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Bézier ACB��<P�Q Bézier ACB��<��8������ Polar J�K�z
MSC(2000): 65D17�������

: O187.1

1 � ����
Bézier ���� �¡�¢ Bézier ����£�¤�¥�¦�§�¨�©�ª�«�¤ (CAGD) ¬�­�®�¯�°�±�²�³�´µ�¶�·�¸�¹ ¯�º�»�¼�½�³�¾�¿ ¶�À�Á ��Â�Ã�Ä ¾�Å�ÆÈÇ�¾�Å�É�Ê�Ë�Ì�¾�Í�Í ¶�Î�Ï�Ð�Ñ�Ò�Ó ³È���¯�°�Ô�½�³�Õ�Ö�×� �Ô�½�³�©�ª�ØÚÙ�Û�Ü ¶ÞÝ�ß�¶Þà�á ��� Bézier ���� �¡�¢ Bézier ����â³�ã�ä�å�æ�ç�è�é�ê�ë�¯�ì�í�³�î�ï�ð

1982 ñ ¶ Ingrid Brueckner ò�ó�ô�õ ��� Bézier ����ö�¡�¢ Bézier ����³�å�æ�÷ Ó�¶Úøù�ú�û
Bézier ����³�ü�í�­Èý ��� Ò�þ�ÿ�� ¡�¢ Ò�¶���� ò�ó�ô�è�é�����÷ Ó�¶���µ ø ò�³��

��÷ Ó���	�
�� ¡�¢ Bézier ����³���
�� Â ð 1987 ñ ¶ Goldman ����ô�����³���è�é������õ�¡�¢ Bézier ����ö ��� Bézier ����³�å�æ ¶ Goldman ��������¡�¢ Ò�� ��� ³�� Ó û ¡�¢
Bézier ����³�ü�í�­�æ�� Ð é ��� Ò�¶���� ò�ó�ô ��� Bézier ������
�� Â ³�¤�¥�÷ Ó�¶�� �Ð����� �! ³�"$#�®�% ��µ ô Bernstein »�& Ó ³�Õ�'�¾�¿�ð £�($) ¶+*�,�ÿ�- ³�.�/$0�£ Ï é
��� ��1�2 ô�º�3�³ à�á î�ï ¶Úø û ��� Ò�4 ï�5�æ�³�¡�¢ Ò�¶ ½�6�ò ó�ô�¤�¥ Bézier ��
��Â ³�7�8�÷ Ó�¶:9�; ó ��� Bézier ���� �¡�¢ Bézier ����â�³�ã�ä�å�æ�<�¿ � ç�è�é�=�> (õ��� ö�¡�¢ ) ?�@�> ( õ�¡�¢�ö ��� ) ����ð� ½�6�³���� ¶ £�' �$A�¶CB�¸�µ Ö�×�D�E�³���F�G�H�I�J ¶CÏ�!�K�
�L D�E�³ Ð é�Ö�× ¶è�é µ Polar

Ò�Ó�M�N�¶ ��è�é µ ë�O�³ Bernstein Õ Ò�Ó�M�N ð ��P è�Q�³�D�E�Ö�× 
 ��
��Â ��� ¶ DeRose
2 ô ÿ�R ³ à�á î�ï ¶TS�U�V ³�W�X�Y�H�Z�I �� [4,5]. ' � ³�[ K�\�] �T^

H(p) = F (G(p)), _ A F (p) ç$`ba Ò�Ó ³ Bézier ��� ¶ f ç F ³ Polar
Ò�Ó�¶ ^ G(p) = p,

9µ�]�
�Ò�Ó ³ Bézier ��� M�N�¶dc���µ f
� Y�H 
�� H(p) = F (p) ³���
�� Â ¶de H(p)

� ç
fCgihkj

: 2004-06-28; lCm hkj : 2005-05-11nCoCpiq
: rCsitkuCvCwCxCy (10161001)
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]�
�Ò�Ó ³ Bézier ����ð À�Á õ�¡�¢ Bézier � ��ö ��� Bézier ����³�å�æ ¶ %�} û G(p) = pM�N�� ���

Bézier ��� Ò�Ó ð
2 ~������
£ Ï è���� ¶�B�¸ ò�ó � ��"$#b����� K�µ ö�³�Õ���a���� Polar

Ò�Ó ü���  Bézier � � Å����³ Polar
Ò�Ó�M�N ð

1) m × n ��¡�¢ Bézier ���
S(u, v) =

m∑

i=0

n∑

j=0

si,jB
m
i (u)Bn

j (v), 0 ≤ u, v ≤ 1,

_ A Bm
i (u) = m!

i!(m−i)!u
i(1 − u)m−i, S = {si,j : 0 ≤ i ≤ m, 0 ≤ j ≤ n} � � S(u, v) ³���
$�� ð

2) n � ��� Bézier ���
T (u, v) =

n∑

i=0

n−i∑

j=0

ti,jB
n
i,j(u, v), u, v ≥ 0, u + v ≤ 1,

_ A Bn
i,j(u, v) = n!

i!j!(n−i−j)!u
ivj(1 − u − v)n−i−j , T = {Ti,j : 0 ≤ i ≤ n, 0 ≤ j ≤ n − i} � �

T (u, v) ³���
$� � ð
3) Polar

Ò�Ó ü����� è n ��»�& Ó F : Rs → Rd, ��è���£ n � � ������É�� f : (Rs)n → Rd, ���
f(u, · · · , u

︸ ︷︷ ︸

n

) = F (u), u ∈ Rs,

f � � F ³ Polar
Ò�Ó ð

4) Polar
Ò�Ó ³ Bézier � �ò�ü�ü�í�£ ∆ = [r, s]

� ³ n � Bézier � � � F : R → R3, ∀u ∈ R, u = s−u
s−r

r + u−r
s−r

s, ^
r(u) = s−u

s−r
, s(u) = u−r

s−r
,
c

u ∈ [r, s] ⇔ 0 ≤ r(u), s(u) ≤ 1,
e

r(u)+s(u) = 1, u = r(u)r+s(u)s.« f ç F ³ Polar
Ò�Ó

F (u) = f(u, · · · , u
︸ ︷︷ ︸

n

) = r(u)f(u, · · · , u, r) + s(u)f(u, · · · , u, s)

= · · ·

=

n∑

i=0

B
∆,n
i (u)f(r, · · · , r,

︸ ︷︷ ︸

n−i

s, · · · , s
︸ ︷︷ ︸

i

),

Ó$A
B

∆,n
i (u) = n!

i!(n−i)! r(u)n−is(u)i.

5) Polar
Ò�Ó ³ ��� Bézier ���

n � � � Bézier � ��� F : R2 → R3 ü í £ ∆ = ∆(r, s, t)
� ð ∀u ∈ R2, « u � P

∆(r, s, t) ³�������� � r(u), s(u), t(u), � u = r(u)r + s(u)s + t(u)t, 0 ≤ r(u), s(u), t(u) ≤ 1,
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r(u) + t(u) + s(u) = 1. « f ç F ³ Polar
Ò�Ó

F (u) = f(u, · · · , u
︸ ︷︷ ︸

n

) =

n∑

i=0

n−i∑

j=0

B
∆,n
i,j,k(u)f(r, · · · , r,

︸ ︷︷ ︸

i

s, · · · , s,
︸ ︷︷ ︸

j

t, · · · , t
︸ ︷︷ ︸

k

),

Ó$A
B

∆,n
i,j,k = n!

i!j!k! r(u)is(u)jt(u)k, i + j + k = n.£ � Ï�! ³ u, r, s, t ∈ R2; r(u), s(u), t(u) ∈ R.

6) Polar
Ò�Ó ³�¤ R�¥ Bézier ���

m × n � Bézier ��� F : R × R → R3 ü�í�£ [r1, r2] × [s1, s2]
��¦�§�P

Bézier � � ³�¨© ¶
∀u ∈ R, u = r2−u

r2−r1

r1 + u−r1

r2−r1

r2, ^ r1(u) = r2−u
r2−r1

, r2(u) = u−r1

r2−r1

.
c

u ∈ [r1, r2] ⇔ 0 ≤

r1(u), r2(u) ≤ 1. ½�6 ¶ v = s1(v)s1 + s2(v)s2, _ A s1(v) = s2−v
s2−s1

, s2(v) = v−s1

s2−s1

, « f ç F ³
Polar

Ò�Ó
F (u, v) = f(u, · · · , u

︸ ︷︷ ︸

m

; v, · · · , v
︸ ︷︷ ︸

n

)

=

m∑

i=0

n∑

j=0

B
∆u,m
i (u)B∆v,n

j (v)f(r1, · · · , r1,
︸ ︷︷ ︸

m−i

r2, · · · , r2
︸ ︷︷ ︸

i

; s1, · · · , s1,
︸ ︷︷ ︸

n−j

s2, · · · , s2
︸ ︷︷ ︸

j

)

Ó$A ³ B
∆u,m
i (u) = m!

i!(m−i)!r1(u)m−ir2(u)i, B
∆v ,n
j (v) = n!

j!(n−j)!s1(u)n−js2(u)j .

3. ª�« Bézier ¬®­�¯±°®² Bézier ¬®­�³�´�µ·¶·¸º¹·»
¯�ô�¼���³�½�¾�î�ï ¶ £ Ï è�¿�À !�¶iB�¸�¹�Á ò�ó ��� Bézier ���� �¡�¢ Bézier ����Ââ�³�ã�ä�å�æ�÷ Ó
1) õ�¡�¢ Bézier ����ö ��� Bézier ����³�å�æ�ð

u


v


r


s


t


(0,0)


(0,1)


(1,0)


(1,1)


Ã
1 {�P�Q�JiÄ�8iÅÇÆCÈ L�N J ∆(r, s, t)

`ba m × n ��¡�¢ Bézier ���
F (p) = F (u, v) =

m∑

i=0

n∑

j=0

fi,jB
m
i (u)Bn

j (v), 0 ≤ u, v ≤ 1,
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f(u, · · · , u

︸ ︷︷ ︸

m

; v, · · · , v
︸ ︷︷ ︸

n

) ç F ³ Polar
Ò�Ó�¶ £ F ³�Z�×�­ [0, 1]× [0, 1] É�è ��� Ò ∆ = ∆(r, s, t),

r, s, t ³�������Ê � � (ur, vr), (us, vs), (ut, vt). Ë £ 
 H � � Ò ∆
� Z × ­ ³ � � Bézier �� ¶�K�
 _�Ì�Í�Î�³�¡�¢ Bézier ����£�½�è�é�Z�× Â � ´�½�6�³�Ö�× Ä ð ¹�Á ³�¥�F�Ï�Ð��

(i) Ü�ÑÈý ∆(r, s, t) ö ∆(r, s, t) ³�Ò�Í�Ó�� G(p) = p,
K�


G(p)
µ ���

Bézier ��� Ò�Ó�MN
∀p ∈ R2, « p � P ∆(r, s, t) ³�������� � r(p), s(p), t(p), ^ G(p) = p = r(p)r+s(p)s+ t(p)t,c
G(p) ����� ��Ô�K�
 ð p � P Í�����Õ�³�Ö���� up Y M�N�� � up = r(p)ur +s(p)us+t(p)ut,½�6 ¶ vp = r(p)vr + s(p)vs + t(p)vt.

(ii)
��µ

F ³ Polar
Ò�Ó

f , ¤�¥ H(p) = F (G(p)) = F (p) ³���
�� Â ¶ ý ß�� ö�³���

� Â � ç K�
 ³ ��� Bézier ����³���
�� Â

H(p) = F (G(p)) = F (up, vp) = f(up, · · · , up
︸ ︷︷ ︸

m

; vp, · · · , vp
︸ ︷︷ ︸

n

).

��µ
up = r(p)ur + s(p)us + t(p)ut, vp = r(p)vr + s(p)vs + t(p)vt   Polar

Ò�Ó ³�¾�¿
F (up, vp) = f(up, · · · , up

︸ ︷︷ ︸

m

; vp, · · · , vp
︸ ︷︷ ︸

n

)

=
m∑

i=0

m−i∑

j=0

m!

i!j!k!
ri(p)sj(p)tk(p)f(ur, · · · , ur,

︸ ︷︷ ︸

i

us, · · · , us,
︸ ︷︷ ︸

j

ut, · · · , ut
︸ ︷︷ ︸

k

; vp, · · · , vp
︸ ︷︷ ︸

n

)

=

m∑

i=0

m−i∑

j=0

n∑

i′=0

n−i′∑

j′=0

m!

i!j!k!

n!

i′!j′!k′!
ri+i′ (p)sj+j′

(p)tk+k′

(p)f(i, j, k; i′, j′, k′),

f(i, j, k; i′, j′, k′) ç f(ur, · · · , ur,
︸ ︷︷ ︸

i

us, · · · , us,
︸ ︷︷ ︸

j

ut, · · · , ut
︸ ︷︷ ︸

k

; vr, · · · , vr,
︸ ︷︷ ︸

i′

vs, · · · , vs,
︸ ︷︷ ︸

j′

vt, · · · , vt
︸ ︷︷ ︸

k′

) ×ÙØÙÚÙF ¶
� � Ó�Û$A ³ i + j + k = m, i′ + j′ + k′ = n.

^ B
∆,m+n
I,J,K = (m+n)!

I!J!K! rI (p)sJ(p)tK(p),I + J + K = m + n,
c

B
∆,m+n
I,J,K

� ´�³���
�� Â �
fI,J,K =

m∑

i=0

m−i∑

j=0

n∑

i′=0

n−i′∑

j′=0i+i′=I,j+j′=J

m!n!I !J !K!

(m + n)!i!i′!j!j′!k!k′!
f(i, j, k; i′, j′, k′).

H(p) = F (p)
� Y�H M�N�� m + n � ��� Bézier ��� Ò�Ó

H(p) = H(r(p), s(p), t(p)) =
m+n∑

I=0

m+n−I∑

J=0

fI,J,KB
∆,m+n
I,J,K .

2) õ ��� Bézier ����ö�¡�¢ Bézier ����³�å�æ
`Üa n � � � Bézier � � F (p) ü í £ ∆ = ∆(r, s, t)

� ¶
p � P ∆ ³�������� � �

r(p), s(p), t(p). ��� p = r(p)r + s(p)s + t(p)t

F (p) = F (r(p), s(p), t(p)) =
n∑

i=0

n−i∑

j=0

fi,j,kBn
i,j,k(r(p), s(p), t(p)),
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H r
� Í Â ¶ rs

�
u Ý ¶ rt

�
v Ý�Þ�ß���������Õ ¶ Ú r

Â ³���� � (0, 0),s
Â ³���� �

(1, 0),t
Â ³���� � (0, 1), Ú�H (1, 1)

� ��� ³ Â � w, Ë £ 
 H ¡ ¢ Ò rswt
� Z × ­ ³ ¡ ¢

Bézier ��� ¶�K�
 _�Ì�Í�Î�ò�ü�³ ��� Bézier ����£ ∆ )�³�½�è Â � ´�½�6�³�Ö�× Ä ð

u


v


r
 s


w
t


Ã
2 Ä�8iÅÇà ∆(r, s, t) áiâ�p�P�Q�J rswt¹�Á ³�¥�F�Ï�Ð��

(i) Ü�Ñ�õ�¡�¢ Ò rswt ö�¡�¢ Ò rswt ³�Ò�Í�Ó�� G(p) = p,
K�


G(p)
µ ¡�¢ Bézier �� Ò�Ó�M�N

G(p) = G(u, v) = (1 − u)(1 − v)r + u(1 − v)s + uvw + (1 − u)vt.

(ii)
��µ

F ³ Polar
Ò�Ó

f , ¤�¥ H(p) = F (G(p)) = F (p) ³���
�� Â ¶ ý ß�� ö�³���

� Â � ç K�
 ³�¡�¢ Bézier ����³���
�� Â

H(p) = f(p) = f(p, · · · , p
︸ ︷︷ ︸

n

)

= (1 − u)(1 − v)f(r, p, · · · , p
︸ ︷︷ ︸

n−1

) + u(1 − v)f(s, p, · · · , p
︸ ︷︷ ︸

n−1

) + uvf(w, p, · · · , p
︸ ︷︷ ︸

n−1

) + (1 − u)vf(t, p, · · · , p
︸ ︷︷ ︸

n−1

)

= · · · · · ·

=

n∑

i=0

n−i∑

j=0

n−i−j
∑

k=0

n!

i!j!k!(n − i − j − k)!
(1 − u)n−j−kuj+k(1 − v)i+jvn−i−jf(risjwktn−i−j−k),

ÓãA
f(risjwktn−i−j−k) ç f(r, · · · , r,

︸ ︷︷ ︸

i

s, · · · , s,
︸ ︷︷ ︸

j

w, · · · , w,
︸ ︷︷ ︸

k

t, · · · , t
︸ ︷︷ ︸

n−i−j−k

) ³�×�Ø M�N ð�^ K = j + k,

I = i + j

Bn
K(u) =

n!

K!(n − K)!
uK(1 − u)n−K , Bn

I (v) =
n!

I !(n − I)!
(1 − u)Iun−I ,

c
Bn

K(u)Bn
I (v) = n!

(j+k)!(n−j−k)!u
j+k(1 − u)n−j−k n!

(i+j)!(n−i−j)! (1 − v)i+jvn−i−j ,
· � � ´�³��


�� Â �
fK,I =

n∑

i=0

n−i∑

j=0

n−i−j−k
∑

k=0 j+k=K,i+j=I

(j + k)!(n − j − k)!(i + j)!(n − i − j)!

n!i!j!k!(n − i − j − k)!
f(risjpktn−i−j−k)

H(p) = F (p)
� Y�H M�N�� n × n ��¡�¢ Bézier ��� Ò�Ó

H(p) = H(u, v) =
n∑

K=0

n∑

I=0

fK,IB
n
K(u)Bn

I (v).
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Bézier ���� �¡�¢ Bézier ����Â�â�³�ã�ä�å�æ ¹ ¯�º�æ�³�< µ�ç Ä ¶ À�Á Y�H µ Î 2����³�è�é�ðêH�¼�ë ��Ï é�����î�ï�®�ç µ Í�ÎÈ����³���
�� Â ¤�¥ � ö�ìÈ����³���
�� Â ¶êí
' ��î ç ��µ ô�Í�ÎÈ����Ö�×�³ Polar

Ò�Ó�ï ��ð���ì�³���
�� Â ¶ Polar
Ò�Ó   Bernstein ÕÒ�Ó ³�ñ�E�ò µ�ó � ��µ ô Polar

Ò�Ó ³�»�ô�����¾ ¶ ×�æ�ô�"$#b����ð
õ�ö�÷�ø�ù
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Conversion between Triangular and Rectangular Bézier Surfaces

LIU Zhi-ping, WANG Ren-hong
(Dept. of Appl. Math., Dalian University of Technology, Liaoning 116024, China )

Abstract: Bézier surfaces are widely used in CAGD. There are two main types of Bézier surfaces,
namely the rectangular Bézier patch and the triangular Bézier patch. The two patches have different
basic functions, but they share many common properties, so the conversion of one type to the other
has aroused the interest of many researches. This paper deals with this problem by use of functional
composition. The polar form is used as the representation for one of the composite functions, whereas
the Bernstein representation is used for the other function.

Key words: triangular Bézier surface; rectangular Bézier surface; functional composition; polar form.


