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In [ 1] Feingold and Varga discussed the block diagonal dominance of ma-
trices and its applications. In this paper we give the definition of the generalized
block diagonally dominant matrix and whose determinations and applications ,
these results generalize and improve comresponding results of [1]—[4], respectively.

Let A be an nxrn matrix with complex entries, which is partitioned in the
following manner,

Ay Ay e Ay
A=| An Ay Asn (1)

Ayy Ay, o Axn
where the diagonal submatrices A, are square of order n,, 1<<i<{N.

Definition | Suppose A¢C" " is partitioned as in (1). If diagonal submat-

rices A, are nonsingular, 1<{i<{N, and if

A4 D=2 )4, a<i<n, (2)

ke

then A4 is block diagonally dominant, relative to the partitioning (1),denoted as
Ae¢ Gy, If strict inequality in ( 2) is valid for all 1<<j<N, then 4 is block
strictly diagonally dominant, relative to the partitioning (1), denoted as AeG.
If strict inequality in ( 2) is valid for at least one j(1<j<N) and B=([|Aij|) nn
is an irreducible matrix, then A is block imreducible diagonally dominant, rela-
tive to the partitioning (1), denoted as Ael.

Definition 2 Let A4eC" " be partitioned as in (1). If there exists a positive
diagonal matrix D of order n such that B= ADeG,, D=diag{D,,D,,*, Dy}, ,where
D, are positive diagonal matrices of order n;,, 1<<i<<N, then A is called gene-
ralized block diagonally dominant, relative to the partitioning (1), denoted as As
G:. In particular, if B=AD+<G, then A is called generalized block strictly diago-

* Received May., 21, 1990,

— 507—

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



nally dominant, relative to the partitioning (1), denoted as AeG* .

Clearly, if D=1 then definition 2 becomes definilion 1, if all 4, are 1X1
matrices and |x|=|x|, then definition ( 2) becomes definition of generatized
diagonally dominant matrix, In [ 1] it is proved that, if 4e¢G|JI, then detA=0.
Clearly if A¢G" then det4=-0. But A¢G* does not imply that A4e¢GUI .For instance,
consider the case n=4, N=2 of.
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where we choose the vector norms |x|_=max|x;|. In this case,
. J

- Gy 1 2
(AL 7" = (4 |0 =5<5= 1 4i2= [ 4] »
so AZGUTI. But take D=diag{3,1,1,3}, then B=AD satisfies
- . - - 2
(B )" = ("Bzzl"m) =1 >‘§'= I Biall = 1 B2s |, »

so Ae¢G*, thus A is nénsingular.
Let Ac¢C"" be partitioned as in (1). Denote

( Ja' D™~ 4.l .
| -1 -1
/,I(A)=\ *||A21|I (”Azz ") ~"Azzv" (3)
[~ " AN,|| - " Arvz“ o* (" Az;;'li)—l
Lemma | Let AeC”"be partitioned as in (1). If #(A) is an M- matrix,then

AeG*, and detA=0.

Lemma 2 Let Ael" " be partitioned as in (1). If there exists a positive
diagonal matrix D=diag{D,,+, Dy} such that AD¢G, where D;=d,1, ,d>0 (1<
i< N), then there exists at least one 1< j<< N such that

(a4 P > 45«
ke j
Proof Obviously, DxdI, d>0, if AZG. Without loss of generality assume

di=maxd,>mind,=dy

If for all 1<<j<<N, (J4;|D7'<X | 4., then B=AD satisfies
ks j
ClBywD™ = (I CAnD) " D =d( | A D™
<dpd | Anil <22 | Anidl de
ks N =N
=30 | A Dl =22 ) By,
k=N k=N

this contradicts the assumption B= AD¢G.
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Theorem | Let Ae¢C™" be partitioned as in (1). If
Az Ay, D> (2 1 4uD) (4, a<i, j<N, ix)
- k2ei k¥ j
then Ae¢G .

Proof By assumptions there exists at most one 1< i< N such that
(' 7<E (A
k=i

So without loss of generality asume that
T P<T JAds Q47D >4, A<i<mz.
. k=1 k1
Since
i 4, > (U4 (ol 44, a<i<n
£
there exists a positive number & such that
[ S gy + << min LD/ (T4} -
Denote d,= | 4, | (k):‘HAlkﬂ )+e¢, and let D=diag(d1, ,1,,+,1,}. Then B=A4D
satisfies
B D = Can DD P = D7 d > [ Al = 2 1 Bii
kx1 k=1

ABD™= A D > (T Al

Zd | A+ Al =2 By, A<j<A).
k>1 kxj
kX
So that B=AD¢G, and AeG” -
We denote

N*=1{1,2, «, N},
J=UeN" (A DT >0 40
Z""={ A= (a;) e R" "|a;<0, i¥j}.
By Lemma 2 if there exists D=diag{d,/,,+,dyI, |} such that ADeG, where d,>
0 (1<<i<{N), then JX¢. _
Lemma 3 Suppose A= (a;;)e¢ R""is an M-matrix. Let L(U) be any unit lo-
wer (upper) triangular matrix, if LA (UA) €Z2™", then LAUA) is also an M-

matrix.

A
Lemma 4 ([5]) Suppose A [0

B xn
! C’:]e 27", where A, and C, are square
1
matrices., Then A4 is an M-matrix iff 4, and C, are M-matrices.
Theorem 2 Let A¢C"™ " be partitioned as in (1). If A4 satisfies;

1) Jxé, {(i,<iy<eo<li)=N*"-J;

(“ Ai_,;,“)_l - H Ai,i{” . et T ” Ai,i,‘H
- |
A N P L E VAT e
- " Ai,‘i,“ - “ Am,“ oe° (” Aizlr'kli)‘l
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is an M-matrix:

3) minae;=ea>f= maxg,, where
jedJ seN"—J

— —
2|4
red

A

N

A D=2 I il

a,= L15) , Pk=

! [ 4
re&J

| D144 |

B,= (A;'P,), denotes the s-th component of 4;'P,. When 2 |4,]=0 take a,=
+co, Then Ae¢G*. e

Proof If J=N" then conclusion holds. So that suppose N*-J¢ and without
loss of generality suppose i;=1, e, i, =k (k>>1). Moreover Let u(A) be partitioned
as in the following manner,

A, A :I
o4 A
u( A, A, , (4)

where A4, and A,_, are squares of order k& and n—k, respectively. Construct
unit lower triangular matrix '

1, 0 ] ' .
= - >09 A <O’ A >O
L [‘ AzAkl In-k - as = k=

then
L”(A):[:k Ay ATA,:' 4, ]‘zm
Denote by e,_,= (1, D a column x;ector of order n- k, then by assumption 3)
we deduce that
(A, s Ay A A ey = Ay_xe, i+ Ay A, P>0.

Thus A,_,~ A, A;' A,€2" "% and is strictly diagonally dominant matrix, so
that A, _,— AZA,:'IAl is an M-matrix. Again by assmption 2) and Lemma 4 Lu(A4)
is ‘an M-matrix, By Lemma 3 and [ 5] and notice .that Lu(A)eZ™",
u(A) is also an M-matrix. Therefore there exists a positive diagonal matrix D=
diag{d,, -, dy} such that u(A) D is strictly diagonally dominant. Moreover let
D=diag{d,1, ,d,1, , =, dyI, }, then AD¢G, i.e., AeG".

Similarly, we can prove the following.

Theorem 3 Let A¢C™"be partitioned as in (1). If A satisfies:

1) Jxé, N'-J={1,2,, k};

. Al
2) min 9,=a>ﬁ= maxp,, where
JeN-J seJ
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(I|A1:1, k+1 ” )_1 - ” Ay ke2 " R “Ak+l,N "

A, =1 ||Ak+2,k+1" (”AI:Z, 1c+z”)~1 et T ”Ak+2,N"
- ||AN,k+1" - "AN,k+2" i (“A;IIN )7
: M < i
- Yol4
A4 D™= 2 14, Zul e
a.= 1) ﬁ___ ’Ek“AIﬁZt”
J = N
lgkllAitll :
2 | Ayl
<k -
A - A A -
B,=(A,_P), denotes s-th component of 4, ,P. Then AecG .
- Lemma § Let A¢C™"be partitioned as in (1). If 4¢G, and JXx¢, and for
i €J there exists a nonzero element chain 4,0, 4, 50,+, 4,70 such that jcJ
Then 4¢G*.

Proof Without loss of generality we suppose {1, 2, s, k}=N'—J, k>1,and let
#(A) be partitioned as in (4). Obviously, 4,30, so that A4 is diagonally domi-
nant with nonzero element chains, A4, is an M-matrix ([2]). By similar proof of
Therem 2 we show that matrix A4,_,— AZA;l A, is also an M-matrix, By assumption
A,e,=—Aye, ,, sothat e,=—A,'d,e, ,. Thus

(A, A A ADe, = A, ,e, A A Aje, = A, e, ,+ Ae,>0.
Notice that the leask n— k rows of u(A)are strictly diagonally dominant,so that A, ,—
A,4," A2 PP and is an M-matrix.

Corollary Let A<C™"be partitioned as in (1), If 4e/, then AeG",

Theorem 4 Let A¢C™ " be partitioned as in (1). If AeG,, then there exists
a D=diag{d 1, , d,1, ,~+,dyI, }, d>0, i¢N" such that AD¢G iff for each i &J
there exists an nonzero element chain 4,0, 4, =0, +»», 4, 50 such that jeJ.

The proof of necessity is similar to Lemma 3, 4 in [ 2].

Lemma § Let 4¢C™" be block irreducible and partitioned as in (1), If
A satisfies assumptions 1), 2) of Theorem

3) either r?‘ijnajzs(r};‘a_)gﬂ, when “}f‘,xa/> njl(i;lxaj or r?(ilna,>s(n1}%)}ﬂs when
njl‘ajxajzr?(ijnaj , where definitions of a; and g, are as in 3)of Theorem 2. Then
AeG* . :

Proof Without loss of generality assume that J={k+1, .-, N} and k>1,

Ay = r1}:1jxa,> r;l(ijna, . Let D,=diag{8, L Bl s o5 Bid, I,lk+l s**» I, Then we

~ can prove that B= AD eI by similar proof of Theorem 2. Again by Lemma 5
there exists a positive diagonal matrix D, such that BD,e¢G. Denote D=DD,,
then ADeG, i.e., AcG".
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Theorem § Let Ae¢C"™" be partitioned as in (1). If A4 satisfies all assum-
ptions of Lemma 6 except that A4 is block irreducible, and suppose J={k+1,
<, N}, and for each jeN*—J+{r, ,,1,}, there exists an nonzero element chain
A, 50, A 50, A4 0,5 =it,, 1) 5 6, where 1,1, and a,=++=q,=

. #*
ming;= maxf,. Then A4¢G" .
jed seN"-J R

Proof By Lemma 6 there exists a positive diagonal matrix D, such B=AD,
¢G. and for each jeJ iy, ,+-,1,}, the j-th block-row of B is block strictly dia
gonally dominant, By Lemma 5 there exists a positive diagonal matrix D, such
that BD,¢G. Let D= D, D, then AD¢G, i.e., A¢G".

Clearly, Lemma 6 and Theorem 5 are generalizations of Lemma 5 and
Theorem 4 in the same direction, respectively,

Theorem 6 Let Ac¢C™" be partitioned as in (1). If there exists N positive
numbers a,,a,, *+,ay such that

aNSJ;,\U ANj” " AI;;V ” <1;

an <Ay w1l Az;l 1,N-1 lant '<§ 'IIAN—l,jH ”A;’lw,j N 1i|<l,
<N

00 0000000000000000000000000000000000000V0EIT000000000000000800000000000

a; <> lAl_ll
i>1

| 4

a;<1.
Then Ae¢G".
Proof We take suitable ey>0 and ¢, >0
a}ill):aN"'"?Nélg:N“ AN/“ ” Az;;v“ +tey <1l

aytl=| Ay nl ”A;J»ll.N 1“‘1;/1 >+4<§ 1"AN—U” HA;vl—1,N~1H<1 3
J<N- .

N-1 _ - -
ay'’= ;ZH Ay Azz1 ”aﬂ' I 4] Azzl I+ A2 ] A221 ”a;\ll <1
7

_ N-1 -
a{V= | A | A 2y >+;1||A,j|]”,4“1“aj<l ;
i>

and
ayil=alt ey < 1s
- -1
ay = [ Ay onll| "11\11—»2,1\/—2”"1(\/1 + | Ay o on-illl An-s, v-gllanii+
+t 2 ANAZj” | AA‘/le,N—2”< L;
J<N-2
ceteeeeceecersenrennsrranasensenssnsenseestosessenssnstastane
- _ N=2 -
af V= | Ay | A eyt '+ Ayl A lan?+ :Zl||A1j||||Anl||aj<1i
j>

-+, take suitable &,>>0 such that
a;N-—l):a;N—2)+£2<1;
(N-1)_ ~1 (N-j+1
P TS
J
and suitable ¢, >0 such that

(N-1)

al(N):al +6‘1<1.
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and let D=diag{l, ,a, V"L ,a; V" PL, e a2\, , ay‘Vl, } then B=AD

Ay
satisfies

(”B;ll”)_lz("Al—l],')_1:>(”Al—ll”)'lal (N—l)zzlliAljlla;N_j+l)=§HBU"’
s i>1
B D™ = AP D™ ey 0> (A a0
S a0 S 4
i>i i<i

>3 Al I+ 3 AllaY Y + | A,
i>i i<i

i1
=§HB,-,~H, (1<i<N).
Ji ,
Thus B= AD¢G, i.e., A¢G".
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