���qwCn^JE�>6�*/�y�m /�fp [1] �H�"(	℄�>6�*hY�yA{$�y [1−6].
f�ylO~� p-Laplace U6/HqwCnE�
(ϕp(u

′))′ + a(t)f(u) = 0 (1)�>6�*[k
u(0) = αu(η), u(1) = βu(η) (2)l&p/#�w�00 0 < α, β < 1, 0 < η < 1, ϕp(z) = |z|p−2z, p > 1, 3!:

(H1) a(t) ∈ L((0, 1), R+);
∫ η

0 a(t)dt 6= 0,
∫ 1

η
a(t)dt 6= 0;

(H2) f(u) ∈ C(R, [0, +∞)).JF��U�E� (1) �!: Dirichlet `0XvI/C6�*[kl&p/#�w��yA�y��=fp [7] 0=$Æ� Leggett-Williams �<6:��y�lO�*hY
{

(ϕp(u
′(t)))′ + a(t)f(u(t)) = 0, t ∈ (0, 1),

αϕpu(0) − βϕpu
′(0) = 0, γϕpu(1) + δϕpu

′(1) = 0aJ^℄: 2004-12-24; Qb^℄: 2005-04-29OTk\: Xg89�~as (10371006).



426 Q | � z � , � 27�&p/#�w�0XoYjfp [8–9] 1�(KE� (1) �>6�*[k (2) lp/5�_dj�oY�� ϕp(u) :��) (ϕp)
−1(u) #�3 (ϕp)

− = ϕq, 00 1
q

+ 1
p

= 1. � u(t) `E� (1) [
(2) /&pK, u(t) ≥ 0 !: (1) [ (2) 3 ‖u‖ 6= 0.

2 z?K|e I = [0, 1]. � ∀u ∈ X = C[0, 1], :� ‖u‖ = max
t∈I

|u(t)|, ! X `� Banach �i��
P = {u|u ∈ X, u(t) ≥ 0, u(t) K�/�3 u(0) = αu(η), u(1) = βu(η)}, !
�( P K X 0/4��P:/ x ∈ X, C u(t) K�*hY

{

(ϕp(u
′(t)))′ + a(t)f(x(t)) = 0, t ∈ (0, 1),

u(0) = αu(η), u(1) = βu(η)/p�!wZ%�-
u(t) =

α

1 − α

∫ η

0

ϕq

(

Ax −

∫ s

0

a(r)f(x(r))dr

)

ds +

∫ t

0

ϕq

(

Ax −

∫ s

0

a(r)f(x(r))dr

)

ds,00 Ax !:�r[k�

1 − β

1 − α

∫ η

0

ϕq

(

Ax −

∫ s

0

a(r)f(x(r))dr

)

ds +

∫ 1

η

ϕq

(

Ax −

∫ s

0

a(r)f(x(r))dr

)

ds = 0. (3)�
H(A) =

1 − β

1 − α

∫ η

0

ϕq

(

A −

∫ s

0

a(r)f(x(r))dr

)

ds +

∫ 1

η

ϕq

(

A −

∫ s

0

a(r)f(x(r))dr

)

ds,!oj H(A) U� A K�M'9�D/�3� (H2) ) H(0) ≤ 0, H
(

∫ 1

0 a(r)f(x(r))dr
)

≥ 0.
 �#�_�/ Ax ∈ [0,
∫ 1

0
a(r)f(x(r))dr] !: (3) I�pX 2.1 � (3) I�:/�P A = Ax U� x ∈ X �z�v[ ;6 xn ∈ X � I ��.L�� x(t). e An(n = 1, 2, . . .) `s�� xn(n = 1, 2, . . .)/� (3) I�:/�P�e Ax `s�� x /� (3) I�:/�P�� {xn} � I ��.L�� x [ An ∈ [0,

∫ 1

0
a(r)f(xn(r))dr] �) {An} K�r/�"B {An} #�L�/6���GC

An → A0. � An /:��)
1 − β

1 − α

∫ η

0

ϕq

(

An −

∫ s

0

a(r)f(xn(r))dr

)

ds +

∫ 1

η

ϕq

(

An −

∫ s

0

a(r)f(xn(r))dr

)

ds = 0,�� Lebesgue �/L�:�)�) n → ∞ E��
1 − β

1 − α

∫ η

0

ϕq

(

A0 −

∫ s

0

a(r)f(x(r))dr

)

ds +

∫ 1

η

ϕq

(

A0 −

∫ s

0

a(r)f(x(r))dr

)

ds = 0.� Ax /_�w�) Ax = A0, 
 Ax U� x ∈ X K�z/�
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(Tx)(t) =

α

1 − α

∫ η

0

ϕq

(

Ax −

∫ s

0

a(r)f(x(r))dr

)

ds +

∫ t

0

ϕq

(

Ax −

∫ s

0

a(r)f(x(r))dr

)

ds,00� Ax Ks�� x /� (3) I�:/�P�� Ax /_�w�) Tx /:�K���/�3�l%oY�pX 2.2 T : X → X K7�z/�v[ � Ax U� x/�zw
- T K�z/�U� T /tw� Arzela-Ascoli:��(�pX 2.3 �;�/ x ∈ P , � min
t∈I

x(t) ≥ k0‖x‖, 00
k0 = min{

αη

1 − α + αη
,

βη

1 − α + αη
,

(1 − η)β

1 − ηβ + β
,

(1 − η)α

1 − ηβ + β
} < 1.v[ �;�/ x(t) ∈ P, � x(t0) = ‖x‖.=Y η ≤ t0, � x(t) /�w) x(0)−x(η)

0−η
≥ x(t0)−x(η)

t0−η
, � x(0) = αx(η), 
 x(0) ≥

αη
1−α+αη

x(t0), �3 x(1) = β
α
x(0) ≥ βη

1−α+αη
x(t0);=Y t0 < η, � x(t) /�w) x(t0)−x(η)

t0−η
≥ x(1)−x(η)

1−η
, � x(1) = βx(η), 
 x(1) ≥

(1−η)β
1−ηβ+β

x(t0), �3 x(0) = α
β
x(1) ≥ (1−η)α

1−ηβ+β
x(t0).9�� x(t) /�w) min

t∈I
x(t) = min{x(0), x(1)} ≥ k0‖x‖.
f/2�S~=l�pX 2.4

[10] C E K�N Banach �i� K ⊂ E K�N4� Ω1 [ Ω2 ` E 0!:
0 ∈ Ω1, Ω1 ⊂ Ω2 /�r�6b�C A : K ∩ (Ω2 \ Ω1) → K K�N7�zU6��3

(1) ‖Au‖ ≤ ‖u‖, u ∈ K ∩ ∂Ω1, ‖Au‖ ≥ ‖u‖, u ∈ K ∩ ∂Ω2; `$
(2) ‖Au‖ ≥ ‖u‖, u ∈ K ∩ ∂Ω1, ‖Au‖ ≤ ‖u‖, u ∈ K ∩ ∂Ω2.! A � K ∩ (Ω2 \ Ω1) 0��N�<6�

3 yoRM�;�/ x ∈ P, � σx ∈ Σx = {σ ∈ (0, 1)|Ax =
∫ σ

0 a(r)f(x(r))dr}, 00 Ax K� (3) I�:/�P�!� (Tx)(t) /:�)
(Tx)(t) =

α

1 − α

∫ η

0

ϕq

(
∫ σx

s

a(r)f(x(r))dr

)

ds +

∫ t

0

ϕq

(
∫ σx

s

a(r)f(x(r))dr

)

ds

=















































α
1−α

∫ η

0
ϕq

(∫ σx

s
a(r)f(x(r))dr

)

ds +
∫ t

0
ϕq

(∫ σx

s
a(r)f(x(r))dr

)

ds, η ≤ t ≤ σx `
t < η ≤ σx;

α
1−β

∫ 1

η
ϕq

(

∫ s

σx

a(r)f(x(r))dr
)

ds +
∫ t

0 ϕq

(∫ σx

s
a(r)f(x(r))dr

)

ds, t ≤ σx < η;

1
1−β

∫ 1

η
ϕq

(

∫ s

σx

a(r)f(x(r))dr
)

ds +
∫ η

t
ϕq

(

∫ s

σx

a(r)f(x(r))dr
)

ds, σx < t ≤ η;

α+β
1−β

∫ t

η
ϕq

(

∫ s

σx

a(r)f(x(r))dr
)

ds + 1+α
1−β

∫ 1

t
ϕq

(

∫ s

σx

a(r)f(x(r))dr
)

ds, σx < η < t;

β
1−α

∫ η

0
ϕq

(∫ σx

s
a(r)f(x(r))dr

)

ds +
∫ 1

t
ϕq

(

∫ s

σx

a(r)f(x(r))dr
)

ds, η ≤ σx < t." (Tx)(t) /J?�%I
j (Tx)(t) ≥ 0 3 ‖Tx‖ = (Tx)(σx). " (Tx)(t) /:�)
{

(ϕp((Tu)′(t)))′ + a(t)f((Tu)(t)) = 0, t ∈ (0, 1),
(Tu)(0) = α(Tu)(η), (Tu)(1) = β(Tu)(η),



428 Q | � z � , � 27�"B (ϕp((Tu)′))′ ≤ 0,
 ϕp((Tu)′) �"��
 (Tu)′ �"�
 (Tx)K�/�"B T : P → P7�z��
f0 = lims→0

f(s)

ϕp(s)
, f0 = lims→0

f(s)

ϕp(s)
,

f∞ = lims→∞

f(s)

ϕp(s)
, f∞ = lims→∞

f(s)

ϕp(s)
,

M1 = max{
1 − α

k0

∫ η

0
ϕq

(∫ η

s
a(r)dr

)

ds
,

1 − β

k0

∫ 1

η
ϕq

(

∫ s

η
a(r)dr

)

ds
},

M2 =
1

ϕq

(

∫ 1

0 a(s)ds
) min{

1 − α

(1 − α)(1 − η) + βη
,

1 − β

α(1 − η) + η(1 − β)
}.o8 0 < M2 < +∞, M1 > 0. =Y (H1) ���(#��

∫ η

0

ϕq

(
∫ η

s

a(r)dr

)

ds > 0 [ ∫ 1

η

ϕq

(
∫ s

η

a(r)dr

)

ds > 0,
 0 < M1 < +∞.HX 3.1. hC (H1),(H2) ��3 f0 ≤ ϕp(M2), f∞ ≥ ϕp(M1). !�*hY (1)–(2) -B#��N&p u ∈ P.v[ �U6 T /:��)� T � P 0/�<6�` (1)–(2) /p�Mn�� f0 ≤ ϕp(M2) )#� R1 > 0, G-) |s| ≤ R1 E� f(s)
ϕp(s) ≤ ϕp(M2). � Ω1 = {u ∈

X : ‖u‖ < R1}, !�;�/ u ∈ P ∩ ∂Ω1, � 0 ≤ u(t) ≤ R1, "B
f(u(t)) ≤ ϕp(M2)ϕp(u(t)) ≤ ϕp(M2)ϕp(R1).�
‖Tu‖ = (Tu)(σu) = (Tu)(σu+) = (Tu)(σu−),
 �=Y σu ≥ η, (#

(Tu)(σu+) =
β

1 − α

∫ η

0

ϕq

(
∫ σu

s

a(r)f(u(r))dr

)

ds +

∫ 1

σu

ϕq

(
∫ s

σu

a(r)f(u(r))dr

)

ds

≤
β

1 − α

∫ η

0

ϕq

(
∫ σu

s

a(r)ϕp(M2)ϕp(R1)dr

)

ds +

∫ 1

σu

ϕq

(
∫ s

σu

a(r)ϕp(M2)ϕp(R1)dr

)

ds

≤ M2R1

[

β

1 − α

∫ η

0

ϕq

(
∫ 1

0

a(r)dr

)

ds +

∫ 1

η

ϕq

(
∫ 1

0

a(r)dr

)

ds

]

= R1M2ϕq(

∫ 1

0

a(s)ds)
βη + (1 − α)(1 − η)

1 − α

≤ R1 = ‖u‖,
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 ‖Tu‖ ≤ ‖u‖;=Y σu < η, (#
(Tu)(σu−) =

α

1 − β

∫ 1

η

ϕq

(
∫ s

σu

a(r)f(u(r))dr

)

ds +

∫ σu

0

ϕq

(
∫ σu

s

a(r)f(u(r))dr

)

ds

≤
α

1 − β

∫ 1

η

ϕq

(
∫ s

σu

a(r)ϕp(M2)ϕp(R1)dr

)

ds +

∫ σu

0

ϕq

(
∫ σu

s

a(r)ϕp(M2)ϕp(R1)dr

)

ds

≤ M2R1
α(1 − η) + η(1 − β)

1 − β
ϕq(

∫ 1

0

a(r)dr)

≤ R1 = ‖u‖,
 ‖Tu‖ ≤ ‖u‖."B� ∀u ∈ P ∩ ∂Ω1, �V σu ≥ η _K σu < η, >� ‖Tu‖ ≤ ‖u‖.0!�� f∞ ≥ ϕp(M1) )#� R > R1 > 0, G-) |s| ≥ R E� f(s)
ϕp(s) ≥ ϕp(M1), 


f(s) ≥ ϕp(M1)ϕp(s). 6 R2 = R
k0

(> R). � Ω2 = {u ∈ X : ‖u‖ < R2}. !�;�/ u ∈ P ∩ ∂Ω2,�Æ� 2.3 �) u(t) ≥ k0‖u‖ = k0
R
k0

= R, 
 f(u(t)) ≥ ϕp(M1)ϕp(u(t)) ≥ ϕp(M1)ϕp(R). �
‖Tu‖ = (Tu)(σu) = (Tu)(σu+) = (Tu)(σu−),
 �=Y σu ≥ η, (#

(Tu)(σu−) =
α

1 − α

∫ η

0

ϕq

(
∫ σu

s

a(r)f(u(r))dr

)

ds +

∫ σu

0

ϕq

(
∫ σu

s

a(r)f(u(r))dr

)

ds

≥
α

1 − α

∫ η

0

ϕq

(
∫ η

s

a(r)f(u(r))dr

)

ds +

∫ η

0

ϕq

(
∫ η

s

a(r)f(u(r))dr

)

ds

=
1

1 − α

∫ η

0

ϕq

(
∫ η

s

a(r)f(u(r))dr

)

ds

≥
1

1 − α

∫ η

0

ϕq

(
∫ η

s

a(r)ϕp(M1)ϕp(R)dr

)

ds

=
1

1 − α
M1R2k0

∫ η

0

ϕq(

∫ η

s

a(r)dr)ds

≥ R2 = ‖u‖,
 ‖Tu‖ ≥ ‖u‖;=Y σu < η, (#
Tu(σu+) =

1

1 − β

∫ 1

η

ϕq

(
∫ s

σu

a(r)f(u(r))dr

)

ds +

∫ η

σu

ϕq

(
∫ s

σu

a(r)f(u(r))dr

)

ds

≥
1

1 − β

∫ 1

η

ϕq

(
∫ s

η

a(r)f(u(r))dr

)

ds

≥
1

1 − β

∫ 1

η

ϕq

(
∫ s

η

a(r)ϕp(M1)ϕp(R)dr

)

ds

= M1R2k0
1

1 − β

∫ 1

η

ϕq(

∫ s

η

a(r)dr)ds

≥ R2 = ‖u‖,
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 ‖Tu‖ ≥ ‖u‖."B� ∀u ∈ P ∩ ∂Ω2, �V σu ≥ η _K σu < η, >� ‖Tu‖ ≥ ‖u‖.R}Æ� 2.4 /4��J)� T � K ∩ (ΩR \Ωr) 0��<6��
>6�*hY (1)–(2)� P 0��N&p�
T3��HX 3.2 hC (H1),(H2) ��3 f∞ ≤ ϕp(M2), f0 ≥ ϕp(M1). !�*hY (1)–(2) -B#��N&p u ∈ P.(&Z�℄:� 3.1, ��<℄�|�N�6	S&
f/2�oY�Y 1 ��l%/>6�*hY
{

(ϕ 3

2

(u′(t)))′ + t−
1

2 f(u(t)) = 0, t ∈ (0, 1),

u(0) = 1
2u(1

2 ), u(1) = 1
4u(1

2 ),
(4)00

f(u) =







16u
1

2 , 0 ≤ u ≤ 1,
143
8 − 15

8 x, 1 ≤ u ≤ 9,
1
3u

1

2 , u ≥ 9.<
dU
k0 = min{

αη

1 − α + αη
,

βη

1 − α + αη
,

(1 − η)β

1 − ηβ + β
,

(1 − η)α

1 − ηβ + β
} =

1

9
;

M1 = max{
1 − α

k0

∫ η

0 ϕp

(∫ η

s
a(r)dr

)

ds
,

1 − β

k0

∫ 1

η
ϕq

(

∫ s

η
a(r)dr

)

ds
} = max{

54

4
,

81

2(23 − 162
1

2 )
} < 235;

M2 =
1

ϕq(
∫ 1

0
a(s)ds)

min{
1 − α

(1 − α)(1 − η) + βη
,

1 − β

α(1 − η) + η(1 − β)
} =

1

4
min{

4

3
,

6

5
} =

3

10
.�

lim
u→0

f(u)

Φ 3

2

(u)
= 16 = Φ 3

2

(256) > Φ 3

2

(235) > Φ 3

2

(M1),

lim
u→∞

f(u)

Φ 3

2

(u)
=

1

3
= Φ 3

2

(
1

9
) < Φ 3

2

(M2).R}:� 3.1, �*hY (4) -B#��N&p�Y 2 ��l%/>6�*hY
{

(ϕ 3

2

(u′(t)))′ + t−
1

2 f(u(t)) = 0, t ∈ (0, 1),

u(0) = 1
2u(1

2 ), u(1) = 1
4u(1

2 ),
(5)00

f(u) =







1
3u

1

2 , 0 ≤ u ≤ 1,
143
24 x − 45

8 , 1 ≤ u ≤ 9,

16u
1

2 , u ≥ 9.
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9 ; M1 = max{ 54

4 , 81

2(23−162
1

2 )
} < 235; M2 = 3

10 . �
lim

u→∞

f(u)

Φ 3

2

(u)
= 16 = Φ 3

2

(256) > Φ 3

2

(235) > Φ 3

2

(M1),

lim
u→0

f(u)

Φ 3

2

(u)
=

1

3
= Φ 3

2

(
1

9
) < Φ 3

2

(M2).R}:� 3.2, �*hY (5) -B#��N&p�CVgj�
[1] GUPTA C P. Solvability of a three-point nonlinear boundary value problem for a second ordinary differential

equation [J]. J. Math. Anal. Appl., 1992, 168: 540–551.
[2] MA Ru-yun. Positive solutions of a nonlinear three-point boundary-value problem [J]. Electron. J. Differential

Equations, 1999, 34: 1–8.
[3] LIU Bing. Positive solutions of a nonlinear three-point boundary value problem [J]. Comput. Math. Appl.,

2002, 44: 201–211.
[4] MARANO S A. A remark on a second order three-point boundary value problem [J]. J. Math. Anal. Appl.,

1994, 157: 518–522.
[5] LIU Bing. Positive solutions of a nonlinear three-point boundary value problem [J]. Appl. Math. Comput.,

2002, 132: 11–28.
[6] LIU Bing, YU Jian-she. Positive solutions of a nonlinear three-point boundary value problem [J]. Comput.

Math. Appl., 2002, 44: 201–211.

[7] \u'�LeK��b P -Laplacian F�'q0?q;
 [J]. ��Q||	� 2003, 26(3): 504–510.
HE Xiao-ming, GE Wei-gao. A theorem about triple positive solutions for the one-dimensional p-Laplacian

equations [J]. Acta Math. Appl. Sin., 2003, 26(3): 504–510. (in Chinese)
[8] WANG Jun-yu. The existence of positive solutions for the one-dimensional p-Laplacian [J]. Proc. Amer.

Math. Soc., 1997, 125: 2275–2283.

[9] W
+�LeK���Irx�+iZ'q0$�x [J]. Q||	� 2001, 44(4): 577–580.
SUN Wei-ping, GE Wei-gao. On the existence of positive solutions for a nonlinear system with p-Laplacian

operator [J]. Acta Math. Sinica, 2001, 44(4): 577-580. (in Chinese)
[10] KRASNOSELSKII M A. Positive Solutions of Operator Equations [M]. Noordhoff, Gronigen, The Netherlands,

1964.

Existence of Positive Solutions for Three-Point Boundary Value

Problem with p-Laplacian

MA De-xiang1, GE Wei-gao2

(1. Department of Mathematics and Physics, North China Electric Power University (Beijing),
Beijing 102206, China

2. Department of Mathematics, Beijing Institute of Technology, Beijing 100081, China )

Abstract: By means of the Krasnoselskii’s fixed-point theorem in cone, we study the existence of
positive solution for the three-point boundary value problem with p-Laplacian operator

{

(ϕp(u
′(t)))′ + a(t)f(u(t)) = 0, t ∈ (0, 1),

u(0) = αu(η), u(1) = βu(η),

where 0 < α, β < 1, 0 < η < 1 and ϕp(z) = |z|p−2z, p > 1. Sufficient conditions are given which
guarantee the existence of positive solutions of this problem.

Key words: p-Laplacian; three-point boundary value problem; cone; Krasnoselskii’s fixed-point theorem.


