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PARABOLIC OPTIMAL CONTROL
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Abstract In this article, a semidiscrete finite element method for parabolic
optimal control problems is investigate. By using elliptic reconstruction, a
posteriori error estimates for finite element discretizations of optimal control
problem governed by parabolic equations with integral constraints are derived.

Keywords A posteriori error estimates, elliptic reconstruction, finite element
method, optimal control problems, parabolic equation.

MSC(2000) 49J20, 65M60.

1. Introduction

There has been extensive research on the a posteriori error estimates of finite element
methods for PDEs and optimal control problems, mostly focused on the elliptic case.
A systematic introduction of a posteriori error estimates of finite element method
for partial differential equations can be found in [1,3,4]. A posteriori error estimates
of linear elliptic optimal control problems were established in [11,15], and for mixed
finite element approximation of Stokes optimal control problems in [14]. Some
results on a posteriori error estimates of mixed finite element methods applied to
elliptic equations or optimal control problems have also been obtained in [5,7-9,20].

Parabolic optimal control problems are frequently met in the mathematical mod-
el for describing petroleum reservoir simulation, environmental modeling, ground-
water contaminant transport, and many other applications. A priori and a poste-
riori error estimates of finite element methods for optimal control problems were
established in [13] and [16,22,23], respectively. A priori estimates of space-time finite
element discretization for parabolic control problems have obtained in [18,19], and
a characteristic finite element approximation for optimal control problems governed
by transient advection-diffusion equations were also investigated in [10]. Recently,
an optimal control system governed by hyperbolic equations with strong nonlinear-
ity is considered in [21]. To the best of our knowledge there has been little work
done on the a posteriori estimates of finite element methods for parabolic control
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problems. The purpose of this work is to investigate a posteriori error estimates of
semidiscrete finite element method for parabolic equations by using elliptic recon-
struction.

We are interested in the following parabolic optimal control problems:

1T 2 2
min = [ (ly — vall® + [[ul|?) dt
0

ueK 2

—div(AVy) = f +u, re te (1.1)
ylaa =0, teJ,
y(0) = yo, T €,

where  is a bounded domain in R? with a boundary 9, J = [0,T] (T > 0). The
coefficient A = (a;;(x))2x2 € (WH>(Q))**? is an uniformly symmetric positive
definite matrix, i.e., there exists a constant ¢ > 0 such that

(A€)-€2cl€e?,  VEER™

Moreover, we assume that f,ys € C(J; L?(Q)), yo € H}(Q) and K is a nonempty
closed convex subset in L?(J; L?(Q)), defined by

T
K:{v|v€L2(J;L2(Q))and/ /vdxdtzo}.
0 Q

Here we adopt the standard notation W"4(Q) for Sobolev spaces on 2 with nor-
m || - [[m.a(q) and seminorm | - |yrm.qa(q). We set HYQ) = {v € HY Q) : v|ogq = 0}
and denote W™2(Q) by H™ (). We denote by L*(J; W™4(Q)) the Banach space
of all L* integrable functions from J into W™ 4(§2) with norm |[v|[s(smwm.a(q)) =

fo V][5 m.q Q)alt) for s € [1,00) and the standard modification for s = co. Simi-

larly, one can define the space H'(J; W™4(Q)) and C*(J; W™4(Q)) (cf. Ref. [13]).
In addition, ¢ or C' denotes a generic positive constant.

The plan of this paper is as follows. In Section 2, we shall construct a semidis-
crete finite element approximation for the model problem (1.1). In Section 3, we
give some useful error estimates for intermediate variables. We derive a posteriori
error estimates for finite element approximation of parabolic optimal control prob-
lems in Section 4. We give a conclusion and introduce our future works in the last
Section.

2. A semidiscrete finite element discretization
A semidiscrete finite element approximation for the model problem (1.1) is now
considered. For ease of exposition, we denote LP(J; W™9(Q2)) by LP(W™9). Let

W = H§(Q) and U = L?(Q). Moreover, we denote ||- || gm (o) and ||| L2¢q) by || Im
and || - ||, respectively. Let

a(v,w) = / (AVv) - Vw, Vo, weW,
Q

(f17f2):/ﬂf1'f2> Y f1, fa € U.
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It follows from the assumptions on A that
a(v,v) > cloli, la(v,w)| < Cllofhllwlly,  Yv,weW.

Thus a possible weak formula for the model problem (1.1) reads:

17 2 2
m (Ily = yall® + [Jull?) at,
0

uellréi

(2.1)
Yy, w) + a(y,w) = (f +u,w), VweW,ted,
y(0) = vo, Ve Q.

It is well known (e.g. see [12]) that the problem (2.1) has a unique solution (y,u),
and the pair (y,u) € (H*(L?) N L*(H')) x K is the solution of the formulation (2.1)
if and only if there is an adjoint state p € H*(L?) N L?(H*') such that the triplet
(y,p, u) satisfies the following optimality conditions:

(ye; w) + aly,w) = (f + u,w), YweW, tel

y(0) = yo, Ve Q, (2.2)

= (pt, @) + alg,p) = (¥ — ya, 9); Vge W, te

p(T) =0, Ve, (2.3)
T

/0 (u+p,v—wu)dt >0, Vv eK. (2.4)

Lemma 2.1. Let (y,p,u) be the solution of (2.2)-(2.4). Then u = max(0,p) — p,
where

T
B pdaxdt
Jo Joldzdt
denotes the integral average on £ X J of the function p.
Proof. For any function p € H'(L?), we show that
u=max(0,p) — p
satisfies the variational inequality (2.4).
If p > 0, then u =p — p and
T T
/ (utpv—u)dt= / /(T?—pﬂ?)(v — D+ p)dudt
0 0 JQ
s (2.6)
zﬁ/ /vda:ahfZO7 Vv e K.
0 JO
If p <0, then u = —p and
T
/ (u+p,v—u)dt =0, Vv e K. (2.7)
0

Note that the solution of (2.3) is unique. Thus we complete the proof of the lemma.
O
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Now let 7" be regular triangulations of € such that Q@ = |J 7 and h =
TETH

m%g}({hr}, where h; denotes the diameter of the element 7. Moreover, we set
TETM

Wi ={ v, €CQ):vnl, €Pr, Y7 €T", wplon =0},
Ky, :LQ(Wh) NK,

where P; is the space of polynomials up to order [.
A semidiscrete finite element approximation of the weak formulation (2.1) is

1T 2 2
min / (lyn — yall? + [|un]?) dt,

(yh,t7wh) + a(yh7wh) = (f + U/}“’LUh), 4 wp € Wh7 te J7
yn(0) =yl Ve,

(2.8)

where y(’} is an appropriate approximation of yq.

It follows (e.g. see [16]) that the control problem (2.8) has a unique solution
(yn,un), and (yn,un) € HY(W},) x K}, is the solution of (2.8) if and only if there is a
adjoint state p, € H*(W}) such that the triplet (s, pn,un) satisfies the optimality
conditions

(Yn,t>wn) + alyn, wn) = (f + up, wp), Vwp € Wy, t € J,

yn(0) = yp), Ve, (2.9)

— (Ph,t» qn) + alqn, pr) = (Yn — Ya, qn), Van € Wy, teJ,

pr(T) =0, Ve Q, (2.10)
T

/0 (up + ph,v — up)dt > 0, Vv e Ky. (2.11)

Similar to Lemma 2.1, we can derive the following relationship between wuy and py,.
Lemma 2.2. Let (yp,pn,un) be the solution of (2.9)-(2.11). Then we have up =
max(0,pr) — pn, where

—_fOTprhdmdt 2.12
Pn = T ( : )
Jo Joldzdt

denotes the integral average on Q0 x J of the function py,.
Proof. For any function p;, € H'(W},), we show that

up = max(0,pp) — pn
satisfies the variational inequality (2.11).

If pp, > 0, then up = py, — pp, and

T T
/ (up + ph,v — up)dt =/ /(]Th—ph +pn) (v — Pr + pr)dadt
0 0o Jo (2.13)

T
:pTL/ /vdxdtzO, Vv e Kp.
o Ja
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If pr, <0, then up = —pp, and
T
/ (up + pp,v — up)dt = 0, Vv e Kp. (2.14)
0

Note that the solution of (2.10) is unique. Thus we complete the proof of the lemma.
O

3. Error estimates of intermediate variables
We now give some error estimates of intermediate variables. For any control function

up € Ky, let (y(up),p(upn)) € HY(H) x H*(H}) be the solution of the following
equations:

(yt(uh)vw)+a(y(uh)vw):(f+uhaw)7 Ywe W, teJ,
y(un)(0) = yo, VreQ, (3.1)
— (pt(un), q) + a(q,p(un)) = (y(un) — ya, q) , Vge W, teJ,
p(un)(T) =0, V€ Q. (3.2)

We define the errors as follows:

ey = y(un) — Yn,
and
ep = p(un) — Pa-
Then, from (2.9)-(2.10) and (3.1)-(3.2), the above errors satisfy the following equa-
tions
(ey7t1 U)) + a(eva) =" (w)7 V’LU S VV, (33)
— (ep,t,9) +ala, ep) = (ey,q) — r2(q), VgeWw, (3-4)

where

ri(w) = (Yne, w) + alyn, w) — (f + un, w),
r2(q) = —(pn,t:q) + ala, pn) = (Yn — ya, q)-
We now introduce elliptic reconstructions §(t), p(t) € Hg () of yp,pp for t € J,
respectively. For given yy,, pn, let §(t), p(t) € Hg(Q) satisfy
a(§ — yn,w) = —r1(w), Ywe W, (3.5)
a(g, p—pn) = (J — yn,q) — r2(q), VgeW. (3.6)
Since for any wp, qn € Wh, r1(wy) = 0 and r2(gr) = 0, let us note that y, and py,

are elliptic projection of y and p, respectively. By using elliptic reconstructions, we
rewrite:

ey = (J—yn) — (§—y(un)) ==y — &,
and
ep = (p—pn) — (P —p(un)) == np — &
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Let (y,p,w) and (yp, pn,up) be the solutions of (2.2)-(2.4) and (2.9)-(2.11), respec-
tively. We decompose the errors as follows:

y—yn=(y—yun)) + (y(un) — yn) =1y — ey,

and
p—pn = (p—p(un)) + (P(un) — pn) :==rp — €.
From (2.2)-(2.3) and (3.1)-(3.2), we derive

(rys,w) + a(ry,w) = (v — up, w), YweW,teld, (3.7)
- (Tp,h Q) + a(Qa rp) = (Ty7 q)a Vq € Wv teJd. (38)
Lemma 3.1. Let ry, 1, satisfy (3.7)-(3.8). Then we have
ryllzee 22y < Cllu — unllL2(r2), (3.9)
[7pllzoe L2y < Cllu — unllL2(r2).- (3.10)
Proof. By selecting w = ry, in (3.7), we obtain
(ry.e,my) +a(ry,ry) = (u—up,ry). (3.11)
From Holder’s inequality and Young’s inequality, we get

1d

5 g7 Irll) +ellry 1T < C@)lw = un]® + 6]y ||*. (3.12)

Let us note that r,(0) = 0, on integrating (3.12) with respect to time from 0 to ¢
and using Gronwall’s lemma, we have

7yl 2o 12y < CO)llw = unlZ2(r2)- (3.13)
By choosing ¢ =, in (3.8), we obtain

= (rp,mp) +alrp,mp) = (ry,7p). (3.14)
From Holder’s inequality and Young’s inequality, we derive

1d

= 537l +elirpllt < C@)ryI1* + ol (3.15)

Note that r,(T) = 0, on integrating (3.15) with respect to time from ¢ to T' and
using Gronwall’s lemma, we have

IrplEoe 22y < C@)lIryllZar2)- (3.16)

According to embedding theorem, so inequality (3.10) follows from (3.13) and (3.16).
O

Lemma 3.2. Let (y,p,u) and (Yn, pr,un) be the solutions of (2.2)-(2.4) and (2.9)-
(2.11), respectively. Assume that uy, + pp|, € H*(7) and that evists w € K}, such
that

T
/ (wh + Py 0 — u)dt
0

T
gc/ > helun + pal i ollu = unll2dt. (3.17)
0 T
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Then

u—unlr2z2y < C (m + lpn — p(un)llL2L2)) 5 (3.18)
where

1
2

T
m= (/o Zhﬂuh +ph|§11(7)dt> . (3.19)

Proof. It follows from (2.4) and (2.11) that
T
lu— Uh||2L2(L2) z/ (u— up,u — up)dt
0
T T
:/ (u +p,u— uh)dt Jr/ (uh + pu,up — u)dt
0 0

+ /0 (pr, — p(un), u — up)dt + /0 (p(un) — p,u— up)dt (3.20)

T T
g/ (up + pr,w —w)dt + / (pn, — p(up),w — up)dt
0 0
T
+ [ wlun) ~ pu = wn)i
0

S:.[l + IQ + Ig.

According to the assumption (3.17) and Young’s inequality, for the first term we
have

T
b= [ Gt v = w)d < COOE + 3l = wnlan (3.21)
0
From Holder’s inequality and Young’s inequality, we get

T
I, =/ (pr — p(un), u — up)dt
0

<CO)llpn — p(un)l|Z> (2 + 0w — unl|Za(r2)-

(3.22)

Let us note that y(0) — y(uz)(0) = 0 and p(T) — p(up)(T) = 0, from (2.2) minus
(3.1) and select w = p(uy) — p, then integral from 0 to T" in the equation two sides
and use integral by parts, we have

T

T
—/ (y — y(un), pe(un) —pt)dt+/ a(y — y(up), p(up) — p)dt
0 0 (3.23)

T
:/0 (u — up, p(un) — p)dt.

Similarly, from (2.3) minus (3.2) and select ¢ = y(uy) — y, then integral from 0 to
T in the equation two sides, we have

T T
- / (pe — pe(un), y(un) — y)dt + / a(y(un) — y,p — plun))dt
0 0 (3.24)

T
- / (v — y(un), y(un) — y)dt.
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By using (3.23) and (3.24), we derive

B [t = pu—wat == [ = ym)y—yt)dt <o, (325

Then (3.18) follows from (3.20)-(3.25). O

From (3.1)-(3.2) and (3.5)-(3.6), we have the following error equations:
&yt w) + a(&y, w) = Ny, w), YweW,teld, (3.26)
e d) +a(0:6) = (€ 0) + (pena)s  VaEW, e (3.20)

Lemma 3.3. Let &, and &, satisfy (3.26)-(3.27). Then the following estimates
hold:

1€yll oo 22y < CUlmy,ell 22y + Iy (O)1), (3.28)
<

€plloe 22y < CUlmp.ellzzczzy + lImy.ellzzz2) + [y (0)]])- (3.29)

Proof. By choosing w = &, in (3.26), we obtain

(é-y,h gy) + a(gy,fy) = ("7y,t7 gy) (3-30)
From Holder’s inequality and Young’s inequality, we get
5 dt(ll&yll ) +clléy NI < C@)Imy,ell? + 1€y 1. (3.31)

Integrating (3.31) with respect to time from 0 to ¢ and using Gronwall’s lemma, we
derive

€l z2) < CO) (Iny.allFe iz + Iny O - (3.32)
By selecting g = &, in (3.27), we have
= (&p.t:6p) + al&ps §p) = (85 &p) + (Mp.t: &p)- (3.33)

From Holder’s inequality and Young’s inequality, we obtain

%) +aligl*. (3.34)

S &I) + &l < OO + i

Note that &,(T) = 0, on integrating (3.34) with respect to time from ¢ to T' and
using Gronwall’s lemma, we derive

ol 22y < CO) (e lEezay + ImplFaesy ) - (3.35)

Then (3.28)-(3.29) follows from (3.32) and (3.35). O
From (3.5)-(3.6), we derive the error equations:

a(ny, wy) =0, Ywy, € Wi, (3.36)
a(qn, np) = Ny qn) Y qp, € Wi, (3.37)



A posteriori error estimates for parabolic OCP 303

Lemma 3.4. Let (yn,pn,un) and (§,p) satisfy (2.9)-(2.11) and (3.5)-(3.6), re-
spectively. There exists a positive constant C' which depends only on the coefficient
matriz A, the domain 2, the shape regularity of the elements and polynomial degree
l such that

Iy 2 <C (IR0 — div(AVyR) — f — )|

in |h - 2 3.38
+ min [h(Vyn = Vawn)|?). (3.38)
Inyall? <C (IR0 (g — dio(AVyn) = f = un)]?
in |h - 2 3.39
+ min [Ty~ Vown)|?). (3.39)

gl <C (IR0 (p, — din( A Fpn) — i + ) I + 1, P

in |k - 2 3.40
+ min [R(Vpn = Viwn)|). (3.40)

[l SC(IIh”mi“{l’”(ph,t — div(A*Vpy) — yn + ya)e||

gl + min |A(Vpn = Tawn)|?), (3.41)
wp W
where A* is the adjoint matriz of A.
Proof. Set w =¢ — y; in (3.5), we have
a(§ =Y J—Yn) = —Ynt — f —un, ¥ — yn) — a(Yn, ¥ — Yn)-

Similar to [2,17], by using embedding theorem and Cauchy’ inequality, we can
obtain (3.38). Similarly, it is easy to prove (3.39)-(3.41). O

4. A posteriori error estimates

We now derive a posteriori error estimates for the semidiscrete finite element approx-
imation of the parabolic optimal control problem. By collecting Lemmas 3.1-3.4,
we finally derive the following results:

Theorem 4.1. Let (y,p,u) and (yn,pn,un) be the solutions of (2.2)-(2.4) and
(2.9)-(2.11), respectively. Assume that all the conditions in Lemmas 3.1-5.4 are
valid. Then the following a posteriori error estimates hold:

lu—un|lL2z2y < C (771 + Iny.ellL2p2y + 1Mp,ell2 2y + IIyS - Z/0||) , (4.1)
ly = ynllLeo L2y < C ([lu = unll2r2) + lInyllzzce2y) » (4.2)
Ip = prlleerzy < C (llu—unll2zy + Inyllzzy + mplleze)) ,  (4.3)

where 01 is defined in Lemma 3.2 and the estimates for ny, ny+, p and np . are
define in Lemma 3.4.

Theorem 4.2. Let (y,p,u) and (yn,pn,upn) be the solutions of (2.2)-(2.4) and
(2.9)-(2.11), respectively. Assume that all the conditions in Theorem 4.1 are valid.
There exists a positive constant C independent of h such that

[lu— Uh||L<>o(L2)

(4.4)
<C (1 + llny.el

r2(z2) + Inylleeeey + mp,ell2 2y + l1nplle ey + lyg — yoll) -
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Proof. From Lemmas 2.1-2.2, we have
lu = unll e 22y < Cllp = pall e 2)- (4.5)

Then (4.4) follows from (4.1), (4.3) and (4.5). O

5. Numerical experiment

In this section, we present a numerical example to illustrate our theoretic results.
The optimal control problem was dealt numerically with codes developed based on
AFEPack. The package is freely available and the details can be found at [11].

We solve the following parabolic optimal control problem:

1T
min 5 [ (le.t) = vaCe O + . 6) ~ wata,)P)
u€K2 0

o, t) — div(A(@)Vy(e, 1) = f(2,1) + u(e, 1), nQx (0,7],
y(x,t) =0, ondQ x (0,T],
y(z,0) =yo(x), inQ.

The partial derivative of time is approximated by the backward Euler method.

For ease of exposition, we take a small time size At = 1072, N = T/At € Z+,
t, =nAt,n=0,1,--- /N, ¢" = ¢(z,t,) and set the discrete time-dependent norm

N 3
el = (Z At||<b”||2> :

n=1

Example 5.1. The data are as follows:

T=1,Q=[0,1] x[0,1],
2-F, x1+a<1,
Alz) = 1+ T2
E, T+ a0 > 1,
(1) = sin(mxq )sin(maze)sin(nt), a1 + a2 < 1,
vt = 2sin(mxy)sin(mrxs)sin(nt), 1 + a2 > 1,

p((l?, t) = y(az, t)v

u(z,t) = max(0,p(x,t)) — p(x,t),
f(x,t) = ye(z, t) — div(A(x)Vy(z, t)) — u(z,t),
ya(z,t) = y(z,t) + pe(z,t) + div(A™(2)Vp(z, 1)).

Numerical results based on a sequence of uniformly refined meshes and adaptive
meshes are listed in Table 1. It is clear that the adaptive meshes generated via the
error estimators 1y, 1y, Ny.+, 7p and 1, ; are able to save substantial computational
work, in comparison with the uniform meshes. In Figure 1, it is easy to see that the
mesh adapts very well to the neighborhood of the discontinuous line 1 + z2 = 1,
and a higher density of node points are indeed distributed along the line.
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Mesh nodes | sides | elements | ||[|u —wp||l | |[ly —wrlll | Illp — prlll
uniform mesh 2065 | 6032 3968 5.46e-02 3.51e-02 3.52e-02
adaptive mesh | 667 1856 1190 543e-02 3.54e-02 3.53e-02
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