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Abstract

Enumeration of labeled connected graphs with k cycles is an openproblem .
Up to now it has been settled only for k= [, 2. Unfortunately, these given for-
mulas are very complicated, In this paper we improve a series of enumnerations

and solve the enumeration problem for & =3,

. Introduction

Let C(n, k) denote the number of labeled connected graphs of order n with
k cycles.,
In 1959, Renyi [2] gave the formula for k=1 as follows;

Theorem A  C(n, 1) =—;—§En—1],_l nr

where (m),=m(m—1)eee(m—r+1), (m=r>0).
In 1972, Tomescu [ 3] gave the following furmula for a spacial case.

Theorem B Let C''’(n, k) be the number of labeled connected graphs of

order n with k& cycles which have no vertices in common each other, then
k=2,
ct(n, k)_n'n gkl‘(13,21 )Ts_!--—-l-l_! (1)
where the second sum is taken over those partitions (4;,4,,++,4,) of k such
that
Aytoeetd =k
{ 3,4 seet p}»,:n—i
The recent result obtained by Ling Jie [ 4] is as follows,
Theorem C Let C‘%’(n, k) be the number of labeled connected graphs of

order n with k cycles intersecting at exactly one point, then

(n—=1)) "D (p—j).n' 1
2* i=0 L O W Ayl Agleeed, !

where the second sum is taken over those partitions (A3,44,%+2,4,) of k such that

C'Pn, k)= (2)

* Received May., 14, 1990.

—535—

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



Ay+Ag+ee+i,=k
{ 203+ 34+ +(p- DA ,=n-i -1

Theorem D, .y ‘
(n—-11 K3n n—i n
S V2 S + 3)
Cn, 2 T R TR S i RETy S My ety 3
where the second sum is taken over those partitions (4)=(4;,44,%, 4, of 2
such that

Ayt Adgtoessssst ] =2
{ 2A34 3 4 e+ (p—1)A,=n-i -1
the third sum is taken over those partitions (1) =(4;,4,,++,4,) of 2 such that
' Ayt Ag+oeeti, =2
{ 3A3+4 Ay toeet ph,=n—i
The proceeding formulas are so complicated that application of them is
very difficult. In this paper, we first obtain some simple new counting formu-
las which are different from formulas (1), (2), (3) and then investigate C*® (n,
k) for another special case. Finaly, by appl};ing the proceeding results we
shall give a counting formula for C(n,3), and therefore, -solve the enumeration
problem of labeled connected graphs with three cycles.
Before starting our main result, the following elementary formulas are
readily established.
Lemma |'°) The number of labeled trees with n vertices x, , x,, *, x, and
and degree d(x,) =d,,i =1,2, e, n is

(dl—l, dz—l, d—l)

(5] The number of labeled trees with n vertices Xy s X34 %, x,and

Lemma 2
degree d(x,)=r is (;’:%)(n—l)"—l".

Lemma 3[5] The number of Hamiltonian cycles in a complete graph K,
of order n is (n—-1)1/2.

2 . About Connected Graph With k Cycles

Theorem |

n=2k P~
(1) n- k 1
C (n,k)— E TR ( ) (4)

Proof Let lengths of & cycles without vertex in common each other be r

F2s**s Tk (=23, r3>>3, o, ri>3) respectively. After each of k cycles is contrac”’
ted to a vertex, k cycles become k points in a tree, y,, y,,*, y,. Let the
rest of n vertices be y,,,, Vi25 5 ¥,, then

p=n—nr-—ry;——r,tk,
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i.e., r1+r2+oon+rk:”—p+k
where k<p<n—-2k.

Let degree of y, be d(y)=d,,i=1,2,+, p. By Lemma 1, the number of
trees with d(y;)=d,; is

p—2
(dl— Lyeee,d,—1 )

We consider d(y,)=d,,i=1,2, « k, Since y, indicates a cycle with length n,
there are rf’ different incidence ways of d; edges and r, vertices in the cycle.
Thus for some groups of d,,d,,«-,d,=>1, where d,+d,+«+d,=2(p-1), the
number of labeled graphs with n vertices and k& cycles without vertex in
common is

~ - Summing over all d, ,dz,---,d‘, we obtain

) d, d, _ P2
r LT o = P LY W

- » — 1 k 172 k *
dy+dy+ et d,=2(p-1) dl 1,-0,dp 1

di,dy, -, d,Zl

Note that the number of all possibls & cycles with ry+r,+ s+ r, vertices is

r, 2 2 2
By considering different partitions of n—p+k, (r,,r,, -, r,), wWe obtain

(n)(n—rl)m(n—rl—rz—'"'"k_n) (n-1! (l‘z“l)! (rk_l)!

nZk

c'Y(n, k)=k—2 3 rryeeern’ t.
k rytrytestr,=n-pt+k
23 i=1,2 0, k
— oy eee— (ry,—1N (r,— 1)1 (re— 11
n— r, w (B ™ rk 1 1 : 2 Lo {
() () e . ) 1 . -
1 no2k nyn’
B k! p=k r,+r2+-..-§:‘,k=,,_p+k zk( p— k)!
(ry s Payomny 7423)
n N2k nrl
= — 1
2k.k! p=k (P'k)! x,*-x2+---+Zx:k=n—p—2k

(xy y X3, >, X, are nonnegative integers)
m_ "k w7 on-p-2k+k-1y
2%k o=k (p— kN n—-p-2k
__n n’? (n=p k 1y
2k ky 5Tk (P k)Y
As a verification, applying formula (4) with k=1, we obtain Renyi’s

1

formula
p—2

_1 "2 n n-p-l-1y _1 & n~
c<n,1>-2nz§1—————~(p_1)! ( o ) (=13,

Clearly, our result is better than Tomescu’s formula (1).
Theorem 2

n=2k 1 — P2 [ A
Cl¥(n, ky=—ply i ntlopn  (nmpkly

2k!,1 (p— (k=>2) (5)
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Proof Let lengths of k& cycles intersecting at a common point be r, ry,
sees 1, (ry, ry, 00, 1, 2>3) respectively., And let the total number of vertices of k&
cycles be p. Then

~ ntrtestr—k+1l=p

and 2k+1< p<n.

By Clarke’s formula (see Lemma 2), the number of trees with vertices
Xo» Xpi1s Xpe2y **% X, and d(xp) =r is

(n—rf_ll) (n=p)" 27", r=1,2,+,0—p.
If vertex x, is replaced by k cycles intersecting at a common point, then

there are p’ different incidence ways of r edges and k cycles. Thus for a
group of (ry,ry,eee,r,), rytr,+tese+r,—k+1=p, the number of labeled connec-

ted graphs of order n with £ cycles intersecting at a common point is

Zep(” )(,, Py PTI=ppt o

Note that all p0351b1e cases of k cycles (k>>2) correspond to the partition
ritryteet+r,=ptk—1, ri,ry, e, r,2>3. Summing from p=2k+1 to n, we obtain
C®n, = 3 S et () (PTD

p=2k+1 k! FoFryteeetr,=prk-1
ri223, i=1,2,0, k

.(p— ) (rk 1) (rl—l)! (rz‘-l)! (rk_l)!
r;—1 ne b 2 2 2
n a pn™ P
= 1 1
2kk! p=2k+1 (n—p)! x,+x2+---§c,=p'2k—l
(xy, X3, e+, X, are nonnegative integers)

il

_n ¢ pnt (P —k 2)
2kk! p=tir1 (= D)
c_nm ¥ (n+1—p)n’—2 (n k 1y
2%k 5 (p— 1)1
Obviously, formula (5) is better than formula (3 ) because our result avoids

the enumeration of partitions,

Now we consider another spacial case about connected graphs with %
cycles. Let C®’(n, k) be the number of labeled connected graphs of order
n with k& cycles which has a vertex in common one by one as a chain (whose
block- cutpoint-graph is a path). We have

Theorem 3

C' (n, k=Dl ¥ _pn] ST (=D (r=Dee(r~1) (6)

k+1 _
2 p=2k+1 (n—p)! Fotrytesetr, s prk-1
Py Fyy ey 1223

Proof Let the length of k cycles be r,r,,+, r, respectively and the

total number of vertices of k& cycles be p. Then

-—538—

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



r1+r2+“'+rk p+k .1

2k+1<n. p<n.
By Clarke’s formula (see Lemma 2), the number of trees with vertices
XosXper s Xpasveny X, and d(xp)=r is (n—.re_ll ) (n=p)" P r=1,2,%,n—p. After

vertex x, is replaced by a cycle of length r, there are p’ different incidence
ways of r edges and r-cycle. Thus for a group of (ry,ry,se, 1), rp+sotr,=p
+ k-1, the number of graphs is

Z( (n ) (n=p)" P = pn™ 1l
Note that the number of all possible & cycles with p vertices is

() GE D Gepy (PR (P L

-2
(ri—1)1! (r;— 1} (r,— 10
3 — . 5 .ee 5
_n_! (72“1)("3"1)"'("1(_[_1)
2 ’ (n— p)

Summing from p=2k+1 to n, we obtain
n (ra=1)(r3—1)eee(ry_—1)

CO(n, k)= 3 pnm

‘a k
p=2k+1 it rpt et re= ptk~1 2°(n-p)!
(1,228, i=1,2, 0, k)
-p-1
n) n n"?
= k-;'l q ’i— ) r2'_1)(r3—1)"'<rk_1—1)
2 p=2k+1 ‘TP = prk-1

(r>>3,i=1,2, %, k)
The following result will be useful later.
Corollary 3.1

(3) __.9_ _En_"__p;l.._ 3_ 2 —
c'(n,3) 96 = (n- D)1 —(p =12 p°+41 p— 30) (7)
Proof By formula (6) k=3,
n—p-1
C ¥ (n,3) = ZJ’———— (ky=1)

(=P kst h=pe2
ke,  ky k>3)

:ﬁ!_"_&'ﬁf___pﬂ(k -
2 ‘; (nfp)!kzgg 2 k,+ky= pZ+:2 k,
(k,,kZS)

S:uc2 1) (p—ky—3)

n- p-
L,L—-—--—“(p —12p%+41p- 30
(pP—-12p*+ 41 p-30)

3. New Counting Formula for C(pn, 2)
Applying the proceeding results we obtain a new counting formula for C(n,
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2) which is better than formula (3).

Theorem 4

n (n—4) 1h !

__nl ) -y (8)
C(n,2) e Z: (p (e 8

Proof 1t is not difficult to see that
Cn,2)=C'"(n,2)+C'*(n,2)

By theorems 1 and 2,
P 2

n—-p-1
C(n,2)= ”'2 (p o (nmp- gy+ Al B (4

8 ;=5 (n—p)

ot p"? o "t (n+l-pn®
=3 E,,:z TET (n-p 3)+,,; -7 n P 3)]
..l!_[ _4+nz—jl__nfi__( - +3)‘(1+M)]
TR AT Ty M2 -1

p 2
——'-(n 4)+—8‘p ZW”(”_I)_?’)
_nn-4  met a7 o
- 8 +8,§Z (p— 1) (n=p-3)

Formula ( 8) avoids the enumeration of partitions.
4 . The Counting Formula for C(p, 3)

For all labeled connected grabhs of order » with exactly three cycles ,

we consider the following three cases.
Case | Three cycles have no vertex in common. Let the number of

corresponding graphs be C,(n, 3).
According to Theorem 1.

C,(n,3)=C"(n, 3=

1 n-6 p=2 o
nl n (n 2p 4)

75 5 (p Y
_nr 6 pP 2

= Zg‘(—p—’3—)—'—(n—p*4)(n—p—5).

Case 2 There are exactly two cycles with a vertex in common. Let the nu-

mber of corresponding graphs be C,(n,3).

Suppose that the number of vertices of two cycles intersecting at a po-
int is k,(k,>>5), the number of the remaining cycle is k;(k,>>3).

Let the preceeding k, vertices (k, vertices) be contracted to a point deno-
ted by x(x,). Other vertices are denoted by x;, 3<i<n-k,—k,+2.By Lemma
1, the number of trees of order p=n—k —-k,+2 (2<p<<n-6) with d(x;) =d,,
i=1,2,e, p, s

Ca-2a D
di—1,e,d,—-1
Using similar argument to theorem 1 for all (d,,d,,,d,), d, =1, where
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di+dy+e+d,=2(p-1), the number of graphs is

d =2
( _ )k k= ko kynt
dy+dyt et d,=2(p~1) d_l’"' d 1
dy, dy, eeny deI

It is not difficult to get that the number of two cycles with k, vertices,
intersecting at a common point, is

-3 Cro— i

Ky ki—1\ it (ky—i— 1)
ok TR R
1"'

8Zk!~~ kit (ki —4), (ky>>5).

i=2

Thus
n-6 -
- pm2n oy on=kyy 1 oy k-
C,y(n,2) pz; kl*k:;n_mklkzn (‘kl)( L, ) 5 k1 =) 5
k25, k223

22 n

_ns p 2l
_162 TETRP ALY
p2

=)
()Széw[(n p— 1) {(n-p)(2n—-2p-13)+60].

Case 3 Three cycles intersect as a connected component.Let the number
of corresponding graphs be C,(n,3).

Consider :the following tnree subcases.
Subcase 3.| three cyclies are a chain.
By Corollary 3.1, the required number is

c‘3’<n,3)—9 ,;7 TEDT
Subcase 3.2 Three cycles intersect at exactly one point.
By Theorem 2, the required number is

n—p—1 _
!‘ C®n,3) = P57 B (P, 5) (10)

n" »-1

(p*-12p%+ 41 p- 30) (9)

=7 (n= p)
=§ép:7%%;—!—<p2—11p+30>. (10)

Subcase 3 two cycles have a path of length />>1 in common to produce
three cycles.

Actually, these three cycles consist of three paths with two endpoints in
common. Let the lengths of the preceeding three paths be k, , k,, ky respecti-
vely, and‘ the total number of vertices of three paths be p..Then

ky+ky+ ky=p+1, 4< p<n,
ky>1, k,>>1, k,>>1 and only one of k,,k,, k; is allowed to be 1.
The number of such three cycles with p vertices is
ToE O GTH L D) G DiGg- Dy -y - 22 DL

6/([?—,'(2*-/(; 2 2
Chyykyyky 21)
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__l_ z: . oYy (p= 1)
6 X\t Xyt x3= p-2 2 4
(x;, Xy, x; are nonnegative integers)

! -1 _p (p=1)1
zﬁ,(g)JLTZﬁP(p_l)_lu
!

.

_pL
=50 (p—3)(p+2).

Hence, using similar argument to theorem 1, the number of the required
graphs is
n
n-p-1 n E_!, . +
:§4pn (5) 55 (P=3)(p+2)
_nlyh pnm
—24,=4 (n= 1 (p—3)(p+2)

Summing results (9), (10), (11), we have
n-p-1

_npnm 7 s 2 _
Cy(n, 3) 96”:27 (n=pyp (P’ 1297+ 41 p= 30)

LIRS A

aps pn
+24,,;1 (n— p) (p™=p=6)

sl (=)t
=96 2 1 (n=p-5)(n-p-6)
et (-t o
+24p=0 ol (n=-p—3)(n—-p+2).
Thus we obtain‘
The_orem 5 The number of labelad connected graphs of order n» with 3

cycles is
n'n—g np+l
C(n,3)—96::,_,_(; Iy (n-p-7)(n—p-8)
ﬂ"_aipun— -3)(n-p-2)(2n-2p~-17) +60)
96 2 p1 )4 p p
17 (n—p)n’! :
+916~p£0 —L——-p! (n=p-5)(n—p-6)

net (n-pn”t _ :
+24p=0 Iy (n—p-3)(n—-p+2).

Proof C(n,3)=C(n,3)+C,(n,3)+ C;(n, 3).
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