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Applications of Variational Method to Impulsive
Fractional Differential Equations with Two
Control Parameters*
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Abstract In this paper, we study the existence of the impulsive fractional
differential equation. Based on a previous paper [2], we give more accurate
condition to guarantee the impulsive fractional differential equation has at
least three solutions under certain assumptions by using variational methods
and critical point theory. Moreover, some recent results are generalized and
significantly improved.
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1. Introduction

In this paper, we will consider the following fractional differential equation with
impulsive effects

gl oD (oD u(t)) — ,DFT(,Du(t))}
+Af(Eu(t)) + pg(t,u(t)) =0,t € [0,T),t # tg,
A( DY) (tg) = I(u(tr)), t = tg, k= 1,2,...1,
u(0) =u(T) =0,

where o € (3,1], (D' and ,D$ " represent the left and right Riemann-Liouville
fractional integrals of order 1 — a, ¢,Dy and ¢, D7 represent the left and right
Caputo fractional derivative of order «, respectively. f,g:[0,7] x R — R are given
continuous functions, A and p are positive parameters, I, : R — R, k =1,2,...[ are
continuous functions and

(DFu)(t) = { oDF " (oDfu) — D (¢, DFu) }(0),
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A( DRu)(te) = { oD§ ™ (oDfu) = D§ (D) f(t)
—{ oD Dfw) — (DE (D) (1),

{ oD~ (oDfu)— DG (D) b(t}) = tim { oD~ (oDfu)— ,DF (D) b(ti),

t—t,

{ oD (oDfu)— DF (D) b(ti) = lim { (D7 (‘gDfu)— DF (" Difu) } (1),
g

fork=1,--- L

In recent years, more and more attention have been paid to the fractional dif-
ferential equations have obtained by many authors. By using variational methods
and some critical point theory, some interesting results on fractional differential
equations which have been presented to our vision, see [2-16] and the references
therein.

More precisely, in a recent paper [2], the authors have considered the following
fractional boundary problem without impulsive effects

@il oD (oDfu(t)) — (D7 (*DFu(t))}
FASL(E ul(t)) + pg(ts u(t)) = 0,¢ € [0,T], (1.2)
u(0) =u(T) =0,

the main result is as follows:

Theorem 1.1. [Theorem 3.1, [2]] Assume that there exist positive constants c,d
with

( 4dQ) )
TT(2 — @)

c< C(T, ), (1.3)
such that

(A1) F(t,€) >0, for each (t,€) € ([0, Z]U[EF, 17) x [0, d];

3T
T max |cos(ra)| [+ F(t,d)dt
(Ag) domexece PO T

Vo a ;
. sup 1 F(t,8) f max  F(t, §)df
(A3) lim SUP|¢| - 400 tE[O;;;] 0 ‘;IST

Then, for every A € A and for every contmuous functwn 9:[0,T] x R — R such

that
. supyepo, 1 G(t:€)
imsup ————5———
€] =400 §

< o0,

where F(t,§) f f(t,s)ds and G(t,&) fo f(t,s)ds. Then there exists & such
that for each p € [0, ] problem (1.2) admits at least three solutions.

In fact, Theorem 1.1 is not valid. In [2], the authors fixed ¢,d > 0 such that

| cos(ma)| CQ
Wa,d Q32

3T <7 )
[+ F(t,d)dt Jo max, <. F(t,u)dt
4

(1.4)

holds, where
164>

T2T2(2 — )| cos(ma)]

Wa,d = C(T, )
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and

3T

C(T,a): = /4 t2’2adt+/ ' [t — (t — %)”“]th
0 T

4

3T 4 4

4

+ AT[tl—a _ (t _ z)l—(x + (t _ g)l—a}th.

However, on the one hand, by (1.3), we have

| cos(mar)| o 16d> 1
— C(T. o) (———— —
Wad 0z ¢ > T2T2(2 — «) (T, ) | cos(mar)| | cos(ra)l),
since C(T, ) > 0 and m — |cos(mar)| > 0, so we immediately have
Ward > M 2 (1.5)

Q2

On the other hand, we intend to give a sharper estimate as shown by the following
counterexamples.

a1
Example 1.1. Let o = 1,T = 1, by simple calculations, we know ) = ﬁ =
1, C(T,a) = %, then (1.4) becomes ¢ < 2v/2d. If we take ¢ > d, then we have

ar T
/ F(t,d)dt < max F(t,u)dt. (1.6)

<
1 0 lul<e

Thus, by (1.5) and (1.6), we have

|cos(ma)] .2
3T > =T : )
[ F(t,d)dt [y maxj <. F(t u)dt
4

Wa,d

which is a contradiction with (1.4).

Motivated by the above facts, in this paper, on the one hand, we give more
accurate condition (1.7) than (1.3). On the other hand, we take impulsive effects
into the system (1.2). Then by applying the variational methods and some critical
point theory, at least three solutions for the system (1.1) have also been obtained.
It is worth pointing out that the systems of [2] with impulsive effects have not been
considered yet. Now, we state our main results as follow:

Theorem 1.2. Assume that there exist positive constants c,d with

¢ < min{1, 4];42 VM(T, )}, (1.7)

such that (A1) holds and
(A27)

T
lim sup supsepo,r) F'(tu) M3 [ maxjy <. F(t, u)dt
u|—+o00 u? 22 M2 cos(ma))|
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(A3*) ulp(u) > 0 and there exists e > 0 such that

Ji(u) <

_— 1.8
~ |cos(ma)]| (18)
forallue R k=1,2,...1.

Then, for every A € Ay and for every continuous function g : [0,T] x R — R
such that
SUDP¢c(o,T] G(t,u)

lim sup 5
U

|u|—+o0

< 400,

there exists &1 such that for each p € [0,61], problem (1.1) admits at least three
solutions.

The arrangement of the rest paper is as follows. In Section 2, some preliminaries
and results which are applied in the later paper are presented. In Section 3, the
main proof of theorems will be vividly showed.

2. Preliminaries

In this section, we recall some basic knowledge of the fractional calculus theory and
lemmas that we shall use in the rest of the paper. For more details, please refer to
the references [1,4].

Definition 2.1. [1] Let f be a function defined on [a,b] and « > 0. The left and
right Riemann-Liouville fractional derivatives of order « for function f are denoted
by ,D;?f(t) and D, “f(t), respectively, are defined by

n t
D0 = G DE 0 = s [ s
and

_ d" - GO —a—1

D, “f(t)=(-1)"— D" f(t) = ——— -t d
D30 = (1) G D0 = s [ s = s)as
provided the right-hand sides are pointwise defined on [a, b], where I" is the gamma
function.

Definition 2.2. [1] Let f be a function defined on [a,b]. The left and right
Riemann-Liouville fractional derivatives of order « for function f are denoted by
Di “f(t) and D, *f(t), respectively, are defined by

D0 = G DE 0 = s [ s
and
n _1\n b
D50 = (1) DO = s [ =0 s

where t € [a,b] and o > 0.
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Definition 2.3. [I]If o« € (n—1,n) and f € AC"([a,b], R), then the left and right
Caputo fractional derivatives of order of a function f are denoted by ¢,Df f(t) and
¢, Dy f(t), respectively, and are defined by

WDEF) = JDF G 0) = s [ O s
and
—_1\n b
“DEF) = (1" D0 = ot [ s

where ¢ € [a,b] and a > 0.

Proposition 2.1. [1] We have the following property of fractional integration

b b
/ LD FB)g()dt = / LD a(0)]f (1)t > 0, (2.1)

provided that f € LP([a,b], R),g € L([a,b],R) and p > 1,q > 1, % + % <1+~ or
p#ELq#L +o =147

Definition 2.4. [1] The left and right Riemann-Liouville fractional integral oper-
ators have the property of a semigroup as follow

oD (D Ef() = Dy TR
and

tDl:’YI( tDz:Wf(t)) = tDbi%iwf(t)a
where 1,72 > 0,t € [a,b] and f € L([a,b], R).

Proposition 2.2. [/ Letn € N andn—1 <y < n. If f € AC"([a,b],R) or
f € C™([a,b],R), then

LGy _
D7 CDE) = £ - 3 W gy
= 7
and
nol Vi f(G) _
ey = £ - Y Sy,
i=0 ‘

for t € [a,b]. In particular, if 0 <y <1 and f € AC([a,b],R) or f € C*([a,b], R),
then
oD (D) = f(1) = f(a)
and
tDb_W(CtDZf(t)) = f(t) = f(b).
Then, by Definition 2.1 and Definition 2.4, we can transform problem (1.1) into
following equivalent form:

’

4L oD (W (1)) = (DF (W ()} + M () + pg(t,w) = 0,t € [0,T), ¢ # ty,
( )(tk) ( (tk))7t:tk7k: 1325"-17
u(0) = u(T) =0,
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where § = 2(1—a) € [0,1). We denote that the function u AC([0,T], R) is a solution
of the above system if :

(i) the map t — OD;B(U/ () — tD;ﬁ(ul (t)) is differentiable for almost every
t €1[0,7], and

(ii)the function u satisfies the equations of the above system.

Next, we will introduce some basic notations and lemmas which used in later
paper. For any fixed ¢ € [0,T] and 1 < p < 00, define

t T
Julloe = max |u(t)[, lullLe(o,) =(/ lu(s)[Pds)?, [[ulLr = (/ [u(s)[Pds) .
t€[0,T) 0 0

(2.2)
In order to establish a variational structure for the system (1.1), it is necessary to

construct suitable function spaces. Denote by C5°([0,T], R) the set of all functions
ue C§°([0,T], R) and u(0) = u(T) = 0.

Definition 2.5. Let 0 < o < 1 and 1 < p < oo. The fractional derivative space
Eg°? is defined by the closure of C§°([0,T], R) with respect to the weighted norm

[l

T T
wn= ([ FoDFuOPd+ [ utPan?,ue B
0 0
Lemma 2.1. Let0<a<1,1<p<oo and f € LP([0,T], R). Then we have
I oD “ fllzeqo.g) < M| fllLe (o), € € [0, € [0, 77, (2.3)

where oDy * is left Riemann-Liouville fractional integral of order o and

_t* <l
Tlat+1)? ™ = p?

M* = o
t—L7 o> l’
T(e)[a(a—1)+1]4 ?
where q satisﬁes 1, l =
Proof. If o > 5 from = + 4+ = 1, we immediately obtain ¢l — 1) +1 =

L (a—1)>0andby(23) Wehave

p— p—1
I oDg “ fllLe o = / / €= )dﬂpdE)p

since

£ £
— T a—1 \dTr _Tafl MNdr
|A@ )fUMSA@ Y f ()l

Q=

13 13 1
S(A[@—TV”Pmﬂ /)uvwa”

= {4( ! L galo 1)+1 / |f(r |”dT %

a—1)+1

toc 1+— %

S AL — /Wf pdr)”.
[¢(c—1) +1
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SO
1 ta71+§ t ot 1
I oPe® Neroun < po [ [ ([ 1r@pand”
oFe TIEOD=T0) ga—n+1r Lo o
1 ety 1 ¢ »
- o5 ( [ Irmpar)
(@) [gla—1)+ lﬁ 0
tOé
= =1/ 1 2o (0,0
[(a)lg(a —1) + 1]
Ifa< %, by Lemma 3.1 of [4], we have
Y e
I oDe¢ “ fllze(o.) < m||f”u’([07t])~
Let
t* < 1
. ) T *=p
M=y e o1
M@lga—n+1s P
we obtain || (D" fllLe(o,) < M| fllr(j0,11)-
O
Remark 2.1. (i) When 3 < o <1 and p > 2, we have M* = £

P(a)[gla—1)+1]7

1 < L. So M* in our paper is better

la(a—1)+1]7 X
than the Lemma 3.1 of [4], which is defined as M* = m, thus we improve and
extend some previous results.

(ii) When a > 1%’ it is clear to see

Lemma 2.2. Let £ <a<1,p>2 and%—&—%:l,for any u € EGP, we have

T T %
Jullze < ([ roprutorra) (24)
T(a)[gla—1)+1]a Mo
and
Ta—% T %
lulleo < ([ roprutrat)”. (25)
I(a)[gla—1)+1]a MJo
Proof. By Lemma 2.1, as the similar proof of Proposition 3.2 of [4], we immedi-
ately know (2.4) and (2.5) hold. O
Corollary 2.1. Let u € E$?,p = 2, then we have
ol € = ([ rppuPae) = [ roprura)’ @
ullpe < —————+ u = u .
YT T(@)@2a -1V 0 Ny O
and
7o 3 T 0\ 3 T 0\ 3
umg—(/ ¢ DSult dt) :M(/ e Dt dt) (27
e < oy ([ FaDtuto) ([ rontutpar)’, @)
where My = —T°  and My = —T°"2

T(a)(2a—1)3 T'(a)(2a—1)%
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In this paper, we treat the system (1.1) in the reflexive and separable Banach
space B* = Eg"z for 0 < a < 1 and consider E% with respect to the norm

T
C 2 1 C
lulla = (/O oD u(t)]*dt)= = ||“Di u(t)] 2,

which is equivalent to the norm ||ulle2 = (fOT |°oDfu(t)|2dt + fOT lu(t)|2dt)z for
uc B

Lemma 2.3 (Proposition 4.1, [4]). If + < a <1, then for any u € E§, one has
r 1
| cos(ma)][|ull, < —/O CoDfu(t)®, Dru(t)dt < mﬂuﬂi- (2.8)
Lemma 2.4. Let 0 < a <1 and 1 < p < co. The fractional derivative space Ey'"
s a reflexive and separable Banach space.

Definition 2.6. A function u € E§ is called a weak solution of the system (1.1) if

T

T l T
/0 —o D u(t)e, Dfu(t)dt+ D In(ulty))v(ty) —A / F(t ult))dt—p / g(t, u(t))dt = 0,

k=1
for all v(t) € Ef.

Lemma 2.5. The function u(t) € E§ is a classical solution of (1.1) if and only if
u is a weak solution of (1.1).

Proof. The proof is similar to the proof of Lemma 2.1 in [2], we omit it here. [J
Then, since f,g:[0,7] x R — R are continuous functions, we let

F(t,u) = /Ou ft,u)ds, G(t,u) = /Oug(t,u)ds,Jk(u) = -/Ou I (s)ds

for all (¢,u) € [0,T] x R. Here, G, := fOT max|, <. G(t,u)dt for ¢ > 0 and Gy :=
inf{g ryx[0,q G for d > 0. Obviously, G. > 0 and G4 < 0.
Consider the functional Ty : E§f — R, defined by

Ta(u) := ®(u) — A\¥(u),u € EF, (2.9)
where . l
B(u) =~ [ *DFu) Dyultidt + Y Ju(u(tr) (210)
0 k=1
and -
W) = /O [t u(t) + 5 Gl ue)ar (2.11)

Obviously, ® and ¥ are Gateaux differentiable functionals whose Gateaux deriva-
tives at the point u € Eg are as follow:

T l
@' (u)(v) = - / (“oDgu(t)® DFo(t) + ¢, D5u(t)aDf v(t) )dt + 3 Ie(u(ti))v(ty),
k=1
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’

' () (v) = / 7t u(0) + Kt (et

Then the critical point of ® — AW is a exactly solution of the system of (1.1).
Now, we give the following critical point theorem which is powerful tool to verify
our main results in this paper.

Theorem 2.1. [Theorem 3.1, [17]] Let X be a reflexive real Banach space; ® : X —
R be a coercive, continuously Gateauz differentiable and sequentially weakly lower
semicontinuous functional whose Gateauz derivative admits a continuous inverse
on X*; U : X — R be a continuously Gateaux differentiable functional whose
Gateaux derivative is compact such that ®(0) = ¥(0) = 0. Assume that there exist
r >0 and T € X, with r < ®(Z), such that

(Bl) S“p@(z)rgr U (z) < v(z).

(B2) for each A € A, :=] igg,m[ the functional Ty = & — AU is

coercive.
Then, for each A € A, the functional Y, has at least three distinct critical points in
X.

3. Main results

In this section, we will prove our main results. For convenience, we let

T 3T

T T
M(T,a): = /04 t2_2adt+/T4 [t — (t — Z)1—“]%&

4

+ /T[tla —(t— %)1*0‘ + (t— g)lﬂ}?dt,

Kl 4
1 164>
f g | g M(T ]
“eud | cos(ma)] [ T2 (T, ) +elf,
_ |cos(ma)] »
M? ’
Assume that
r [contra) 2
T < — 2 (3.1)
f24 F(t, d)dt fO maXW\SCF(tvu)dt
4
and let . )
Ne Ay = } Wad | cos(mar)| { (3.2)
T 3T ) 5 .
[ F(tdydt M3 [y maxju<. F(t,u)dt
4
put
3T
P min{62| cos(mar)| — /\fOT max|,(<, F(t,u)dt Yo~ )\f%4 F(t’d)dt} 53)
M3G. ’ TGy '
and .
61 5= min {6, - b (3.4)
max{0, oy limsup,,  ,, “rennCCn |
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Proof of Theorem 1.2. To complete this proof, we will apply Theorem 2.1 to
prove Theorem 1.2. Firstly, we can clearly see ®(0) = ¥(0) = 0, ® is a nonnega-
tive Gateaur differentiable and its Gateaur derivative has a continuous inverse on
(E3)*. Indeed, let u,, — u weakly in EJ, we easily have that

T l
lim nf (1) = lim inf | — / oDt (0)° D (1)t + D Ty (1))
0

n—o00 n— 00
k=1

T l
> - / o Deu(t)* Dgu(t)dt + 3 Ji(ultr))
0 k=1
= (I)(u)v

so @ is weakly sequentially lower semicontinuous. Moreover, by (A3*), we have

0 < Jg(u) < Teos(ra)|’ (3.5)

So, by (2.8) and (3.5), we have

T l
B(u) = / DUty DFu(t)dt + 3 Ji(u(t))
0 k=1

v

|cos(7ra)|||u||i — 400

as ||ullo — +o0, that is to say, ® is coercive. By similar asserts, ¥ defined in (2.11)
is a continuously Gateaux differentiable functional whose Gateaux derivative is
compact.

Next, we intend to verify (B1) and (B2) of Theorem 2.1 hold.

Let 7(t) be the function given by

AI'(2—a)d
%ta te [07 %]7

T(t) =1 T2—-a)d, tel%, 2], (3.6)
L edd(p gy e [T, 7).

It is obvious that 7(0) = 7(T") = 0 and 7 € L?([0,T]). Moreover, we have

HEd e (0,9,

() =14 0, te (L, (3.7)
4'(2—a)d
Ao -y g (BT ),

Then we can directly calculate the left Caputo fractional derivative of order « for

7(t).

If t € [0, £], we have

WD) = e [ (=970 (s

_ L [t
_I‘(l—a)/o(t ) 7 ¢
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4d l1-«
= ?t
Ift € (£,3L], we have
1 K o
oDiT(t) = Ti—a) /0 (t—s)"%7 (s)ds
T
1 B _LAT(2—a)d ¢ Y
= F(l—a){/o (t—s) TdSJr/I(tS) Ods]
_Ad(t T — (=)'
T :

If t € (3L, T, we have

c « 1 ! -’
oDIT(t) = m/o (t—s)""7 (s)ds
1 7 AT(2 — a)d i
=, T s [0 0as
4
t _LAT(2—a)d
_ /3; (t —s) T ds
Al (= By (- ) )
T
That is
W= teo, L],
X « l—a_ (3 THyl—a P
WDPT(t) = | M e (1)
4dt *“*(t*%)Tf"*(t*¥) *"], e (%,T].
Then

B z 4d - 2 L 4d(t170‘ (t %)1,,}) 2
[ ey [ ¢ I
+/T 4d[t170‘7(t7%)17a7(t 32“)1704]}2617j

3 T

16d2 2-2q % 11— T 1—a2
_TQ{/O A e U

T l—« T l—« 3T 1—a2
+ [ (=)' + (- ]dt}

164>
= S M(T,0)

Next, by (2.10) and (3.5), we have

T l
B(r) = — / DI (1)5 DG (t)dt + S Ju(r(te))

k=1

(3.8)
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1 el
(1 2
- (|cos(7ra)|>||T||a +
1 164>
Fa

| cos(mar)|

S R VieA 1= wr
[cos(ra)] () + el =g

Since 0 < 7(¢t) < d for t € [0,77], by (Al) and (2.11), we have
U(r) = /0 [Pt 7(1) + 5 Gt m0))ae
> / P dydt + X /O Gt (1))t

2/4F@®ﬁ+§ﬂ%

So, we have

3T
T(r) N f%‘l F(t,d)dt + %TGd.
(D(T) - wa,d
Hence, if G4 = 0, that is
v(r)
@ > Xa (3-9)

If G4 < 0, then the same relation holds since

Wiy = A [ F(t,d)dt
TGy '

p<

On the other hand, from (1.7), we have

16d?| cos(ma)|
T2

Then for all u € Ef, with ®(u) < r, by (2.8) and (3.5), we have

o(1) > |cos(7ra)|||THi = M(T,«) >r. (3.10)

| cos(ma)[Jull? < @(u) <,

which yields
2
< .
e < Tosstma

Then, by (2.2) and (2.7), we have

lu| < M, =c,tel0,T).

| cos(mar)|

By (2.11), we have

W(u) = /0 [Pt u(t) + 5 Gt u(t) Jat

T u [T
< max F(t,u)dt + — max G(t,u)dt.
0 lul<e Ao lul<e
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Therefore

SUPg ()< V(1) fOT max|, <. F'(t,u)dt + & fOT max|,|<. G(t,u)dt

| cos(mar)| o
M3

r

M3 g u
—-— F(t,u)dt + —G.).
~ 2| cos(ma)| " Jo ﬂ?ﬁ (tu)dt + A c)

If G. =0, it is obvious that

SUP® (u)<r \I/('LL)
r

< (3.11)

> =

If G. > 0, we also know (3.11) holds since

2| cos(ma)| — A fOT max|, <. F(t, u)dt
M2G. '

Together with (3.9) and (3.11), the condition (B1) of Theorem 2.1 holds. Then, the
coercive of function T will be verified as follow.

Case 1. If
su F(t,u
lim sup —pte[o’Ti (t, ) > 0,
|u|—+o0 U
there exist a € > 0 such that
su F(t,u M2 [T max|y <. F(t,u)dt

Jim sup pte[O,Ti ( ) ce< 2 fo \2 |§2 ( ) 7 (3_12)
|u|—+o0 u 2¢ Ml

so, there exists a function f. € L'([0,7]) such that F(t,u) < eu® + f.(t) for each
(t,u) € [0,T] x R. Since

c?| cos(ma)|
M3 foT maX‘UKCF(t,u)dt’

by (2.6), we immediately have

AT F(tu)dt < )\(5 S ugeyzae + [ fg(t)dt)

| cos(ma)| 211 112 (3.13)
< M3 [T maxy <. F(t,u)dt (EMI l[ulla + ||f€||L1([07T]))'

Since p < 61, that is

. SUP¢e(0,7) G(t,u) |cos(ma)]
lim sup 5 5
|u|—+o0 U 2MM1

then, there exist a function f, € L'([0,7]) such that

G(t,u) < Mﬁ + fu(t)

- 2uM}
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for each (¢,u) € [0,T] x R. By (2.6), we have

f G(t u)dt < \cos(-rroz)\ fo 2dt—|—f0 fu

(3.14)
< ‘COS(M Lol llull2 + | full 2 to,7)-
Combining (2.11), (3.5) and (3.12)—(3.14)7 we immediately have
Ta(u) = P(u) — AU(u)
T ! T "
_ /O “oDfu(t)", DFu(t)dt + > Jx(ultr)) — A /O [t u(®) + TG, u(®))]dt)

k=1

T T
> | cos(ma)ul2 —A/O F(t,u(t))dt—u/o Gt u(t))dt
2| cos(ra)] (
M3 fOT max|, <. F(t, u)dt

> | cos(ma)]|ull? — e M7 [lull? + I\fslluqo,T]))

| cos(ma)|
-l

= pllfullLr o,m))
1 c2M?
= Jcos(ra)| (5 = ———— &) llul2
M3 [ max, <. F(t,u)dt
2| cos(mar)|

- ||f HL1 0,T —#Hf ||L1 0,T])+
M%fonax‘uKCF(t,u)dt ellL1([0,T7]) wllL([0,T7)

Case 2. If
SUP¢e(o,T] F(t,u)

lim sup 5 <0,

Ju|—+o0 U

there exist a function f. € LY([0,7]) such that F(t,u) < eu? + f.(t) for each
(t,u) € [0,T] x R. By the same proof as the Case 1., we obtain

Ta(u) > | cos(ma)|[lull
B c?| cos(ra)|
M3 fOT max|, <. F(t, u)dt
The above two cases imply that lim, |, - 400 (®(u) = A¥(u)) = +00, s0 P(u) = AV (u)
is coercive and the condition (B2) of Theorem 2.1 holds. Thus, we deduce that for

each A € Ay, Theorem 2.1 ensures the functional Y has at least three solutions in
E~.

Remark 3.1. If g(¢t,u) = 0 and Ix(u(ty)) = 0, then the system (1.1) become the
following form

Il fell 2o,y — mll fullLr o,

dt{ Dy 1( oD u(t)) — Da_l(ctD%“(t))}
+Af(t,u(t)) =0,t € [0,T], (1.1%)
u(0) = u(T) =

Our result is a generalization of [3] and [4]. In this case, the functionals are defines
as follow:

T
B(u) = — /O e D), Du(t)dt
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and . l
() = / Pt = A3 )

Then, by the similar proof as Theorem 1.2, we will obtain at least three solutions
for the system (1.1%).
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