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Abstract: A ring R is called semicommutative if for every a € R, rr(a) is an ideal of R. It
is well-known that the n by n upper triangular matrix ring is not semicommutative for any
ring R with identity when n > 2. We show that a special subring of upper triangular matrix
ring over a reduced ring is semicommutative.
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All rings considered here are associative with identity 1 (# 0). For a ring R, the notations
rr(—) and lg(—) are used for the right and left, respectively, annihilator over R. A ring R is
called semicommutative if for every a € R, rr(a) is an ideal of R. By [1, Lemma 1.2], a ring R
is semicommutative if and only if, for any a,b € R, ab = 0 implies aRb = 0, if and only if any
right annihilator over R is an ideal of R, and if and only if any left annihilator over R is an ideal

of R. Properties, examples and counterexamples of semicommutative rings are given in [2, 3].

Let S be aring. Define a subring A,, of the n-by-n full matrix ring M,,(S) over S as follows:
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It was proved in [2, Proposition 1.2 and Example 1.3] that if S is a reduced ring, then the ring
As is semicommutative but A,, is not semicommutative for n > 4. Let S be a reduced ring.
In this note we will find a semicommutative subring of A,, for any positive integer n > 2. Our

method will be used to give an Armendariz subring of A,, for any positive integer n > 2.
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Let S be a ring and let
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Note that if a = ¢, then the matrix A is called an upper triangular Toeplitz matrix over S,

Theorem 1 If S is a reduced ring, then R, is semicommutative.

Proof Suppose that

and

in R,, are such that AB = 0. Then

ap a2 ag an—2 Al1n-1 A1n
ap a2 Gn—3 An—2 A2n
ai Qp—4 Gp—3 Gp—2
A= :
al ag as
aq an
a1
bi by bz - bu_o bin-1 bin
by ba - bp_z bp_2 b2y
by -+ bpn—ga bp_z  bp_2
B = S
b1 bo b3
by bo
by
Clel =0 (1)
arbs +asby =0 (2)
a1bz + asbs + azby =0 (3)
aibp—o +asby_3+ -+ a,—2b1 =0 (n—2)
a1bip—1 +agby—o+ -+ ap—2bs+a1,—1b1 =0 (n-1)
arbip + agban +azbp_o + -+ ap_2b3 + a1,n—1b2 + a1nby =0 (n)
a1bap, + agbp_2 + -+ + an—2b2 + azpby = 0. (n+1)

From (1), we see that bya; = 0 since S is reduced. If we multiply (2) on the right side by a1, then
aibaar + asbia; = 0. Thus a1bza; = 0 and hence a1by = 0. From (2) it follows that asb; = 0.
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Continuing in this manner, we can show that a;b; =0 when i+j = 2,---,n—1. Hence b;a; = 0.
Multiplying (n-1) on the right side by a1, we obtain 0 = a1b1, p—101 + a2bp_2a1 + - - -+ ap_2b2a1 +

al)n_lblal = alblm_lal. Thus albl,n_l = 0. Hence
agbyp_2 + -+ apn_2bs + a1 101 = 0. ()

Multiplying (*) on the right side by ag, we obtain 0 = agb,_2a2 + - - - + an—2b2as + a1 n—1b1a2 =
aob,_gaz. Thus agb,_» = 0. Continuing in this manner, we can show that a;b; = 0 when
i+ 7 =nand a1by n—1 = 0, a1 n—1b1 = 0. Similarly, from (n+1), it follows that aibe, = 0
and az,b; = 0. Now multiplying (n) on the right side by a1, we have 0 = a1b1,a1 + agbanar +

azby,_sa1 + -+ + an—_2bzal + a17n_1bga1 + a1pbiar = a1b1pa1. Thus a1by, = 0. Hence

agbay + agbp_o + - - + an_2b3 + a1 n_1b2 + aiyby = 0. (**)

If we multiply (**) on the right side by ag, then 0 = agbanas + asbn—2a2 + -+ + ap_obsas +
a1,n—1b2a2 + aipbiaz = azbanas. Thus asbe, = 0. Continuing in this manner, we can show that
aibj = 0 when i +j = n+1, ayn—1b2 = 0 and a1,by = 0. Since S is a reduced ring, it is

semicommutative. So for any a,b € S, ab = 0 implies that aSb = 0. Now for every

L T2 T3 T™m—2 Tin-1 T1in
TL T2 Tn—3 Tn—2 T2n
Tt 0 Tn—4 Tn—3 Tn—2
C = 6 an
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it is easy to see that ACB = 0. Hence R,, is semicommutative.

Corollary 2 (Proposition 1.2)?) Let S be a reduced ring. Then

b
R3 = a la,b,c,d € S
0

o O e
SIS U

is a semicommutative ring.

According to [5], a ring R is called an Armendariz ring if whenever polynomials f(x) =
ap + a1z + - + apx™, g(x) = by + bix + - - - + byx™ € R[x] satisfy f(z)g(x) =0, then a;b; =0
for each i,j. (The converse is always true.) The name “Armendariz ring” was chosen because
E. Armendariz [6, Lemma 1] had noted that a reduced ring satisfies this condition. Properties,
examples and counterexamples of Armendariz rings are given in E.Armendariz!®/, M.B.Rege
and S.Chhawchharial®!, D.D.Anderson and V.Camillo”), C.Huh, Y.Lee and A.Smoktunowicz!?!,
N.K.Kim and Y.Lee® and T.K.Lee and T.L.Wong!®!. Generalizations of Armendariz rings have
been investigated in [9-12].

Note that from [8, Proposition 2 and Example 3], R3 is an Armendariz ring when S is a

reduced ring and R,, is not Armendariz for any ring S when n > 4. By analogy with the proof of
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Theorem 1 we have the following result on Armendariz rings. Note that this result also follows
from [13, Theorem 1.4].

Corollary 3 If S is a reduced ring, then R, is an Armendariz ring.

Proof Let f(x) = >7_, Awr’, g(x) = Y1 Bja? € Ry[x] be such that f(z)g(x) = 0. Suppose
that

i
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Let fl - i=0 azlxz, f2 - Ei:o aéxl, B fn—2 - Zi:O a%—ﬂza fl,n—l - Ei:() a’i,n—l xlv fln =
P i i _ P ) _ q 7. _ q Y _ q J 7
Zi:o ay,x', fon = Zi:o Ao X"y g1 = Zj:() by, go = Zj:o bya?, )y Gn—2 = Zj:o by, 27,
_ q J j _ q J o .g _ q J g :
Gin-1 = Dol 12, gin = D250 b1,27, gon = Db, 27, Note that S[z] is a reduced
ring since S is reduced. So as in the proof of Theorem 1, we obtain that f;g; = 0 when

i+j =23, ,n+1and figin-1 =0, fin-101 = 0, figan = 0, fong1 = 0, f1g1, = 0,
fagon =0, fin—192 = 0, fing1 = 0. Since reduced rings are Armendariz, it follows that each
coefficient of f; annihilates each coefficient of g;, i +j = 2,3,---,n + 1, each coefficient of f;
annihilates each coefficient of g1 ,—1, etc. Now it is easy to see that A;B; = 0. Thus R, is an
Armendariz ring.

Note that every subring of an Armendariz ring is Armendariz. Thus the ring consisting of

all upper triangular Toeplitz matrix over S is Armendariz when S is reduced.

Corollary 4 (Theorem 5)7) If R is a reduced ring, then R[z]/(z™) is an Armendariz ring, where
(™) is the ideal generated by z™.

Proof Tt follows from the fact that the ring R[z]/(z™) is isomorphic to the ring of all upper
triangular Toeplitz matrix over R.
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