¥ oz Z E

Vol. 34 ( 2014)
No. 5 J. of Math. (PRC)

ON A CLASS OF WEAK BERWALD (a, 5)-METRICS
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Abstract: We study an important class of weak Berwald (a,3)-metrics in the form F =
a+ef+p arctan(g) (e is a constant) on a manifold. By using a formula of the S-curvature, we
obtain sufficient and necessary conditions for such metrics to be weak Berwald metrics. We also
prove that F' is a weak Berwald metric with scalar flag curvature if and only if it is a Berwald
metric and its flag curvature vanishes.
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1 Introduction

In Finsler geometry, there are several important classes of Finsler metrics. The Berwald
metrics were first investigated by L. Berwald. By definition, a Finsler metric F' is a Berwald
metric if the spray coefficients G* = G*(z,y) are quadratic in y € T,,M at every point z, i.e.,

. 1. )
G = STi(@)yy",

Riemannian metrics are special Berwald metrics. In fact, Berwald metrics are “almost
Riemannian” in the sense that every Berwald metric is affinely equivalent to a Riemannian
metric, i.e., the geodesics of any Berwald metric are the geodesics of some Riemannian
metric. Weak Berwald spaces were first investigated by Bacsé and Yoshikawa in 2002 [2].
The class of weak Berwald metrics is more generalized than Berwald metrics in [6]. Hence
it becomes an important and natural problem to study weak Berwald («a, 3)-metrics. Cui
obtained the necessary and sufficient conditions for two important kinds of (¢, #)-metrics in
the forms of F' = o+ ¢ + /4:%2 and F = aa—jﬁ to be weak Berwald metrics in [7]. Xiang
and Cheng characterized a special class of weak Berwald («, 3)-metrics in the form of F' =
(a+ B8)™"" /o™ in [10]. Further, Cheng and Lu studied two kinds of weak Berwald metrics

of scalar flag curvature in [4].
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The purpose of this paper is to study a special class of weak Berwald (a, 3)-metrics in
the foom of F =a+¢e8+ 3 arctan(g). We have the following:

Theorem 1.1 Let F=a+e8+ 3 arctan(g) be an arctangent Finsler metric on an
n-dimensional manifold M (n > 3), where ¢ is a constant. Then the following are equivalent:

(a) F has isotropic S-curvature, i.e., S = (n + 1)cF;

(b) F has isotropic mean Berwald curvature, i.e., E = "THCF’lh;

(¢) B is a Killing 1-form of constant length with respect to «, i.e., 799 = so = 0;

(d) F has vanished S-curvature, i.e., S = 0;

(e) F is a weak Berwald metric, i.e., E =0,
where ¢ = ¢(z) is a scalar function on M.

By [2], an arctangent Finsler metric F' = a+¢c0+ arctan(g) is of scalar flag curvature
with vanishing S-curvature if and only if its flag curvature K = 0 and it is a Berwald metric.
In this case, F' is a locally Minkowski metric. Thus F' is a weak Berwald metric with scalar
flag curvature, its local structure can be completely determined.

Corollary 1.2 Let F=a+e8+ [ arctan(g) be an arctangent Finsler metric on an
n-dimensional manifold M (n > 3), where ¢ is a constant. Then F' is a weak Berwald metric
with scalar flag curvature K = K(z,y) if and only if it is a Berwald metric and K = 0. In

this case, F' must be locally Minkowskian.

2 Preliminaries

In Finsler geometry, («,)-metrics form a very important and rich class of Finsler

metrics. An (o, 3)-metric is expressed as the following form

where « is a Riemannian metric and § is a 1-form. ¢(s) is a positive C*° function on an

open interval (—bg, bg) and satisfying
$(s) — s¢/(s) + (b* — )¢ (s) > 0, |s| < b < bo,

where b := || 3| ,. It is known that F' = a¢(s) is a Finsler metric if and only if || 3|, < by for
any x € M in [6]. In this paper, we consider a special (a, §)-metric in the following form:

F:a+€ﬁ+ﬂarctan(é), (2.1)
o
where ¢ is an arbitrary constant. We call this metric an arctangent Finsler metric. Let

by > 0 be the largest number such that
1— 52+ 202

———— >0 <b<b 2.2
(1 + 82)2 ) |8| = 0, ( )

so that F = a+efl+ [ arctan(g) is a Finsler metric if and only if 3 satisfies that ||3]|o < bo
for any € M. Let V3 = b;;dz’ ® dz? denote covariant derivative of § with respect to cv.
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Denote

1 1 )
Sij = i(bilj — bj|i), T’ij = 5(()1‘] + b]“), S0 -*— Sliyl, Sg ‘= blslo,

— iy,J — J — J
Too ‘= Tijy Yy, Ty = Tijb , To i = ij .

Let G'(x,y) and G° (x,y) denote the spray coefficients of F' and «, respectively. We
have the following formula for the spray coefficients G*(z,y) of F,

G' = G, + aQs'o + O{—2aQs) + Too}yg + W{-2aQs0 + 700 }V’, (2.3)
where

Q = ¢c+es®+arctan(s) + s®arctan(s) + s,

o - £75- es? — arctan(s) s + arctan(s)
~ 2(1+ 262 — s2)(1 + es + sarctan(s))
1
= —. 2.4
14262 — g2 (24)

As is well known, the Berwald tensor of a Finsler metric F' with the spray coefficients
G' is defined by By := B, (z,y)dz’ ® dr* ® dr' ® 0; , where
PG

Bijy = DYooy (2.5)

Furthermore, the mean Berwald tensor Ey := E;;(z,y)dz’ ® dz? is defined by

1 1 0% 0G™
E,;,=-B" =—-——(——
! 2™ 2 Qyidyd ( oy™

). (2.6)
A Finsler metric is called a Berwald metric if the Berwald curvature B = 0. A Finsler metric
is called a weak Berwald metric if the mean Berwald curvature E = 0.

The S-curvature S = S(z,y) is one of the most important non-Riemannian quantities.
For a Finsler metric F' = F'(z,y) on an n-dimensional manifold M, the Busemann-Hausdorff

volume form dVp = opdx® A --- Adz™ is given by

op(z) = Vol(B"(1))
BT Vol{(y') € R | F(m,y) < 1}

Here Vol denotes the Euclidean volume in R™. The well-known S-curvature is given by

oG™  d(lnor)
oym Y "agm

S(z,y) =

Cheng and Shen obtained a formula for the S-curvature of an («,[)-metric on an n-
dimensional manifold M as follows
Lemma 2.1 [5] The S-curvature of an («a, §)-metric is given by

S = )\(T0+80) +2<\I/+QC)80+2\I/TO —Od_lct’/“()o7 (27)
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where \ := 71{}% is a scalar function on M and C := —(b* — s?)¥’ — (n + 1)O.

3 Proof of Theorem 1.1

The proof contains the following steps:
Step1 (a) = (b) In fact, (a) = (b) is obvious true.
Step 2 (b) = (a) Assume that (b) holds, which is equivalent to

S = (n+ 1){cF +n}, (3.1)

where 1 is a 1-form on M. So (a) is equivalent to (b) if and only if = 0. Plugging (2.4)
and (2.7) into (3.1), we obtain

(Joa® + J50° + Jua* + Jza® + Jo0® + Jia + Jo) arctan2(§)

+(Kga® + Ksa® + Kya* + Kza® + Kya? + Ko+ K) arctan(é)
(6]
+ M + Mga® + Msa® + Mya* + Mso?

+Myo? + Mya+ My =0, (3.2)

where

Jo = 2uso(1+2b%), J5 = 2vef?(1+ 2b%)3,

Jy = 2s00%(4b* —v), J3 = —4dvef(1 + 2b%),

Jy = —2503*(=20* + 5+ 2nb* +n), J, = 2cvf3°,

Jo = 23056@ -3),

Ks¢ = 4(1+2b%)(2ueb®B + vef + soe + ensy),

Ky = —8rob’0+ 8unb?B — vrog + 8A\rob? B + 4vee 5% + 2\s08

+8unb? 3 4 8A\rob* B + 8Asob? B + 2unB — 2wb ey — 4rof
—45003 + 8A\b 508 + 16vceb® 5% + 2013 + 16vesh? 32,

K, = —48%(4vchb* + 2ucB + evsy — db’esy),

Ky = —28%(4vcef? 4 Svce320* + 2Aro 8 + 4uvnb* B + 2)s08 — 2103
+45008 + 28nso + 4nBb?sg + 4Asb? B + 2un B — 48b% sy + AArob® 3

2 2
—UVToo — nb Too + b 7“00),

Ky = —4B*(—vcB + besy + ensg + 2enb®sy — 2b%esp),

K, = p*4vceB? 4 4Bnsg + 2MBsg + 2XBrg — 1250 + 2vn
+3r00 — N7T00),

Ko = 4(n—3)e8%, My =2vc(l+ 2b%)%

Mg = 2(1+ 2b%)(2unb® + 4vceBb* + 20b%rg + 2Ab*sy — 21 + Arg

+e?vsy — 280 + 2vegB + vn + Aso),
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Ms = 2\eBro+ 8Ab%eBsg + 2XeBs¢ — 8¢Bb%rg + 8AeBbrry + 2vee? 32
+8X\e bt sy + 8\e by — evrog + 8vneb? 3 — Svch? 32
+2umefS — 4efry + 8vee?b? 3% + Suneb* B — 4dves?
+8rce?b? % — 2enb?roy — 4efsg — 2b%ergo,
M, = —B(8vech? + 16vechB* + 4nb*Bsy + 4\Bro + 2Be%s
—283s¢ — 4b*Bsy + 4vnB — 4reB + Sunb® B 4 2ne’Bsy — 82b? By
+2n8s¢ + 8Ab*Bsg + 4A\Bsg + A2 Bro + 2b*rgg — 2nb*rog — vTgo),
My = —2B%(2uecf? + dvech® 8% — vef? + 4heb®Bsg + 4efsg — 2e0rg
+2X\efrg — 4eb?Bsg + 4vmeb® B + 2XeBsy + 2enBsy + 2une
+4enb®Bsg + 4N\eb?Bro — evrgg — enb’rog + 5b2roo),

My, = —B3(—dvcef? + 4PBne’b* sy + 10e?Bsy — 2\Brg — 4e%b*Bsg
—2nfsy — 2unB + 68sy — 2\Bsg + 2ne?Bsy — 3rog + nrog),
M, = eB*(2ucef? + 2\Bro + 2\Bsg — 12350 + 4nfsq + 2vnf
+3700 — n700),
My = 2¢*(n—3)3%, v=n+1.

Replacing ¢ in (3.2) by —y*, we get the following
(—J6OZG + J5Oé5 — J4Oé4 + JgOZS — JQO[z + J10é — Jo) arctanQ(g)

+(Kga® — K5a® + Kya* — Ksa® + Kya? — Ko+ K) arctan(é)
@
+M7Oé7 — MGO[6 + M5Oé5 — ]\440[4 + MgOZS
—MQOéQ + MlC( - MO =0. (33)

(3.2) + (3.3) yields

Ll

(Jsa® + Jsa® + Jya) arctan® (=) + Mra” + Msa® + Msa® + Mo

+(Kea® + Ko + Ky + Ky

~—

arctan(g) =0. (3.4)
(3.2) — (3.3) yields

(Joa® + Jya* + Jya® + Jp) arctan2(§) + (K50° + K3a® + K a) arctan(g)

= —Mga® — Mya* — Mya? — M. (3.5)

Using Taylor expansion of arctan(g), we can find that the right side of (3.5) is an integral

expression in y and the left side of (3.5) is a fraction expression in y, so that we get

(Joa® + Jyat + Joa® + Jp) arctan(g) + K50® + K3a® + Ko = 0, (3.6)
M@Oé6 + M4O[4 + MQOd2 + MO =0. (37)
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Similarly, from (3.6), we get the following

J6046 + J4a4 + J2C¥2 + JO = O, (38)
Ksa* + Ksa? + K, = 0. (3.9)

For the same reason, by (3.4), we have

J5Ol4 + J30£2 + J1 = 0, (310)
Kga® + Kya* + Kya? + Ky = 0, (3.11)
M7a® + Msa®* + Mza® + M; = 0. (3.12)

(3.10) tells us that J; = 2(n + 1)¢B3% has the factor a?. Because 3° and o? are relatively
prime polynomials of (y*), we immediately obtain ¢ = 0.

Now we split the proof into four cases:

(i) e # 0 and n = 3;

(ii) e # 0 and n > 3;

(ii) e=0and n > 3;

(iv) e =0 and n = 3.

Casei € #0 and n = 3.

In this case, Ko = 4(n —3)e3%sy = 0. Hence, (3.11) implies that K, = —16g3%s0(b*+2)
has the factor o®. This implies so = 0. By use of so = 0 and ¢ = 0, we have M; = M, = 0.

By (3.7), we obtain the following

2(1 4 262)(8nb* + 2\b*ro + Arg + 4n — 2r¢)a* — B(1603 + 32nb? 3 + 8Areb? B + 4Are3
—drof3 — 4b%rgg — 4rgo)a” + 3%(8nB + 2Are3) = 0. (3.13)
By (3.12), we obtain the following
2e(1 4 26%)(2Mrob? B + 81b2 B + Aro + 4nB — 23 — 2ro)a* — 4e B2 (2Arob? B
—108 + Ao + 8nb? B + 4nB — b?rog — 2ro0)a’ + B4 (2Ar08 + 8n3) = 0. (3.14)
(3.14)—(3.13) xef3 gives
4e[(1 + 2b%)a? — B%]reo = 0. (3.15)
Because F is non-Riemannian, (1 + 2b*)a? — 32 # 0, thus we get
roo =0, 10 =0. (3.16)

Plugging (3.16) into (2.7) yields S = 0. In this case n = 0.

Caseii ¢#0andn > 3.

From (3.7), we can see that My = 2¢%(n — 3)3%sy has the factor a?. Since € # 0 and
n > 3, we have so = 0. By use of (3.7) and (3.12) and using the same skills in case (i), we

obtain

7“00:07 7“0:0, 77:0, S=0. (317)
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Caseiii e=0and n > 3.
By (3.8), we can see that Jy = 2503%(n — 3) has the factor o®. Obviously, we can get
So — 0.

From (3.7), we get the following

2(1 + 2b%)(2(n + 1)nb* + 2M\b%rg + Arg + (n+ 1) — 2r¢)a* (3.18)
—B(4(n + 1)nB + 8(n + 1)nb?B + 8Argb? B + 4\ 3 — 4r¢ 3 — 2nb*ryg
—(n + 1)rog + 2b%rg0)a® + B2 (2(n + 1)nB + 2Are3 — nreo + 3rgo) = 0.

From (3.9), we have

(14 26%)(4(n + 1)nb*B + 4Arob® 3 — (n + 1)roo — 4708 + 2(n + 1)nB + 2AreB)a
—26%(4(n + )b + 2AreB + 2(n + 1)nB + 4Argh* B — 218 — (n + 1)rgo
—anToo + 1)27“00)042 + ﬁ4(2)\7“0,3 + 2(77, + 1)77[3 — NTroo + 37‘00) =0. (3.19)

(3.19)—(3.18) x 3 yields
(n + D[(1 + 2b*)a* — B%]rgo = 0. (3.20)
This implies rog = 0. For the same reason, we have
ro=0, n=0, S=0. (3.21)

Caseiv ¢ =0 and n = 3.
In this case, Jy = 2503%(n — 3) = 0. (3.8) becomes

(14 26%)a* + (b — 1)3%a® — (b* + 2)B%sp = 0. (3.22)

We assert that sy = 0. Or else, (3.22) tells us that (b + 2) has the factor a®. This
implies # = 0, but it is impossible by the assumptions. By using the same methods as case
iii, we get that (3.21) holds.

Anyway, we obtain rgg =0, so =0, 7 =0, S =0. Which implies that F' is of isotropic
S-curvature with ¢ = 0.

Step 3 (b) = (c) The proof has been contained in Step 2.

Step 4 (c) =(d) When rqg =0 and so = 0, by (2.7), we have S = 0.

Step 5 (d) = (e) S =0 implies that F' is of isotropic S-curvature with ¢ = 0. Thus,
we obtain E = 0 by the equivalence of (a) and (b).

Step 6 (e) = (a) E = 0 is equivalent to that F is of isotropic mean Berwald curvature
with ¢ = 0, that is, (b) holds with ¢ = 0. By the equivalence of (a) and (b), we know that
F has isotropic S-curvature with ¢ = 0. This completes the proof. Theorem 1.1 is proved

completely.
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